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Preface

State space methods and unobserved component models are important in a
wide range of subjects, including economics, finance, environmental science,
medicine and engineering. The conference ‘State space and unobserved com-
ponent models’, part of the Academy Colloquium programme of the Royal
Netherlands Academy of Arts and Sciences, held in Amsterdam from
29 August to 3 September, 2002 brought together researchers from many
different areas, but all pursuing a common statistical theme. The papers
selected for this volume will give people unfamiliar with state space models
a flavour of the work being carried out as well as providing experts with
valuable state-of-the-art summaries of different topics.

The conference on state space methods afforded an ideal opportunity to
honour Jim Durbin. Jim has been an active researcher in statistics for over
fifty years. His first paper, published in 1950, set out the theory of what was
to become known as the Durbin—-Watson test. He subsequently published
in many other areas of statistics, including sampling theory and regression,
but over the last fifteen years or so his attention has again been focussed
on time series, and in particular on state space models. A steady stream of
work has appeared, beginning with the study of the British seat belt law
with Andrew Harvey and culminating in the book with Siem Jan Koopman.
It is entirely fitting that the first article in the volume should be by Jim. His
clear and lucid style has been an inspiration to generations of students at the
London School of Economics — including all three editors of this book — and
his paper provides an ideal introduction to unobserved components models.
We write some words about Jim’s career at the end of this Preface.

The introductory section of the book has two other papers. The first,
by Peter Whittle, explores various aspects of the structure of state space
models, particularly as they pertain to decision making, from a control
engineering perspective. The second, by Simon Maskell, is an introduction

vii



viii Preface

to the use of particle filtering for readers who are familiar with Kalman
filtering. Particle filters have proved of enormous value in dealing with non-
linear state space models. The potential for using particle filters in areas
such as economics and finance is well illustrated by the contribution made
by Jonathan Stroud, Nicholas Polson and Peter Miiller in the applications
section of the book.

The second section deals with testing. Katsuto Tanaka’s article is on the
use of wavelet-based methods in the estimation of long memory models with
additive noise. Like particle filters, wavelets have had significant impact on
the engineering literature and it is interesting to see whether they are able to
help in the statistical treatment of an unobserved component model. Andrew
Harvey’s article brings together various tests concerning cycles. Many of the
test statistics are linked by the Cramér—von Mises distribution, a distribution
that also plays an important role in the paper by Ted Anderson and Michael
Stephens. They examine some goodness-of-fit statistics, a field to which Jim
Durbin has made major contributions.

The third section contains two papers on Bayesian inference and one
on the bootstrap. Sylvia Frithwirth-Schnatter provides the first systematic
treatment of the effect of parameterising state space models on the effective-
ness of Markov chain Monte Carlo algorithms. The econometricians Gary
Koop and Dale Poirier carefully study a Bayesian treatment of a spline
model, focusing on the effect of priors on hyperparameters and initial values
of states. David Stoffer and Kent Wall provide a survey of the recent work
on the use of bootstrap to provide accurate classical inference on state space
models.

The last section contains applications. The papers by Ole Barndorff-
Nielsen, Bent Nielsen, Neil Shephard and Carla Ysusi and by Stroud et al.
both deal with stochastic volatility, a key area in financial econometrics.
FEric Zivot, Jeffrey Wang and Siem Jan Koopman provide details of a port
of SsfPack to S-PLUS as part of the S+FinMetrics module. SsfPack is
a library of flexible functions for routine Kalman filtering, smoothing and
simulation smoothing for general Gaussian, linear state space models. They
are sufficiently flexible that they can also be used as components in the
analysis of various non-Gaussian and nonlinear models when combined with
importance sampling or Markov chain Monte Carlo techniques. The authors
illustrate some of the possibilities with applications of state space meth-
ods in finance and macroeconomics. William Bell’s paper is on regression
component models, with particular emphasis on applications within the US
Bureau of the Census. Finally, Richard Durbin, Jim’s son, shows how hidden
Markov chains can be used to find genes in the human genome.
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About the conference
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is included in this volume. We would particularly like to thank those scholars
who helped us to referee these papers.

About Professor James Durbin

James Durbin was born 1923 in England. He was educated at St John’s Col-
lege, Cambridge. From 1950 he worked at the London School of Economics
and Political Science (LSE) until his retirement in 1988; he remains an Emer-
itus Professor of Statistics there. He visited research institutions in many
corners of the world during his period at the LSE and after his retirement.
His research areas include serial correlation (13 publications), time series
(>30), sample survey methodology (9), goodness-of-fit tests and sample dis-
tribution functions (13) and probability and statistical theory (20). He was
deputy editor of Biometrika (1962-4) and associate editor of Biometrika
(1960-2, 1964-7), Annals of Statistics (1973-5) and Journal of the Royal
Statistical Society, Series B (1978-81).

He was the President of the Royal Statistical Society for the period 1986—
7 and the President of the International Statistical Institute for the period
of 1983-5. Further, he is a Fellow of the Econometric Society (since 1967),
the Institute of Mathematical Statistics (since 1958) and the American
Statistical Society (since 1960). In 2001 he became a Fellow of The British
Academy.

More details about the career of Professor Durbin can be found FEcono-
metric Theory (1988, volume 4, issued) in which the interview with Professor
J. Durbin by Professor Peter C. B. Phillips was published. His publications
between 1950 and 1988 are listed at the end of the interview. Below we
report his publications from 1988 onwards.

Publications of Professor James Durbin since 1988

(i) Statistics and statistical science (presidential address). Journal of the
Royal Statistical Society, Series A, 150, 177-191, 1988.

(ii) Is a philosophical consensus for statistics attainable? Journal of Econ-
ometrics, 37, 51-61, 1988.

(iii) Maximum likelihood estimation of the parameters of a system of
simultaneous regression equations. Econometric Theory, 4, 159-170,
1988.

(iv) A reconciliation of two different expressions for the first passage den-

sity of Brownian motion to a curved boundary. Journal of Applied
Probability, 25, 829-832, 1988.
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(v) First passage densities of Gaussian and point processes to general
boundaries with special reference to Kolmogorov—Smirnov tests when
parameters are estimated. Proceedings of First World Conference of
the Bernoulli Society, Tashkent, USSR, 1988.

(vi) Extensions of Kalman modelling to non-Gaussian observations.
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(vii) The first passage density of the Brownian motion process to a curved
boundary. Journal of Applied Probability, 29, 291-304, 1992.

(viii) On a test of serial correlation for regression models with lagged depen-
dent variables. The Art of Statistical Science, edited K. V. Mardia,
pp- 27-32, New York: Wiley, 1992.

(ix) Optimal estimating equations for state vectors in non-Gaussian and
nonlinear state space time series models. Selected Proceedings of
Athens, Georgia, Symposium on Estimating Functions. Edited
I. V. Basawa, V. P. Godambe and R. L. Taylor, 1997.

(x) (with S. J. Koopman) Monte Carlo maximum likelihood estimation
for non-Gaussian state space models. Biometrika, 84, 669-684, 1997.

(xi) (with B. Quenneville) Benchmarking by state space models. Interna-
tional Statistical Review, 65, 23—48, 1997.

(xii) (with J. R. Magnus) Estimation of regression coefficients of interest
when other regression coefficients are of no interest. Econometrica,
67, 639-643, 1999.

(xiii) The state space approach to time series analysis and its potential for
official statistics (The Foreman Lecture). Australian and New Zealand
Journal of Statistics, 42, 1-23, 2000.

(xiv) (with S. J. Koopman) Time series analysis of non-Gaussian observa-
tions based on state space models from both classical and Baysian
perspectives (with discussion). Journal of the Royal Statistical Soci-
ety, Series B, 62, 3-56, 2000.

(xv) (with S. J. Koopman) Fast filtering and smoothing for multivariate
state space models. Journal of Time Series Analysis, 21, 281-296,
2000.

(xvi) (with S. J. Koopman) Time Series Analysis by State Space Methods.
Oxford: Oxford University Press, 2001.

(xvii) (with S. J. Koopman) A simple and efficient simulation smoother for
state space time series analysis. Biometrika, 89, 603-616, 2002.

(xviii) (with S. J. Koopman) Filtering and smoothing of state vector for
diffuse state space models. Journal of Time Series Analysis, 24, 85—
98, 2003.



Acknowledgements

We would like to thank the Royal Netherlands Academy of Arts and Sciences
(KNAW, http://www.knaw.nl) for their financial support and for dealing
with the organisation of the conference. Further financial assistance was
provided by the Netherlands Organisation for Scientific Research (NWO,
http://www.nwo.nl), the Tinbergen Institute for Economic Research (TI
Amsterdam and Rotterdam, http://www.tinbergen.nl), and ABP Invest-
ments and Research (Schiphol, Amsterdam, http://www.abp.nl). Particular
thanks are due to Martine Wagenaar of KNAW for being the driving force
of the organisation of the conference and for her cooperation before, during
and after the conference. Further we would like to thank Charles Bos, Irma
Hindrayanto and Marius Ooms of Free University, Amsterdam for their as-
sistance during various stages of the organisation of the conference and the
preparation of this volume. We would also like to thank all the participants,
particularly those who gave papers or acted as discussants. Finally, Neil
Shephard thanks the ESRC for supporting his research.

Xiv



Part 1

State space models
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Introduction to state space time series analysis

James Durbin

Department of Statistics, London School of Economics and Political Science

Abstract

The paper presents a broad general review of the state space approach to
time series analysis. It begins with an introduction to the linear Gaussian
state space model. Applications to problems in practical time series analysis
are considered. The state space approach is briefly compared with the Box—
Jenkins approach. The Kalman filter and smoother and the simulation
smoother are described. Missing observations, forecasting and initialisation
are considered. A representation of a multivariate series as a univariate series
is displayed. The construction and maximisation of the likelihood function
are discussed. An application to real data is presented. The treatment is
extended to non-Gaussian and nonlinear state space models. A simulation
technique based on importance sampling is described for analysing these
models. The use of antithetic variables in the simulation is considered.
Bayesian analysis of the models is developed based on an extension of the
importance sampling technique. Classical and Bayesian methods are applied
to a real time series.

State Space and Unobserved Component Models: Theory and Applications, eds. Andrew
C. Harvey, Siem Jan Koopman and Neil Shephard. Published by Cambridge University
Press. © Cambridge University Press 2004



4 James Durbin

1.1 Introduction to state space models
1.1.1 Basic ideas

The organisers have asked me to provide a broad, general introduction to
state space time series analysis. In the pursuit of this objective I will try
to make the exposition understandable for those who have relatively little
prior knowledge of the subject, while at the same time including some results
of recent research. My starting point is the claim that state space models
provide an effective basis for practical time series analysis in a wide range
of fields including statistics, econometrics and engineering.

I will base my exposition on the recent book by Durbin and Koopman
(2001), referred to from now on as the DK book, which provides a compre-
hensive treatment of the subject. Readers may wish to refer to the website
http://www.ssfpack.com/dkbook/ for further information about the book.
Other books that provide treatments of state space models and techniques
include Harvey (1989), West and Harrison (1997), Kitagawa and Gersch
(1996) and Kim and Nelson (1999). More general books on time series
analysis with substantial treatments of state space methods are, for example,
Brockwell and Davis (1987), Hamilton (1994) and Shumway and Stoffer
(2000).

I will begin with a particular example that I will use to introduce the
basic ideas that underlie state space time series analysis. This refers to
logged monthly numbers of car drivers who were killed or seriously injured
in road accidents in Great Britain, 1969-84. These data come from a study
by Andrew Harvey and me, undertaken on behalf of the British Department
of Transport, regarding the effect on road casualties of the seat belt law that
was introduced in February 1983; for details see Durbin and Harvey (1985)
and Harvey and Durbin (1986).

Inspection of Figure 1.1 reveals that the series is made up of a trend which
initially is increasing, then decreases and subsequently flattens out, plus a
seasonal effect which is high in the winter and low in the summer, together
with a sudden drop in early 1983 seemingly due to the introduction of the
seat belt law. Other features that could be present, though they are not
apparent from visual inspection, include cycles and regression effects due to
the influence of such factors as the price of petrol, weather variations and
traffic density. Thus we arrive at the following model:

Yt = g + v+ o+ i+ ey (1.1)

where
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Yy = observation (often logged, possibly a vector)
pe = trend (slow change in level)
v = seasonal (pattern can change over time)
¢t = cycle (of longer period than seasonal)
r, = regression component (coefficients can vary over time)
iy = intervention effect (e.g. seat belt law)
et = random error or disturbance or noise.
7.9¢
|
7.8
7.7F
7.6F
s |
<= 7.5
2
£ 74r
73F
72
71k
7k

70 75 80 85
year

Fig. 1.1. Monthly numbers (logged) of car drivers who were killed or seriously
injured in road accidents in Great Britain.

In the state space approach we construct submodels designed to model
the behaviour of each component such as trend, seasonal, etc. separately
and we put these submodels together to form a single matrix model called a
state space model. The model used by Harvey and Durbin for the analysis of
the data of Figure 1.1 included all the components of (1.1) except ¢;; some
of the results of their analysis will be presented later.

1.1.2 Special cases of the basic model

We consider the following two special cases.
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1.1.2.1 The local level model
This is specified by

Yt = + &4, & N(Oa 052)» (1 2)
pee1 = pet+m, o om ~ N(O, 0’%)7 '
for t =1,...,n, where the ;s and ;s are all mutually independent and are

also independent of p;.

The objective of this model is to represent a series with no trend or sea-
sonal whose level u; is allowed to vary over time. The second equation of
the model is a random walk; random walks are basic elements in many state
space time series models. Although it is simple, the local level model is not
an artificial model and it provides the basis for the treatment of important
series in practice. It is employed to explain the ideas underlying state space
time series analysis in an elementary way in Chapter 2 of the DK book.
The properties of time series that are generated by a local level model are
studied in detail in Harvey (1989).

1.1.2.2 The local linear trend model
This is specified by

Yt =t +Et, et~ N(0,02),
peyr = pmet+ve+&, o &~ N(O, 02), (1.3)
vit1 = G, @ NN((),Ug)-

This extends the local level model to the case where there is a trend with a
slope v, where both level and slope are allowed to vary over time. It is worth
noting that when both & and (; are zero, the model reduces to the classical
linear trend plus noise model, y; = a + Bt + error. It is sometimes useful to
smooth the trend by putting £ = 0 in (1.3). Details of the model and its
extensions to the general class of structural time series models are given in
the DK book Section 3.2 and in Harvey (1989).
The matrix form of the local linear trend model is

Y = (1 O)</lj;>+€t7

() = (o) (l)+ (%)

By considering this and other special cases in matrix form we are led to the
following general model which provides the basis for much of our further
treatment of state space models.
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1.1.3 The linear Gaussian state space model

This has the form

Yy = Loy + ey, e ~ N(0, Hy),
a1 = Tyoy + Rym, me ~ N(0,Qy), t=1,...,n, (1.4)
a1 o~ N(al,Pl).

Matrices Z;, Hy, Ty, Ry and @); are assumed known. Initially, a; and P; are
assumed known; we will consider later what to do when some elements of
them are unknown. The p x 1 vector y; is the observation. The unobserved
mx 1 vector ay is called the state. The disturbances €; and 7, are independent
sequences of independent normal vectors. The matrix R;, when it is not
the identity, is usually a selection matrix, that is, a matrix whose columns
are a subset of the columns of the identity matrix; it is needed when the
dimensionality of «; is greater than that of the disturbance vector n;. The
first equation is called the observation equation and the second equation is
called the state equation.

The structure of model (1.4) is a natural one for representing the be-
haviour of many time series as a first approximation. The first equation is
a standard multivariate linear regression model whose coefficient vector oy
varies over time; the development over time of a; is determined by the first-
order vector autoregression given in the second equation. The Markovian
nature of the model accounts for many of its elegant properties.

In spite of the conceptual simplicity of this model it is highly flexible and
has a remarkably wide range of applications to problems in practical time
series analysis. I will mention just a few.

(i) Structural time series models. These are models of the basic form (1.1)
where the submodels for the components are chosen to be compatible
with the state space form (1.4). The local level model and the local
linear trend model are simple special cases. The models are sometimes
called dynamic linear models .

(ii) ARMA and Box-Jenkins (BJ) ARIMA models. These can be put in
state space form as described in the DK book, Section 3.3. This means
that ARIMA models can be treated as special cases of state space mod-
els. I will make a few remarks at this point on the relative merits of
the BJ approach and the state space approach for practical time series
analysis.

(a) BJ is a ‘black box’ approach in which the model is determined
purely by the data without regard to the structure underlying the
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data, whereas state space fits the data to the structure of the
system which generated the data.

(b) BJ eliminates trend and seasonal by differencing. However, in
many cases these components have intrinsic interest and in state
space they can be estimated directly. While in BJ estimates can be
‘recovered’ from the differenced series by maximising the residual
mean square, this seems an artificial procedure.

(c) The BJ identification procedure need not lead to a unique model;
in some cases several apparently quite different models can appear
to fit the data equally well.

(d) In BJ it is difficult to handle regression effects, missing observa-
tions, calendar effects, multivariate observations and changes in
coefficients over time; these are all straightforward in state space.

A fuller discussion of the relative merits of state space and BJ is given
in the DK book, Section 3.5. The comparison is strongly in favour of
state space.

(iii) Model (1.4) handles time-varying regression and regression with auto-
correlated errors straightforwardly.

(iv) State space models can deal with problems in spline smoothing in
discrete and continuos time on a proper modelling basis in which pa-
rameters can be estimated by standard methods, as compared with
customary ad hoc methods.

1.2 Basic theory for state space analysis
1.2.1 Introduction

In this section we consider the main elements of the methodology required
for time series analysis based on the linear Gaussian model (1.4). Let Y; =
{y1,.. sy}, t=1,...,n. We will focus on the following items:

e Kalman filter. This recursively computes a;+1 = E(ay4+1|Y:) and Py =
Var(ag|Y:) for t = 1,...,n. Since distributions are normal, these quan-
tities specify the distribution of ayy1 given data up to time t.

e State smoother. This estimates & = E(oy|Yy,) and Vi = Var(oy | Yy)
and hence the conditional distribution of «; given all the observations for
t=1,...,n.

o Simulation smoother. An algorithm for generating draws from

plag, ..., an|Ys).
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This is an essential element in the analysis of non-Gaussian and nonlinear
models as described in Section 1.4.

Missing observations. We show that the treatment of missing observations
is particularly simple in the state space approach.

Forecasting is simply treated as a special case of missing observations.
Initialisation. This deals with the case where some elements of a1 = E(ay)
and V7 = Var(aq) are unknown.

Univariate treatment of multivariate series. This puts a multivariate model
into univariate form, which can simplify substantially the treatment of
large complex models.

Parameter estimation. We show that the likelihood function is easily con-
structed using the Kalman filter.

1.2.2 Kalman filter

We calculate

atr1 = E(ar1|Yy), Py = Var(au1|Y2),

by the recursion

v = Yt — Zay,
Fy = ZtPtZ,g-l-Ht,

_ rp—1
K, = T\PZF; ", (1.5)
Ly = T, — KiZ,
a1 = Tiar + Ky,
P = T,PL,+ RQR; t=1,...,n,
with a1 and P; as the mean vector and the variance matrix of a;.
1.2.3 State smoother
We calculate
Gt =E(oq | Yn), Vi=Var(a:|Yn),
by the backwards recursion
Tt—1 = Zt/Ftil’Ut + L;?"t,
N1 = ZIF7'Zy + LN, Ly,
R (1.6)
& = ap+ Byry_q,

VZL = Pt_PtNt—lpt t:n,...,l,
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with r, = 0 and N,, = 0. The recursive nature of formulae (1.5) and (1.6),
which arises from the Markovian nature of model (1.4), implies that calcu-
lations based on them are very fast on modern computers.

The proofs of these and many related results in state space theory can
be derived very simply by the use of the following elementary lemma in
multivariate normal regression theory. Suppose that x, y and z are random
vectors of arbitrary orders that are jointly normally distributed with means
tp and covariance matrices

Ypg = El(p - ) (g — Mq)/]

for p,q = x,y and z with p, = 0 and X,. = 0. The symbols z, y, 2z, p and ¢
are employed for convenience and their use here is unrelated to their use in
other parts of the paper.

Lemma

E(zly,z) = E(zly) + 2.2 %,
Var(zly, z) = Var(aly) — .25,

z

The proof of this familiar lemma can be obtained straightforwardly from
elementary multivariate normal regression theory; see, for example, the DK
book Section 2.13 for details. Proofs of the Kalman filter and smoother
are given in the DK book, Sections 4.2 and 4.3. The elementary nature of
this lemma drives home the point that the theoretical basis of state space
analysis is very simple.

1.2.4 Simulation smoothing

A simulation smoother in Gaussian state space time series analysis draws
samples from the Gaussian conditional distribution of state or disturbance
vectors given the observations. This has proved important in practice for
the analysis of non-Gaussian models and for carrying out Bayesian infer-
ence. Recently a new technique for implementing this has been proposed
by Durbin and Koopman 2002 which is both simple and computationally
efficient and which we now describe.

The construction of a simulation smoother for the state vector oy is
relatively simple given the lemma in Section 1.2.3. Since the state space
model (1.4) is linear and Gaussian, the density p(ai,...,a,|Y,) is multi-
variate normal. Its variance matrix has the important property that it does
not depend upon Y;,; this follows immediately from the general result that
in a multivariate normal distribution the conditional variance matrix of a
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vector given that a second vector is fixed does not depend on the second vec-
tor. These observations lead to a straightforward derivation of the following
algorithm for drawing random vectors &; from p(«a|Yy,):

Step 1. Obtain random draws ¢ and 7, from densities N (0, H;) and
N(0,Qy), respectively, for t = 1,...,n. Generate o, and y;” by
means of recursion (1.4) with &;, n; replaced by &/, 1~ where the
recursion is initialised by the draw af ~ N(ay, P1).

Step 2. Compute & = E(|Y,) and & = FE(wlY,}) where
Y,;F = {y,...,y}} by means of standard filtering and smoothing
using (1.5) forwards and (1.6) backwards.

Step 3. Take

&y = — &) +af,
fort=1,...,n.
This algorithm for generating &; only requires standard Kalman filtering
and state smoothing applied to the constructed series yf, ..oyt and is
therefore easy to incorporate in new software; special algorithms for simula-
tion smoothing such as the ones developed by Frithwirth-Schnatter (1994c),
Carter and Kohn (1994) and de Jong and Shephard (1995) are not required.

The algorithm and similar ones for the disturbances are intended to replace
those given in Section 4.7 of the DK book.

1.2.5 Missing observations

These are easy to handle in state space analysis. If observation y; is missing
for any j from 2 to n — 1, all we have to do is put v; = 0 and K; = 0 in
equations (1.5) and (1.6). The proof is given in Section 4.8 of the DK book.

1.2.6 Forecasting

This also is very easy in state space analysis. Suppose we want to forecast
Ynt1s---sYntk given yi,...,y, and calculate mean square forecast errors.
We merely treat yp41,...,Yn+k as missing observations and proceed using
(1.5) as in Section 1.2.5. We use

Zn—l—lan—‘rlv SRR Zn+kan+k
as the forecasts and use
Vn+17 ey Vn+k

to provide mean square errors; for details see the DK book, Section 4.9.
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1.2.7 Initialisation

So far we have assumed for convenience that the initial state g ~ N(aq, P1),
where a; and P; are known. In practice, however, it will usually be the case
that some or all elements of a; and P; are unknown. In this situation we
have two choices: we can either assume that the corresponding elements of
a1 are fixed and estimate them by maximum likelihood or we can assume
that they have zero means and variance matrix xI, where I is the identity
matrix and Kk — oo. In the latter case we call the distribution a diffuse
prior. It turns out that the two approaches give very similar results. The
resulting filtering and smoothing recursions have similar structure to those
with a1 and P; known. A full treatment of the initialisation problem is given
in Chapter 5 of the DK book.

1.2.8 Univariate treatment of multivariate series

If a multivariate state space model is not small and simple it is often ad-
vantageous computationally to rewrite the model in univariate form. This is
straightforward in most cases and can result in large computational savings.
It can also assist in sorting out problems or complexities that refer only to
particular elements of observational vectors. Suppose that in contrast to the
specification in model (1.4), y; has dimensionality p, and Hy is diagonal.
Write the observation and disturbance vectors as

Yt.1 €t,1
Yt = ) €t = )
Yt,p: Et,pt

and the observation equation matrices as

Zt,l O-t2,1 0 0
Zy = : ) Hi =1 o o0 )
Zt,pt 0 0 Ut%pt

where y; 4, €44, Ufi are scalars and Z; ; is a row vector. The univariate obser-
vation equation is

yt,i:Zt,iat,i+5t,i, 1=1,...,p¢;, t=1,...,n,
where a;; = ;. The univariate state equation is
Qrirl = O, t=1,...,p— 1,
a1 = Tiaygp, + Ry, t=1,...,n,

with al1 = Qap ~ N(al, Pl)
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The Kalman filter and smoother for this univariate representation follow
directly from (1.5) and (1.6) and are given explicitly in Section 6.4 of the
DK book; the case where the matrix H; is nondiagonal is also considered.

1.2.9 Estimation of unknown parameters by maximum likelthood

Given the unknown parameter vector ¢ and a; ~ N(ay, P;), where a; and
Py are known, the likelihood is

n

L) = py1s- - yn) = p(y1) [ [ plye | Yimr).

t=2
Now,
E(y | Yi1) = E(Zioy +ei | Yie1) = Zyay,
v = Yy — Ziay,
Var(y: | Y1) = Var(v) = F.
Thus,

n

L) =[]pwe), v ~N(O,F).

t=1

This can be easily calculated from the output of the Kalman filter. Similar
expressions are obtained when some elements of a1 are diffuse or estimated
by maximum likelihood.

Log L(v) is maximised numerically using the score vector or the EM
algorithm, both of which emerge in computationally convenient forms for
the state space model. Details are given in Chapter 7 of the DK book.

1.2.10 Bayesian analysis

The results in the previous sections provide the basis for the application
of classical inference to the linear Gaussian state space model. We now
consider a Bayesian analysis based on the Gibbs sampler as proposed by
Frithwirth-Schnatter (1994c). For example, consider the local level model
(1.2) where the variances o2

15
2 can be based on the inverse gamma distribution with

and U% are treated as random variables. A
model for a variance o
logdensity

2
g)_flog§_0+ ]Qg()’z—i fOI’O’2>0,

2 _
logp(c®|e,s) = —logT ( 5 5 5 552"
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and p(c?|c,s) = 0 for 02 < 0; see, for example, Poirier (1995, Table 3.3.1).
We denote this density by o ~ IG(c/2,s/2), where ¢ determines the shape
and s determines the scale of the distribution. It has the convenient property
that if we take this as the prior density of 02 and we take a sample u1, . .., un
of independent N(0,0?) variables, the posterior density of 2 is

(c+mn)/2, <s—|—zn:uf> /202] . (1.7)

i=1

p(c?|us, ..., u,) = IG

The posterior means of p = (u1,. .., iy)" and of the variances ¢ = (o2, 0727)’
can be obtained by simulating from the joint density p(i, uly). In a Markov
chain Monte Carlo (MCMC) procedure , the sampling from this joint density
is implemented as a Markov chain. After the initialisation 1 = 1¥(©), we

repeat the following simulation steps M™* times:

(i) sample p® from p(uly, V) using the simulation smoother of
Section 1.2.4;

(ii) sample 1) from p(|y, u?) using the inverse gamma density;

for i = 1,...,M*. After the process has stabilised, we treat the last M
samples from Step (ii) as being generated from the density p(u, ¥|y), so if we
discard the sampled us, the resulting draws of ) can be thought of as samples
from p(¢|y). Usually, sampling directly from conditional densities is easier
than sampling from the marginal density p(¢|y). For the implementation
of Step (ii) a sample value of an element of ¢ is chosen from the posterior
density (1.7). We can take u; in (1.7) as an element of ; or 7, obtained from
the simulation smoother in Step (i). Similar methods can be applied to the
general linear Gaussian model (1.4). An alternative to MCMC simulation
can be developed based on importance sampling. Details of both approaches
are given in Chapter 8 of the DK book.

1.3 Application to seat belt data
1.3.1 Introduction

We now consider the application of methods based on the linear Gaussian
model to the data introduced in Section 1.1.1 on the effect of the seat belt
law on death and serious injuries of car drivers in Great Britain. The data
are displayed in Figure 1.1; we have monthly observations from January 1969
to December 1984. The seat belt law was introduced on 31 January 1983.



Introduction to state space time series analysis 15
We use the model

Y = Pt + v + By + Oip + &4, et~ N(0,02),

Mt = pt—1 + N, N ~ N(O,Ug)v (1.8)
Ve = —Vi—1 —  — V=11 T Wi, wt ~ N(O,UZ%
where

y: = log of number car drivers killed or seriously injured,

py = trend,

v = seasonal,

x;y = price of petrol,

it = 0 before February 1983 and 1 afterwards,

€, M, wy = mutually and serially independent disturbances.

We shall give illustrations of both classical and Bayesian inference
methods.

1.3.2 Classical inference

The classical estimation results are given in Table 1.1.

Table 1.1. Classical estimation results

parameter estimates std error
16 —0.29140 0.098318
6 —0.23773  0.046317
o? 0.00378
o2 0.00027 0’%/0‘? = 0.0707
o 1.1620 x 10 02 /o2 = 0.0003

The t-values of estimates of # and 6 are —2.96 and —5.13, respectively.
There was a drop of 21% (1 — exp(—0.24)) in drivers killed and seriously
injured due to the law. The trend plus original data, seasonal and irregular
components of the series are shown in Figure 1.2. The sharp drop in the
trend in February 1983 is very evident. The graph of the seasonal pattern
was constant throughout the period.

1.3.3 Bayesian inference

Following Frithwirth-Schnatter 1994a we carry out a Bayesian analysis of
the data based on the same structural time series model but to keep the



16 James Durbin

2 8.00
on L
=}
S5+
3 I
£ 7.50
E I
725+
7.00 -

year
- ®
02

SLLAANAA A AL CLAAD

year

0.

=1

year

Fig. 1.2. Estimated components for basic time series model with intervention and
regression components: (a) trend; (b) seasonal; (c) irregular.

illustration simple we treat the seasonal term ; as constant through time
using fixed dummies and we ignore the regression term (x;.

Table 1.2. Posterior results for parameters based on Gibbs sampler with

M = 2000
parameter posterior mean posterior std deviation quantiles
0.025 0.975
o2 0.00380 0.000543 0.00281 0.00492
02 0.00053 0.000253 0.00021 0.00126
6 -0.259 0.0803 -0.420 -0.103

We have applied the Gibbs sampler as described in Section 1.2.10 with
M = 2000. For this model we have 1 = (02,02%,,6)". Figure 1.3 shows the
realised draws from p(¢|y), the correlogram of the series of draws and a his-
togram of the realised draws which can be treated as an estimate of the pos-
terior density of ¢. The estimated posterior means and standard deviations
of elements of 1 together with posterior quantiles are reported in Table 1.2.
These may be compared with the relevant classical estimates in Section 1.3.2.
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Fig. 1.3. Gibbs sampler results for the seat belt model: columns represent elements
of ¢ and rows represent realised draws of v, correlogram of series of draws and
histogram of draws, respectively.

1.4 Non-Gaussian and nonlinear state space models
1.4.1 Introduction

The linear Gaussian state space model is adequate for a wide range of
applications in practical time series analysis, possibly after transformations
such as the log transformation. However, there are many practical situations
where the linear Gaussian model is inadequate and more appropriate models
are required. For example, if the observed data are the monthly numbers of
people killed in road accidents in a particular region and if the numbers
concerned are small, then the Poisson distribution will usually provide a
better fit to the data than the normal distribution. We therefore need to
develop a form of the state space model which represents the development
over time of a Poisson variable rather than a normal variable. Other types of
non-Gaussian models are needed to deal with such things as outliers in the
observation equation or structural shifts in the state equation. These cases
can be handled by employing heavy-tailed distributions for the disturbances
in the observation or state equation, such as the t-distribution or a Gaussian
mixture distribution.

Another class of cases we need to consider is where the appropriate state
space model is nonlinear. For example, suppose that the trend and seasonal
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of a series combine multiplicatively but the disturbance term is additive.
This situation cannot be handled by a linear model. Another case occurs in
stochastic volatility models in financial statistics where we assume that the
disturbance variance in the observation equation varies over time according
to a specified submodel.

1.4.2 The non-Gaussian model

Suppose that the observational vectors y; are determined by
p (Yo, any1, . ye-1) = p (el Zeon)
and that state vectors are determined, independently of Y;, by
ary1 = Tiow + Ry, e~ p (i)

for t =1,...,n, where the n;s are serially independent. Densities p (y¢|Z:cv;)
or p (n;) or both can be non-Gaussian. Denote the signal Z;«; by 6;. Consider
the two special cases:

(i) Observations come from exponential family distributions

p(ye | 0:) = exp [0 — be(0r) + ce(ye)]

where b,(6;) is twice differentiable.
(ii) Observations are generated by the relation

yr = 0y + &, et~ pl(et),
where ;s are non-Gaussian and serially independent.

We shall consider below how to deal with these models by simulation.

1.4.3 The nonlinear model

Consider the model

y = Z(aw)+e, e~ N0, Hy),
are1 = Tyaw) + R, e~ N(0,Qy),
for t =1,...,n. The functions Z;(-) and Ti(-) are differentiable vector func-

tions of oy with dimensions p and m respectively. Again, we shall discuss
below how to deal with this model by simulation.
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1.4.4 Choice of simulation method

In Chapter 11 of the DK book we develop a comprehensive methodology for
the treatment of non-Gaussian and nonlinear models. Since no analytical
techniques are available the methodology is based on simulation. Most pre-
vious work using simulation for state space models has been based on MCMC
techniques. Some of the those who have made contributions in this area are
Fruwirth-Schnatter, Carlin and Carter, Kohn, Shephard, Pitt, Gamerman
and Cargnoni (references are given in the DK book). Siem Jan Koopman
and I looked at this work and we thought that the MCMC approach looked
too complicated for the types of time series applications we were interested
in. We were looking for a methodology that could be applied as part of a
package that applied workers could use in a routine way, possibly for a large
number of series, without having to scrutinise the development of the calcu-
lations for individual series in the way that is usual for MCMC. We decided
to investigate whether methods could be developed based on traditional
simulation techniques of importance sampling and antithetic variables, as
discribed, for example, by Ripley (1987), that would be more suitable for
our purpose than MCMC. We believe that we succeeded in this. I will
now describe the ideas behind the methodology beginning with importance
sampling.

1.4.5 Importance sampling
Denote the stacked vectors of states and observations over the whole series
with t =1,...,n by a and y. We consider the estimation of the conditional
mean

8l

— Elz(a)ly] = / #(0)p(afy)da,

of an arbitrary function z(«) of a given observation vector y. This includes
estimates of the mean vector E(a.ly) and its conditional variance matrix
Var(ay|y); it also includes estimates of the conditional density and the dis-
tribution function of x(«) given y for scalar x(«). The conditional density
p(aly) usually depends on an unknown parameter vector . In applications
from a classical perspective, vector 1 is replaced by its maximum likelihood
estimate zﬂ, while in Bayesian analysis v is treated as a random vector.

For given 1, let g(aly) be a Gaussian density which is chosen to resemble
p(ajy) as closely as is reasonably possible; we have

7= / w(a)z EZ'@; glaly)da = E, [m(oz)

3

(aly)} 7

g(aly)
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where F, denotes expectation with respect to the so-called importance den-
sity g(oly).
After some algebra we have
Ey [z(a)w(a, y)]
Eg [w(aay)] ) 7

We reduce the expression for Z to this form since the joint density p(a,y)

pla,y)
gla,y)’

T = where w(a,y) =

is easier to deal with than the conditional density p(ajy). Choose a series of
independent draws a(V, ..., oN) from the distribution with density g(a | y)
and take

Since draws are independent, & converges to & probabilistically as N —
0o. This estimate, however, is numerically inefficient and can be improved
substantially as I shall describe shortly.

We obtain g(aly) from a linear Gaussian approximating model which is
chosen so that g(aly) and p(aly) have the same mode. Details are given
in Chapter 11 of the DK book. In practice we do the computing with the
disturbance vector 7, since in the approximating model

a1 = Troy + Ryng,

where 7; has usually a smaller dimension than oy, so we can easily get ays
from ns. We therefore draw simulation samples from g¢(nly), where 71 is a
stacked vector of the mys. This is done by the substitution of independent
N(0,1) variables into simple recursive formulae. The operation of drawing
1 from g(nly) is called simulation smoothing and is efficiently performed by
an algorithm similar to that considered in Section 1.2.4; details are given in
Durbin and Koopman 2002.

I have described here the basic ideas underlying the simulation techniques
that we use for handling non-Gaussian and nonlinear models. However, we
can obtain considerable improvements in efficiency by using antithetic vari-
ables.

1.4.6 Antithetic variables

An antithetic variable in this context is a function of a random draw of 7
which is equi-probable with 1 and which, when included together with n
in the estimate of Z, increases the efficiency of the estimation. We employ
two types of antithetic variables. The first is the standard one given by
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7 = 27 — n where 7 = Ey4(nly). Since 7 — ) = —(n — 1) and 7 is normal,
the two vectors i and 7 are equi-probable. Thus we obtain two simulation
samples from each draw of the simulation smoother; moreover, values of
conditional means calculated from the two samples are negatively correlated,
giving further efficiency gains. When this antithetic is used the simulation
sample is said to be balanced for location.

The second antithetic balances for scale. Let ¢ be the sum of squares of
the & N(0,1) values drawn for a particular simulated value of n and let
q = PT‘(X% < ¢). Let ¢* be the value of X% corresponding to probability
1 — g. Then as ¢ varies, ¢ and ¢* have the same distribution. Now take,
n* = 0+ \/c*/e(n —n). Then n* has the same distribution as 7. Do the
same for 77 above. Thus we have four draws of n for each set of N(0,1)
draws. Because of the balance in the four draws they are substantially more
efficient than four independent draws would be.

We use straightforward developments of this technique to construct es-
timates of the likelihood function which we can maximise numerically to
obtain estimates of unknown parameters. Dealing with missing observations
is simple: we just treat these observations as missing values in the linear
Gaussian approximating model in the way described earlier for the linear
Gaussian model. Forecasts are obtained simply by treating future values as
missing observations Further details are given in Chapters 11 and 12 of the
DK book.

1.4.7 Bayesian analysis

We treat the parameter vector ¢ as random with prior density p(¢) which
initially we assume is a proper prior. As in the classical case suppose we
wish to calculate the posterior mean

z = Elz(a)ly]

of a function x(«) of the stacked state vector a given the stacked observation
vector y. This is a general formulation which enables us not only to estimate
the posterior means of quantities of interest such as trend or seasonal, but
also posterior variance matrices and posterior distribution functions and
densities of scalar functions of the state.

We have

r = [ ala(e,aly)duda
- / 2(0)p(¥ly)p(al, y)dida.
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As an importance density for p(ily) we take its large sample normal ap-
proximation

g(¥ly) = N, V),
where zﬁ is the solution of the equation

dlogp(Yly)  dlogp(v) n dlog p(yly)
o W oY

=0,

and

ol 02 log p(v)) B 9% log p(ylv) R
oY oy | p=1

This large sample approximation is well known; see for example Bernardo

and Smith 1994, Section 5.3). Let g(a|v, y) be a Gaussian importance den-
sity for a given 9 and y obtained as in Section 1.4.5 from an approximating
linear Gaussian model. It follows that

. / . (a)p(wly)p(alw, )
g(Wly)g(aly,y)

After some algebra, we obtain

g(Wly)g(al, y)dipda.

Eg [x(a)z(ﬁ% «, y)]
Eg[z(¢,aay)] ’

T =

where

(¥V)g(yl¥) pla, y[)
g(@ly)  gla,yly)

We estimate this from N random draws of ¢ from g¢(¢|y) and of « from

2(h,a,y) =2

g(aly,y). However, for practical calculations we work with 7 rather than
a directly, obtaining results for « via the state space equation recursion.
For cases in which a proper prior is not available let p(¢)) denote a non-
informative prior. It is found that the resulting formula for Z is exactly the
same as for the proper prior. Further details are given in Chapter 13 of the
DK book.

1.4.8 Illustration of an application to Poisson data

We consider the effect of the seat belt law on deaths of van drivers. The
data are from the same study by Harvey and Durbin of road casualties as
considered in Section 1.3. The numbers observed are too small for the normal
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approximation used in Section 1.3 to be valid. Let y; be the number of van
drivers killed. For the Poisson model let 8; = Z;a;. The model is

p(yelow) = explOry; — exp 6; — log y;!]

with E(yiou) = exp 6, analogously to the standard treatment in generalised
linear modelling for non-time-series data. For the van driver data we take

O = p + v + iy,

where u:,v: and i; are as in Section 1.3. We perform both classical and
Bayesian analyses. The results are given in Table 1.3.

Table 1.3. Estimated effect of seat belt law on deaths of van drivers (6)

classical ) standard error of &
—0.278 0.114

Bayesian  posterior mean of § posterior std dev. of §
—0.280 0.126

These results are closely similar. Both give a reduction in deaths of around
24%. Standard errors due to simulation were 0.0036 and 0.0040. Calculations
were based on 500 draws of n|y with four antithetics per draw. These sim-
ulation standard errors are very small and they demonstrate that accurate
analyses can be obtained using these techniques based on relatively small
simulation samples.

Estimated standard errors of fi; in the classical analysis and posterior
standard deviations in the Bayesian analysis are compared in Figure 1.4.
There are two things to be noted about these graphs. The first is that the
Bayesian standard deviation is always greater than the classical standard
error. This is to be expected since the classical analysis is based on the
assumption that the maximum likelihood parameter estimate 121 is the true
value of the parameter vector 1. A technique for estimating the bias in
estimates of variance due to this assumption is given for the linear Gaussian
model in Section 7.3.7 of the DK book; exactly the same procedure can
be used for non-Gaussian and nonlinear models. The second point to note
about Figure 1.4 is that, as was to be expected, there is a large increase
in both graphs at the intervention point; however, it is perhaps surprising
that there is a large drop below the general level immediately after the
intervention point. Figure 1.5 presents a histogram estimate of the posterior
density of the intervention effect 6.
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Fig. 1.4. Standard errors for trend level including intervention.

1.5 Software

Software for the application of the methodology considered in this paper is
freely available on the internet. It is described in the DK book, Section 6.6
and 14.6. Software implementations of state space methods become more
and more available as standard options in statistical packages. The STAMP
program by Koopman, Harvey, Doornik and Shephard (2000) has imple-
mented state space techniques for structural time series models as described
in Section 1.1; it is a menu-driven user-friendly Windows package. Micro-
CAPTAIN of Young (1998) is a similar package but is implemented for
MATLAB. Software tools for the standard state space model are available
in packages such as Eviews, SAS and TSP. A complete implementation for
a general class of state space models with time-varying system matrices is
the SsfPack package developed by Koopman, Shephard and Doornik (1999)
for the Ox programming system and documented for the S-PLUS package
by Zivot, Wang, and Koopman (see Chapter 13).

1.6 Conclusion

In this paper I have reviewed the use of linear Gaussian, non-Gaussian and
nonlinear state space models for problems in practical time series analysis.
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Fig. 1.5. Posterior distribution of intervention effect.

My contention is that the state space approach provides a convenient and
efficient methodology for handling problems in this area.
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Abstract

The article explores the extended and strengthened role of state structure
when statistical analysis is coupled with the optimisation of decisions. The
LQG theory is of course well developed, with its explicit algorithms and com-
plete formal duality of estimation and control. However, the path-integral
formulation which is so natural for the state-structured case leads to an
elegant formalism which is less well known. The risk-sensitive models give a
mild but significant generalisation of the LQG case, with a complete theory
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radical generalisation of the LQG theory.
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2.1 State structure in time series analysis

Durbin and Koopman (2001) (and references quoted therein) have eloquently
demonstrated the importance of the concept of state in time series analysis.
If the underlying model has state structure then this greatly eases inference,
but a central (and well-recognised) thesis of this paper is that it also eases
decision-making. This enhanced role also requires an enhancement of the
concept of state.

The simplest state-structured model is the first-order scalar linear autore-
gression

Ty = axi_1 + €, (2.1)

where the residuals (‘noise variables’) €; are supposed NID(0,v). From this
one obtains an immediate and simple evaluation of the quantity certainly
required for inference: the likelihood based on the sample (z1, z9, ..., z,). If
this likelihood conditional on the value of xg is written exp(—D) then D can
be immediately evaluated as

n
D = const. + % Z(wt — amt_1)2 + %nlogv, (2.2)
t=1
and the values of @ and v minimising this expression are the maximum likeli-
hood estimators of these parameters. Expression (2.2) implies an evaluation
of both the inverse and the determinant of the covariance matrix of the
conditioned sample. The evaluation is strikingly simple: the recursive na-
ture of (2.1) implies that the quadratic form (2.2) involves only the sample
autocovariances of lags 0 and 1. When the value of the state is not directly
observable, so that the values of state x; must themselves be estimated from
observations y;, then we shall see in Section 2.6 that the form of D for the
joint variables x and y immediately suggests a recursive evaluation of state
estimates.

One may note, in passing, that the concept of state is elastic enough to
be stretched to yield evaluations of considerable generality. The analogue of
expression (2.2) if x obeys a linear autoregression of order p is obvious, and
can be written as the asymptotic (large n) evaluation

D LAY L (CO d 2.3
Ncons.—i-ﬂ ; m—l—ogf(w) w. (2.3)

Here f(w) is the spectral density of the process and f (w) is the periodogram
evaluated from the sample indicated. This formula was demonstrated by
Whittle (1951, 1953) using circulant approximations for the covariance
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matrix of the sample. However, the necessary and sufficient condition for
its validity is simply that the z-process should have a stable autoregressive
representation, not necessarily of finite order.

This example raises a number of points. For example, the role of the lin-
ear/Gaussian assumptions, and the question of state-observability, to which
we shall return. However, one should also take a larger view. The point of
collecting statistical data is to gain understanding, in the first instance, but
then to achieve a basis for action, in the second. In the time series case this
action can often be seen as conscious control of a dynamical system. The
two aspects, of estimation and control, turn out often to be strangely dual.
Between them they imply a stronger role for state structure and require a
strengthening of the concept itself. These are the matters we shall discuss
in this paper, initially for the well-worn LQG specifications (linear models,
quadratic costs, Gaussian inputs). In Sections 2.7 and 2.8 we consider some
relaxations of the LQG assumptions; the role of state structure in such cases
is increased, if anything.

Some general background material on these matters can be found in Bert-
sekas (1987), Brockett (1970), Davis (1977, 1993).

2.2 Uncontrolled and controlled models

Let us consider a deterministic dynamic process in discrete time ¢ with
variable z, so that z; is the value of z at time t. The process {x;} is said to
have state structure if, for every t, the value of x; is sufficient for prediction,
in that it alone determines the path of the process from time ¢ onwards.
This implies then that the sequence {x;} obeys a forward recursion

Tt = f(att) (2.4)

for some f. The stochastic analogue of this structure is that of a Markov
process, for which P(xy11|X;) = P(2¢4+1]z¢) for all t. Here X; denotes the
history {z,;7 < t} of z up to time ¢t and P denotes the conditional distri-
bution indicated.

Consider now the case of a controlled process {z;} for which one wishes
to optimise the value of the control variable u; at each time ¢, taking into
account its effect on the future course of the z-process. In such a case one
might term a dynamic variable & an operational state variable if & is all
that one needs to retain of observation history at time ¢ in order to optimise
control from that time. The variable must then have the properties that: (i)
the optimal value of u; is a function of & alone, and (ii) the sequence & is
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generated by a simple forward recursion, in that &1 is a function just of &
and the observation gathered at time ¢ + 1.

This stronger demand will imply stronger structural conditions. In the
deterministic case one conjectures that the condition

i1 = flag, ug, t) (2.5)

would be the appropriate analogue of (2.4), if x itself is to remain a state
variable. However, one must also set conditions on the control-optimisation
criterion and on the nature of the observations. Feasibility of a control rule
implies that the value chosen for u; can be a function only of W;, the ob-
servables which are available at time ¢. The following conditions imply that
x is itself an operational state variable in the stochastic case:

Assumption 1: The Markov condition which is the stochastic analogue of
(2.5): that is, P(x441|X:,Ur) = P(xpyi1|x, ue) for all relevant ¢. Here wuy
must be regarded as a parameterising variable rather than a conditioning
variable, but the structure of a temporal decision process in fact makes the
usage consistent; see Whittle (1982, pp. 150-2). (That is, u; is not initially
defined as a random variable, but simply as a quantity to be prescribed which
parameterises the conditional distribution P(z;y1|x¢). However, u; will in
general become a random variable once a control policy is specified, and the
conditional distribution P(z441|z¢, us) would not in general be identical with
the parameterised distribution just defined. However, the two expressions
can in fact be identified if the control policy is realisable.)

Assumption 2: The current state value z; is observable at the time ¢t when
ug is to be determined, so that Wy = (X, Up—1).

Assumption 3: The control rule is to be chosen to minimise EC(X, U), where
X and U denote complete trajectories of the variables x and u and the cost
function C has the additive form

C(X,U):Zc(xt,ut, )+ K(xp) th—i—K (2.6)
t<h t<h

say. Here h is the horizon point, the end of the planning period over which
one is optimising. If one assumes h finite then one has a starting point for
the backward determination of the optimal control rule.

Let F(W;) be the value function, the minimal expected future cost which
can be incurred from time ¢ conditional on the value of observables W; at
time ¢t. Then F obeys the dynamic programming equation: the backward
equation

F(Wt) == 12f{ct + E[F(WtJrl)‘Wt) Ut]} (27)
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Here the infimum is with respect to u;, and the infimising value is the optimal
value. Starting from F'(W},) = K (xy,) one establishes by backward induction
that both F'(W;) and the optimal u; are functions of z; and t alone, whence
it follows that x remains a state variable in this strengthened sense. The
dynamic programming equation (2.7) then takes the reduced form

F(x,t) = igf{c(% u,t) + E[F(ziy1,t + )|y = x, up = ul}. (2.8)

If one examines the above argument then one sees that the assumption
(2.6) cannot be greatly weakened if one wishes to preserve the conclusion.
If C; is the cost incurred from time ¢ onwards then the argument above will
go through only if C; obeys a backward recursion of the form

Ci = g(@g, ug, t,Cry1).

Furthermore, the function g must be linear in its C-argument if the process
is stochastic, so that expectations are involved. The cost function (2.6) is
then almost as general as is permissible.

If the current physical state x; is imperfectly observed then the operational
state variable for the control problem is the whole posterior distribution
P(x¢|W). This distinctly unwelcome ballooning of physical state to the much
higher-dimensional ‘information state’ or ‘hyperstate’ has a resolution for the
LQG processes to which we now turn.

2.3 LQG structure

Simplifications induced by state structure are quite distinct from the sim-
plifications induced by LQG structure, although the two together produce
the ultimate in tractability. The acronym LQG stands for Linear dynamic
equations, Quadratic cost functions and Gaussian disturbances, but we can
express the characterisation more pithily and exactly.

Let us suppose that the process variable x, observations y and control vari-
able u are all vector-valued (i.e. take values in finite-dimensional Euclidean
spaces). Denote the complete trajectories of these quantities over the relevant
time period by X, Y and U. Denote the cost function whose expectation
is to be minimised by C(X,U) and the probability density of X and Y
for given U by exp[—D(X,Y,U)]. One may say that D measures the dis-
crepancy of X and Y for given U; i.e their degree of improbability on a
logarithmic scale. Then the problem has LQG structure if and only if C
and D are quadratic functions of their arguments. (It is supposed that the
density is relative to Lebesgue measure, with the implication that X and
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Y are subject to no other constraints than the stochastic one implied by
specification of D.)

If there is no aspect of control in the problem then the discrepancy is
a function of X and Y alone, and the LQG assumption implies that these
variables are jointly normally distributed. At time ¢ the set of observables
is then just Y;, and estimates of unobservables (X and future observations)
are obtained by minimising D(X,Y") with respect to these quantities. These
estimates, maximising the posterior density of the unobservables, have a
dual and optimising property: they minimise the mean square estimation
error. In the state-structured case (just that in which z; and y; jointly obey
a first-order linear autoregression with Gaussian residuals uncorrelated over
time) the estimate #; of x; based upon Y; is generated recursively by the
celebrated Kalman filter.

A controlled LQG process is special in that it obeys the certainty equi-
valence principle (CEP). In the state-structured case this principle is very
clearly what it seems to claim. When current state is perfectly observed
the optimal value of u; is a function u(xy,t), linear in z;. In the case of
imperfect observation the optimal control is then just u(Zy,t) — the optimal
perfect-observation rule with x; replaced by its estimate.

In the general LQG case the principle would be applied in the following
form. Consider the situation at time ¢, when the set of observables is W; =
(Y;,U;—1): that is, past and present observations and past control decisions.
Determine an estimate of the state trajectory X for given U by minimising
D(X,Y,U) with respect to all current unobservables. Replace X in C(X,U)
by its estimate and minimise the resulting quantity with respect to all cur-
rently unmade decisions: {u,;7 > t}. Then the value of u; determined in this
way is optimal. This rather complicated-sounding procedure has a simple
recursive realisation in the state-structured case; see the next section.

We shall see in Section 2.7 that the CEP has a version for processes
with the so-called LEQG structure — more general than LQG structure.
State structure turns out to have an added significance in this more general
context. It not only gives the CEP the particular transparency which we
have already noted in the LQG case, but also allows us to carry over the
recursive algorithms of the LQG case.

2.4 An archetypal control problem

The simplest state-structured LQG problem is that for which x and u are
vector-valued, x; is observable at time ¢ and the plant equation (or ‘state
equation’; see the next section) is a stochastic version of the linear relation
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(2.5):
Tiy1 = Ax; + Buy + €. (29)

Here A and B are matrices of appropriate dimension, which for simplicity
we have supposed independent of ¢, and the disturbances €; are NID(0, N).
One supposes also that the instantaneous cost function ¢(z, u, t) is quadratic
in x and u. The choice of a fixed positive-definite quadratic form

c(z,u,t) = (v} Ray + ujQuy + 2u,Sxy) (2.10)

is appropriate if one wishes to penalise deviations of x and u from zero.
One finds from the dynamic programming equation (2.8) that the optimal
control has the linear form u; = K;x; and the value function the quadratic
form F(x,t) = (1/2)2'Tx + 6;, where

Ky = —(Q+ B'lly11B) (S + B'Tl+1 4) (2.11)
and the sequence of matrices II; is determined by the backward recursion

Ht - R -+ A/Ht+1A - (S/ + A/Ht+1B)(Q -+ B/Ht+1B)71(S + B/Ht+1A).
(2.12)

Relation (2.12) is the celebrated (although superficially unappealing) matriz
Riccati equation. It occurs (as a forward equation for the covariance matrix
V; of estimation errors) when one considers state estimation — evidence of the
duality between the optimisation of control and that of estimation (consid-
ered in the next section). This optimising control and the associated Riccati
equation (2.12) were deduced by Kalman and other authors in the 1950s
and are now standard. See, for example, Davis (1977, 1993), Whittle (1982,
1996) for details of the derivation.

Note that stationarity is not assumed, although, if a stabilising control
exists and if the cost function positively penalises instability, then the matri-
ces II; and K; will become independent of ¢ as the horizon becomes infinitely
distant, and the controlled process will then converge to stationarity with
increasing t.

2.5 State estimation and the Kalman filter
What turns out to be the most natural formulation of imperfect state ob-
servation is to assume that state x; and observation y; are generated by the
pair of relations
Tip1 = Az + €, (213)
Yyr1 = Cxp+my, (2.14)
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where the stacked vector of plant noise € and observation noise 7 is Gaussian
and uncorrelated in time, with zero mean and covariance matrix

cov[;]:[g]{;j]. (2.15)

Here y; is the observation available at time ¢, so the assumption is that plant
and observation variables jointly obey a first-order linear autoregression. The
plant equation (2.13) is just a version of (2.9), but with the control term
removed for simplicity.

It is perhaps at this point that one should clarify some of the differing
conventions prevailing in stochastic control theory on the one hand, and
in statistics (and perhaps econometrics) on the other. In control theory
the system being controlled is the ‘plant’, and the variables describing it
and the dynamic equations these obey are respectively the ‘plant variables’
and the ‘plant equation’. These terms do not imply state structure, although
in the present case we have such structure, so that the plant equation (2.13)
is just what statisticians would term a ‘state equation’. Equation (2.14) is the
observation equation conventionally assumed in control theory; statisticians
would usually regard y as an observation on current state, and so would
replace x; by x441 in (2.14). Prescription (2.14) has the advantage that the
process {xy, y;} is then Markov, so that observation of y alone corresponds
to the idea of a partial observation of state. It is also this convention which
leads to the complete duality of control and estimation. Treatments of the
Kalman filter and related algorithms derived under the alternative hypothe-
sis develop somewhat less naturally, although final results differ only slightly;
see Durbin and Koopman (2001), pp. 67-8).

Kalman showed that the posterior distribution P(x¢|W;) is Gaussian with
mean Z; and covariance matrix V;, where these quantities obey the forward
recursions

Visi = N+ AVA — (L + AV,C')(M + CV,C")" N (L' + CV, A') (2.16)
Ti41 = Az + Ht(ytH — C.ft), (2.17)

where
Hy = (L + AV,C")(M + CV;.C') L. (2.18)

These relations demonstrate the complete duality of estimation and control
optimisations. The forward Riccati equation (2.16) is the analogue of the
backward equation (2.12), and the determination (2.17) of the matrix coeffi-
cient H is the analogue of the determination (2.11) of the control coefficient
K.
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Stationarity is again not assumed, although convergence to a stationary
regime is ensured by mild conditions.

2.6 Signal extraction and generating function methods

One would imagine that nothing new could be said about signal extraction
and the deduction of the so-called ‘smoothed’ or ‘retrospective’ estimates
of state in the time-homogeneous LQG model. For example, Durbin and
Koopman (2001), pp. 70-80) have a very thorough treatment of the subject.
However, there are points of some novelty to be made, mainly by taking
advantage of the special form of the ‘path integral’ which the exponent D
of the Gaussian likelhood presents.

We shall initially assume infinite realisations to past and future, with state
and observation realisations denoted by X and Y. One can still write down
formal probability densities, and the quadratic path integral which appears
in the exponent of the joint density of X and Y can be written

¢ TN L] '[e
t t / /
= o Vixy i — 20, Ny +--+), (2.19
Sialle ] o] =Seme, —mam . e
where the noise variables € and 7 are to be expressed in terms of x and y
by the equations (2.13) and (2.14), and the second expression picks out all
terms in x. Note that U_; = \Ilg The estimate X of X given by the posterior
mode is then determined by the system of equations

V(T2 = A(T )ys, (2.20)

where U(7) = >, ;77 etc., and T is the backward shift operator, with
effect 7oy = x;—1. It is an immediate consequence of state structure that W
and Aj are zero for |j| > 1, so that the operators in (2.20) involve only unit
lags into past and future. Suppose that the matrix of generating functions
U(z) has the canonical factorisation

U(z) = (2)9(27) = v(2)¥(2), (2.21)

say, where the canonical factor is such that the matrix ¢ (z) and its inverse
can be validly expanded in nonnegative powers of z inside the unit circle.
Then the system (2.20) has the valid inversion

Fo=9(T) W(T) ATy (2.22)

Suppose that observations have only been taken up to time ¢, so that X
must be estimated from Y;. Denote the estimate E(x,|W;) by x.(rt), so that
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Ty = xgt) and z; = a:goo). Then the equation system (2.20) would be modified

to
U(T)z®) = ATy, (2.23)
()

where the operator 7 now acts on the subscript 7. For 7 > ¢ we have xz;’ =
AT '3, and ygt) = CA™'1%,. By appeal to the canonical factorisation
(2.21) we can economically deduce from (2.23) the Kalman recursion for z;
and similar recursive updatings for the retrospective estimates x&t) (1 <1).
(See Whittle 1996, pp. 361-3).)

The relation between canonical factorisation and solution of a Riccati
equation is easily seen in the state-structured equilibrium case. We can look

for the canonical factorisation in the form
U(z) =T -T2)V({I -T'271), (2.24)

where T is a stability matrix. (Recall that ¥(z) now contains only terms in
2 for j = —1,0,+1.) Equating coefficients in (2.24) and eliminating I we
find that V is determined by the archetypal Riccati equation:

V=00V 1T, (2.25)

The deduction of (2.20) by minimisation of (2.19) rather than by min-
imisation of a mean square error means that our ¥ is expressed in terms
of information matrices (inverses of covariance matrices) rather than covari-
ance matrices themselves. One can clear (2.19) of inverses by appeal to an
identity of the form

éN"te = m/gx[Q)\'e — NN (2.26)

The extremising value of A is determined by N\ = €. In case (2.19) we shall
have a pair of auxiliary variables A and p which are related to the estimated

noise variables by
N L )\t Gt:|
= ) 2.27
)] -1 @20

In terms of the expanded set of variables (z, A, ;1) we now obtain an expanded
¥ of the form

N L I - Az
U(z) = r M —Cz | =¢(2)yY(2). (2.28)
[—Azt =C'z7t 0

Although of greater dimension than the previous version its form is simple
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and revealing; exploitation of the canonical factorisation leads quickly to a
range of familiar results.

This formalism has a control analogue. Consider the problem with cost
function (2.10) and as plant equation the modified version

Tt41 = A.I‘t + B’Ltt + dt + €t (229)

of (2.9), in which the sequence of disturbances has both random and known
components, € and d;. We assume the current value of state to be observable.
One can then write down a quadratic path integral analogous to (2.19) in
variables x, u and A, where A is the Lagrange multiplier associated with
the constraint represented by the plant equation (2.29). The analogue of
expression (2.28) is now

R S IT— Azt
O(z2) = S Q -B'z71 |, (2.30)
I1—Az —Bz 0

‘We seek now a canonical factorisation in the form

©(2) = d(271) ¢(2) = 6(2)6(2), (2.31)

say, where the canonical factor is such that ¢(z) and ¢(z)~! can be validly
expanded in nonnegative powers of z inside the unit circle. The operational
significance of this factorisation is most evident from the fact that the equa-
tion system analogous to (2.20) can be semi-inverted to a set of relations

T 0
ST) | u| =6(T) | 0 (2.32)
)\ t d t

which determine the optimal control and the path of the optimal process.
The term on the left in (2.32) is the feed-back term, giving the dependence
of u; upon past observations, and the term on the right is the feed-forward
term, giving the dependence of u; upon future disturbances.

As with most generating-function techniques, this approach is restricted
to the equilibrium case (when II; has reached its infinite-horizon limit II),
but generalises immediately to higher-order recursions. It is then a technique
which is not particularly linked to state structure. Nevertheless, the state-
structured case provides the clearest example, and the reformulation of the
unappealing Riccati equation (2.12) as the elegant canonical factorisation
(2.31) is both satisfying and revealing.
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2.7 Risk-sensitive criteria; the LEQG model

One would like to break away from the LQG model and obtain substantial
results in more general cases. The LEQG model is a mild but significant move
in this direction, with fascinating implications.The modification is to replace
the quadratic cost function C by exp(—6C). The ‘EQ’ of ‘LEQG’ refers to
the ‘exponential of a quadratic’ which now measures utility or disutility,
according to the sign of #. The policy is chosen to maximise or minimise the
expectation of this quantity according as # is positive or negative. The two
cases correspond to those in which the optimiser is risk-seeking (optimistic)
or risk-averse (pessimistic). This class of processes was first considered by
Jacobson (1973, 1977),who showed how the determination (2.11), (2.12) of
the optimal control rule generalises in the case of perfect state observation.
The case of imperfect state observation resisted analysis until Whittle (1981)
showed that a CEP held, although in a form which required a radically
generalised understanding.

To summarise the approach, define the linear combination of cost and
discrepancy

S=C+0"'D (2.33)

which we shall term stress. Then the risk-sensitive CEP states that: if one
extremises stress with respect to all unobservables at time ¢ and minimises
it with respect to all present and future decisions, then the value of u; thus
determined is optimal. Here by ‘extremise’ we mean that one minimises or
maximises according as 6 is positive or negative.

This principle provides the essential lever on the problem, but one whose
application is transparent and effective only if one makes the assumption
of state structure. In this case the CEP also delivers a clear separation
principle. The argument goes as follows.

Suppose that one is working at time ¢, and so seeking to optimise the
immediate decision u;. Suppose provisionally that x; is known. Then this
achieves a separation, in that past stress and future stress can be min-
imised /extremised separately. The calculations turn out to be just a modi-
fied form of those for the conventional risk-neutral case, with backward and
forward Riccati equations associated with the optimisations of future control
and estimation of the past respectively. These calculations are then coupled
by imposition of the final extremisation of stress: that with respect to x;.
The extremising value is just the generalisation of the risk-neutral estimate
I, and the insertion of this estimate into the formula for u; corresponds to
the simple certainty equivalence principle of the risk-neutral case.
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One cannot say that one has a separation of control and estimation,
because control costs now affect estimates and noise statistics now affect
control. However, one has separation in the sense that the state value x;
provides a pivot which separates past and future. For given x; past and
future optimisations are separated and of conventional form; these opti-
misations are then coupled by the determination and substitution of the
stress-extremising value of x;.

2.8 Non-LQG models and large deviations

Can one generalise any of this material to the radically non-LQG case? The
subject of monlinear filtering represents a sustained attempt to do so, in
that it attempts to find general analogues of the Kalman filter (2.17) and of
the signal extraction techniques of Section 2.6. The aspiration is frustrated
at two levels. Firstly, the amenability of the linear/quadratic calculations of
the LQG case simply does not transfer. Secondly, and more fundamentally,
the Gaussian nature of the posterior distribution P(x|W;), parameterised
by its first and second moments, scarcely ever transfers. There are very few
cases for which this distribution has a finite number of parameters, whose
updating achieves the updating of the distribution.

However, there is a class of cases for which one can make some degree
of analytic headway. Consider a vector-valued continuous-time Markov pro-
cess with infinitesimal generator A. Bartlett (1949) introduced the derivate
characteristic function (abbreviated to DCF)

H(z,q) = e T AT, (2.34)

This is related to the characteristic function of the increment éx immedi-
ately after time ¢ conditional on the value z of z(t). The process with DCF
kH(x,x 'a) is one in which the increment is replaced by the average of
k independent realisations of the increment, although the transformation
can be induced by other averaging operations over a system. As k increases
the process converges to its deterministic version, but just before that its
stochastic behaviour begins to obey the stark but significant formalism of
large-deviation theory. We shall sketch the application of this formalism for
the evaluation of the posterior distribution.

Suppose that z(¢) and the integrated observation s(t) = ft y(7)dr have
joint DCF xH (x,x o, k7 13). Then it was shown in Whittle (1991) that
for large x the posterior distribution of z(t) has the evaluation

E [eaﬂ”ywa)} = exp[rp(kLa, t) + o(k)] (2.35)
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where 1 is determined by the relations

0Y(a,t)

WD = o(a) ~0(0) (2.36)
o) = inf {H <2—Z,a,ﬁ>— ﬁy}. (2.37)

The expression (2.35) for the characteristic function determines the distri-
bution explicitly by the relation

Plz(t) € A|W (t)] = exp{k sug igf[?/)(a,t) —ax] + o(k)}. (2.38)

xe

Relations (2.36) and (2.37) in principle determine the posterior distribution
in a form stripped of asymptotic irrelevancies. Hijab (1984) developed a re-
lation in a particular case (that in which the plant equation is a differential
equation driven by low-power white noise) which he termed the ‘wave equa-
tion of nonlinear filtering’. Relations (2.36) and (2.37) would seem much
more deserving of this distinction. However, the reduction they achieve can-
not solve the fundamental problem: that very seldom will the distribution
have a finite parameterisation. They yield the known exact results in the
LQG case. Surprisingly, they also yield the exact results in some others.
Suppose, for example, that particles enter a chamber in a Poisson stream
and leave it independently at a common fixed rate. The number z(t) of par-
ticles in the chamber at time ¢ is the state variable of a Markov process with
a Poisson equilibrium distribution. Suppose that the only information on z
comes from a sensor inserted in the chamber, on which particles present may
register, independently and with a constant intensity. The total number of
registrations up to time ¢ is then just the integrated observation s(t), whose
history conditions the posterior distribution of z(¢). Introduction of the fac-
tor k corresponds to multiplication of the input rate and division of variables
by this factor, but relations (2.36) and (2.37) determine exact dynamic re-
lations for the posterior distribution in any case.



3

An introduction to particle filters

Simon Maskell
Department of Engineering, University of Cambridge

Abstract

This paper introduces particle filtering to an audience who are more familiar
with the Kalman filtering methodology. An example is used to draw com-
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3.1 Introduction

This paper introduces particle filtering to an audience that is unfamiliar
with the literature. It compliments other introductions (Doucet, de Freitas
and Gordon 2001) and tutorials (Arulampalam, Maskell, Gordon and Clapp
2002) with a contribution that appeals to intuition and documents an un-
derstanding that demystifies what can appear to be a much more complex
subject than it truly is.

Particle filtering is a new statistical technique for sequentially updating
estimates about a time evolving system as measurements are received. The
approach has ben developed in parallel by a number of different researchers
and so is also known as: the CONDENSATION algorithm (Blake and Isard
1998), the bootstrap filter (Gordon, Salmond and Smith 1993), interacting
particle approximations (Dan, Moral and Lyons 1999) and survival of the
fittest (Kitagawa 1996). The approach opens the door to the analysis of
time series using nonlinear non-Gaussian state space models. While linear
Gaussian models can cope with a large variety of systems (e.g. Harvey (1989)
and West and Harrison 1997)), nonlinear non-Gaussian models offer an even
richer vocabulary with which to describe the evolution of a system and
observations of this system.

Particle filtering is based on the idea that uncertainty over the value of a
continuous random variable z can be represented using a probability density
function, a pdf, p(x). From this pdf, it is possible to deduce the estimates
that are of interest; for example the mean, various quantiles and the covari-
ance. It is rarely possible to uniquely deduce the pdf from such estimates.
So, to use nonlinear, non-Gaussian state space models, we have to learn how
to directly manipulate general pdfs. This paper therefore describes how to
use such models to analyse time-series by considering how to manipulate
pdfs.

Section 3.2 starts by describing the state space model and its generic solu-
tion. The way that the Kalman filter then implements this generic solution
is described in Section 3.3 before Section 3.4 describes how the extended
Kalman filter can tackle nonlinear problems by approximating the models
and illustrates this using a simple example. Section 3.5 then describes par-
ticle filtering in the same context. Throughout, an example is used to aid
the explanation. Finally, Section 3.6 illustrates the scope of the approach
through reference to some specific examples of applications of particle filter-
ing before Section 3.7 draws some conclusions.
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3.2 State space model
3.2.1 Problem definition

At time ¢, we get some measurement, y;, which is a function of the underlying
state of the system, x;. Sequential inference, or tracking, is the problem
of describing the uncertainty over this underlying state of the system as
a stream of measurements is received (Bar-Shalom and Li 1995). In the
context of pdfs, at time ¢, this uncertainty is represented as p(x1.4|y1.t),
where x1; = {z1...2} is the history of states and yi14 = {y1...y} is
the history of measurements. Hence p (z1.|y1+) is the uncertainty over the
history of states that can be inferred from the history of measurements.
From this, by the marginalisation theorem, one can obtain quantities that
may be of more interest such as the pdf of the current state p (z¢|y1+) and
the expected value of the current state xy:

Lyjp = /Uﬁtp (z1:¢y1:¢) day. (3.1)

The problem is then to sequentially compute p (z1.|y1:1).

3.2.2 Model definition

To be able to solve this problem, a model is required for the dynamics of
the state and for the measurement process. Here, we use state space models,
which are probabilistic and so represented using pdfs.

It is often assumed that the x; process is Markov, so the state at a time
step, x¢+_1, is a sufficient statistic of the history of the process, z1.t—1. Since
the state captures all the information known about the system, the state at a
time step is also assumed a sufficient statistic of the history of measurements,
y1:+—1. The current state, x;, is therefore independent of the history of states
and measurements if the previous state, x;_1, is known:

P (x| T1—1,Y14-1) = P (Te|@e—1, Tr:0—2, Y1:0—1) = D (@] Te—1) - (3.2)

While in general, the measurement could be a function of the entire his-
tory of states, x1., and the previous measurements, yi.;—1, the case often
encountered is that the measurement is independent of the history of states
and the previous measurements:

P (Yl z1e, Yr:e—1) = D (Ye|Te, Tr:e—1, Y1:e—1) = D (ye|ze) - (3.3)
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3.2.3 Prediction

To solve the tracking problem, each of the two components of the state space
model is considered in turn. In the prediction step, the dynamic model is
used to manipulate the pdf from the previous iteration via the multiplication
theorem:

P (x1:4|Y1:e—1) =p (Te|T14—1, Y1:6—1) P (T1:4—1|Y1:4—1) , using (3.2), (3.4)
=p (Te|m-1) p (T10-11Y1:0-1) - (3.5)

P (z1:4|y1:t—1) is then referred to as the predicted pdf.

In this paper, we start the recursion with a proper prior that integrates to
unity, p(zo) = p(21:0) = p(T1:0/y1:0) (that is, p(x1y—1|y1:e—1) with ¢t = 1).
This prior is assumed to be known and able to be sampled from. This does
exclude from the discussion the possibility of using truly diffuse priors (with
infinite variance) as in Durbin and Koopman (2001), but does not exclude
the possibility of using very large variances which may for practical purposes
be sufficient.!

3.2.4 Update

Bayes theorem can then be used to manipulate this predicted pdf using the
measurement model and the most recently received measurement:

P (1:|y1:4) = p (T1:e|ye, Y1:0-1)
Db (@/t|9€1:t7 Y1:t—1) D (331;t\y1;t—1)

- P (yelyre—1) , using (3.3), (3.6)
o (yelz) p(T1elynie—)
- p (Yelyr:e—1) ’ (3.7)

where the denominator is essentially just a normalising constant.
So, (3.5) and (3.7) form a solution to the tracking problem. The question
that remains is how to carry out the required calculations in practice.

1 Tt should be noted that the use of such priors will make pronounced any nonlinearity that is
present; this in turn is likely to make it essential that care is taken in designing the filter. What
nonlinearity means in this context and why this necessitates care in filter design is explained
in the following sections.
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3.3 Linear Gaussian filtering

These calculations are (relatively) simple when the models are linear and
Gaussian, that is, one can express the models in the following way:

v =Ari 1 +wl, y=Hz+w),
wi ~N (w7;0,Q), w{~ N (w/;0,R).

Corresponding to this is the filtering density

p(zi-1ly1:4-1) = N (Itfl\tfla Pt71|t71) )

where Py, is the covariance associated with ;.

If the models are of this form, it is possible to recursively calculate the
parameters of p (x¢|y1.1). The reason that this works is that the restriction
on the model ensures that the resulting distribution is exactly Gaussian (Ho
and Le 1964). The problem then becomes one of deducing the parameters
of p(x¢|y1+) (Kalman 1960). These parameters can be calculated as follows:

p(@elyre—1) = N (zge—1, Pp—1)  and  p(zelyre) = N (zye, Pope)

where

Lt|t—1 :Amtfl\tfh (3-8)
Py :APt—l\t—lA, +Q,

24y =241 + (P11 H') (H Py H' + R)il (vt — yrj—1) »

Py =Pyy—1 — (Pt\t—lHl) (HPt|t—1Hl + R)il (Pt\t—lH/)/7 (3.10)
Yejt—1 =Hyeq (3.11)

and (3.8) (3.11) define the Kalman filter.

While algorithms exist for obtaining estimates of the entire path and so
the parameters of p (1.¢|y1.¢), these are not the focus of interest here and not
discussed. The problem of obtaining the parameters of p (z.|y1.) for 7 < ¢
is known as smoothing rather than filtering (e.g. Harvey (1989), West and
Harrison 1997 and Durbin and Koopman (2001)).

3.4 Approximate linear Gaussian filtering

While there do exist a few special cases for which other analytic solutions
exist (including when the state space is discrete, when the model is often
called a hidden Markov model, e.g. Rabiner (1989a)), the family of possi-
ble models that one would like to use is far bigger than those that permit
analytic solutions.



An introduction to particle filters 45

One can approximate the models as linear and Gaussian in locality of esti-
mates and then use a Kalman filter with these approximating models (Bar-
Shalom and Li 1995). This results in the extended Kalman filter, or EKF.

Example 3.1 Throughout this and subsequent sections, we will refer to a
concrete example. This example consists of using (noisy) measurements of
the position of some system to calculate estimates regarding the position
and velocity of the system.

So, in our example, the system is taken to evolve according to:

xy = Axi_1 + Wy, (3.12)
where w, the process noise, is a sample from a Gaussian distribution:
p(wf) = N(wf;0,Q), (3.13)

where N (z;m,C) is a Gaussian distribution for xz parameterised a mean,
m, and a covariance, C'. Here

A3 A?
_|1 A _| 3 2
> A

where ¢ is a scalar quantity that defines the size of any deviations from
straight line motion and A is the time betwen measurements. The prob-
abilistic nature of the model dictates that while the predicted position at
some point in the future takes account of the velocity at the present time,
the uncertainty related to this estimate grows as the extrapolation extends
further into the future. It is worth noting that this model is exactly equiv-
alent to an integrated random walk evolving in continuous time and so @)
has a determinant that is greater than zero; () is positive definite. This
means that even if we knew the position and velocity at time ¢ — 1 and the
position at time ¢, there would still be uncertainty over the velocity at time
t. As noted by a reviewer, this is related to the spline smoothing approach
described in Durbin and Koopman (2001).

The definition of the model in terms of an equation for x; in terms of
x¢—1 is equivalent to the following definition in terms of a distribution for
x4 conditional on x;_1:

p(we|lri—1) = N (245 Ari—1, Q) - (3.15)

Note that the process is Markov; the position and velocity at time ¢ define
the uncertainty over the position and velocity at all future times, ¢’ > t.
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Hence, further knowledge of the position and velocity at any previous time,
t"” < t, has no effect on this uncertainty at the future time, ¢'.

In our example, we pick as simple a nonlinear measurement model as one
can imagine:

ye = (Fay)® + wf, (3.16)
where
p(w!)=N(w/;0,R) and F=[1 0], (3.17)

where R is a (scalar) variance defining the accuracy of the measurements.
Again, this is equivalent to a probabilistic description:

p(yt|lze) = N <yt; (F;L“t)z,R) ) (3.18)

To be able to use an EKF for our example, we just ned to linearise (3.18)
about the prediction zy;_1:

p (yelze) = N (yes yye—1 + H (2 — 4-1) L R)

where

Ytjt—1 = (F$t|1t—1)2 (3.19)
H = [ 2F$t‘t—1 0 ] . (320)

We can now use a Kalman filter with this approximating model; here
(3.11) is simply replaced with (3.19) and the Kalman filter then operates as
previously discussed.? A =1, R = 1000 and ¢ = 1 and the filter is initialised
with:

p(zg) =N (:B(); xgrue + 6, C) , (3.21)

where

(3.22)

p(6) =N (6;0,C), where C:[QO 0].

0 1

We consider two cases. In the first case, we start with z{™® = [ 500 0 ]/.

In the second, we start with z{"® = [ 5 0 ]/. Nine simulations and runs

of the EKF result in the estimated position (and true position) shown in
Figures 3.1 and 3.2 for the first and second cases respectively. The obvi-
ous question to ask is why the EKF, in a couple of examples sems to go
drastically wrong

The answer is that this approximation to the models is good when the

2 When the dynamics are nonlinear (3.8) will also need to be replaced with a linearisation based
on Ty_qj¢t—1-
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Fig. 3.1. Nine runs of the EKF for the model defined by (3.12)-(3.18) with zg =
(500, 0]'.

nonlinearity and departure from Gaussian behavior is small. To consider if
this is the case, it is instructive to consider what nonlinearity means. In
this context what matters is how good an approximation would be achieved
by using a local linearisation of the models. So, by looking at the expected
departure from linear behavior, it is possible to get a handle on the amount
of nonlinearity; if the variation in the linearity at different points in the
posterior is large with respect to the linear coefficients then the nonlinearity
is pronounced. So nonlinearity in this context is a function of both the non-
linear model and the diffuse nature of the pdf; an apparently less nonlinear
model of two candidates can appear more nonlinear to the EKF if the distri-
bution used with this less nonlinear model is more diffuse. In general, as the
signal-to-noise drops, it will become increasingly likely that such scenarios
are encountered since the support of the distribution will typically grow as
the signal-to-noise falls; the underlying problem is the nonlinearity, not such
things as the scale of the data.
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Fig. 3.2. Nine runs of the EKF for the model defined by (3.12)—(3.18) with
o = [5, O]/

In our example, the same change in the state will cause a much bigger
(percentage) change in the linearisation when the position is small than when
the position is large. So, the linear approximation is valid when the state
is large and isn’t valid when the state is small. This explains the observed
behavior.

Another example of how to cater with mildly nonlinear non-Gaussian
models is the unscented Kalman filter (Julier 1998), UKF. The UKF uses
a deterministic sampling scheme to deduce the parameters of p (x¢|y1.;) and
matches the moments of the samples to those of the true distributions; this
enables the UKF to capture the effects of higher order moments, not usually
exploited by the EKF. The idea is that the posterior is well approximated
by a Gaussian distribution, even though some of the models used and so
intermediate distributions may be less well approximated as Gaussian.

This argument also helps explain why the iterated extended Kalman filter
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(Jazwinski 1970), IEKF, often works well. The EKF (not IEKF) linearises
once on the basis of the predicted estimate of the state, z;;_;. The uncer-
tainty associated with this estimate is likely to be significantly larger than
that associated with filtered estimate, xy;. So, by relinearising the measure-
ment model using @, the parameters of the approximation to the models
can be fine tuned. This can improve the accuracy of the parameters of the
Gaussian approximation to p (x¢|yi.¢). Some further gains can be obtained
by making this process iterate and using the estimates of z;; from one it-
eration to relinearise the measurement model at the next iteration. One
can also relinearise the dynamics using smoothed estimates of z;_;; and
then relinearise the measurement model using the prediction based on this
revised linear approximation to the dynamics. In the extreme case, one can
relinearise at all points in a time series by using a smoothed estimate of x|
to relinearise the initial dynamic model and then relinearising at all sub-
sequent points using the estimates that result; this is essentially the same as
using expectation-maximisation (a form of hill-climbing) to learn the initial
state of a system (Shumway and Stoffer 1982). It is worth stressing that, in
this nonlinear non-Gaussian environment, learning the initial state in this
way can affect the final state estimate; the final state estimate is a func-
tion of all the linearisations up to the final time so changing these linear
approximations will change the final state estimate.

3.5 Particle filtering

It is possible to approximate p (z1.|y1+) directly. This is the approach
adopted by the particle filter and is likely to be beneficial when the nonlin-
earity (as described above) and non-Gaussianity are pronounced.

Like the Kalman filter, the particle filter is a sequential algorithm. How-
ever, a better understanding of how a particle filter works in a sequential
setting is made possible by considering the history of states; the particle
filter is actually an approach to inferring the path through the state space
over time which can be implemented by only storing quantities relating to
the filtered time. So, to make it easy to se how the particle filter operates,
the algorithm is described here from a path-based starting point.

The particle filter does not attempt to represent the distribution using
an analytic form. Instead, the uncertainty (and so the distribution) is rep-
resented using the diversity of a set of IV samples or particles. The ith of
these particles consists of a hypothesised history of states of the target, a;’i:t,
and an associated weight, ! ,. Ideally one would want these samples to be
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samples from p (z1.4|y1.¢). If this were the case, then

1
N
The particles do represent the pdf and it is possible to think of the particles
as samples from the pdf which can be used to estimate expectations with
respect to the pdf. However, a minor point to note is that the particles
do not really approximate the true pdf at any point = since the particle

'/E?l:t ~ p(xlit’yl:t) and wli:t - (323)

distribution is zero everywhere except under (the support of) the samples,
where the delta function makes the distribution infinite:

P (@ 1:|y1:e) Zwlt Ty — T1) (3.24)

where 6 (z — xp) is a delta function.
What makes these samples useful is the fact that they can be used to
statistically estimate the expected value of functions of the state:

N
/f($1;t)p(iﬁ1:t\y1:t)d£€1:t ~ /f(ivl:t) ZUAJZL#S (214 — 1) Aoy
= Z f(24) (3.25)

=1

So, if we had an algorithm which could (somehow) sample N times from
p (z1:¢|y1:4), we would obtain zt, for i = 1,..., N. Then we could estimate
quantities of interest such as z;; and Py by just calculating the quantity
from the weighted sample set using (3.25).

Unfortunately, it is unlikely that it will be possible to sample exactly from
p (1:¢|y1:¢); if one could sample exactly, it is probable that a particle filter
would be unnecessary since p (z1.4|y1+) would be likely to have an analytic
form!

3.5.1 Importance sampling

Instead of simulating from p(x1.¢|y1.4) directly we can choose a convenient
proposal distribution or importance function, q(x1.¢|y1.t), which is easy to
sample from and evaluate. Samples are drawn from this proposal and the
weights are modified using the principle of importance sampling. Where the
proposal distribution proposes samples at which

q (@1:tly14) > p(@1:4|y1:e)
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there are more samples than there should be. Hence these samples are given
a reduced weight. Conversely, when samples are drawn in regions where

q (x1:t|y1:t) < p (xlzt’ylzt) )

there are too few samples and the samples are given an increased weight to
counter this effect. This can be formulated by looking at how to calculate
expectations with respect to one distribution given samples from another

distribution:
T1.4+|y1.
/p(x“|y1:t)f(x1:t)df131:t :/IMWf(xlzt)Q(x1:t|y1:t)d331:t (3.26)
q(x1:tly1:e)
p(z1:e|y1:) 1 Y
t it
/q(xlt!yu)f( “)N; (w120 — 21) o
(3.27)
1L
:Nzwi:tf (.%'ﬁ t) ) (3 28)
=1
where
j v zt .
3311;15 ~ q(m:tlyl;t) and wi:t — w (3'29)

q(@.y1:e)
So, the idea at the heart of the particle filter is to pick a convenient
approximating proposal to sample particles from:

) Z1: Y H
iy ~ q(T1:t|y14) = p(T1:6|Y14) = w (3.30)
p(yl:t)
The particle filter then defines an unnormalised weight:

q(x§:t|y1:t) .

It is then possible to calculate an approximation to p(yi.¢),

N
p(y1t) = /p (@10 1) dzrg = Y0, (3.32)

i=1

and so the normalised weight is

3 7
. Ly s Ul 1
i :p(xil‘t\yu) _ p(xitayl.t) (3.33)
q(z% 4 y1:e) q(24 Y1) P(Y1:t)
~i
Wit

=t (3.34)
Zij\il 7“U7i:t
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These normalised weights can then be used to estimate quantities of interest:

N
/p(x1:t|y1:t)f r1.4)dwyy = Zwltf (3.35)
=1

Such an algorithm would sample N times from q (x1.¢|y1+) to get x%., for
i = 1,...,N. Each sample would have a weight w!, as defined in (3.34).
To calculate quantities of interest such as zy; and P;;, one would then
use (3.35). The author believes this is similar to the approach in Shephard
and Pitt (1997) and Durbin and Koopman (1997), which use an (extended)
Kalman smoother to obtain q (z1.4|y1:¢)-

Note that while both the denominator and numerator of (3.34) are
unbiased estimates, if the normalised weight is used, since it is a ratio of
estimates, the filter is biased.?

3.5.2 Sequential importance sampling

As described to this point, the particle filter proposes particles (consisting
of the entire history of states) at each point in time with no reference to the
previously sampled particles. This is clearly undesirable and not sequen-
tial. Inded, to perform sequential importance sampling, SIS, the proposal is
defined to be of the following particular form:*

Q(&“l;t!ylzt) = q(@1:0—1]Y1:0-1) Q(ﬁUt\IBt—l,yl;t)
~— ~—_——
Kep existing path Extend path

which means that the particles at one iteration are generated by extending
the existing history of the particle with a sample for the state at the current
time using the information from the history (summarised by z¢_;), the mea-
surement, y;, and, potentially, the history of previous measurements, 41.;_1.
Hence, if z1.;1 is not of interest, we only ned to store m% and w?l:t for each
particle at each iteration; the particle filter is inded a sequential algorithm.

3 The formulations in Durbin and Koopman (1997) and Shephard and Pitt (1997) give rise
to unbiased estimates, but a truly sequential unbiased particle filter appears to have eluded
researchers up to the current time.

4 This is slightly different to the wusual formulation, for which q(z1.¢t|ly1.t) =
q(x1:t—1]y1:t—1)q(xt|ze—1,yt), so as to accommodate all the proposals described in Sec-
tion 3.5.7.
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The unnormalised weight then takes on an intuitively appealing form:

~i _ p(xzi;t7yt|yl:t—l)
wl:t - i
Q($1;t|y1:t) . ‘
_ (@141 |y1:e-1) p(y, yelzi_q)
q(i.4_1ly1:e-1) Q(@Jw%_ljyl:t)
i p(yelz)p(xilz;_y)
= w
1:t—1

Q(xﬂﬂfi—l? Yi:t)

Incremental weight

One can then approximate p(y:|yi.t—1) by:

N
p(yelyre—1) = /p($1:t,yt|y1:t1)dl‘1:t ~ Zﬁ)i;t, (3.36)
i=1

which is an approximation® that can be used to estimate the likelihood of
the data by substituting into

t

p(y) = ] p(uwlyre ). (3.37)
t'=1

Note that p (y1|y1.0) can be obtained from the first set of samples for which
1 = 1. The normalised weights can then be calculated:

p(‘rzi:t‘ylit) p(xli;taytwl:t—l) 1

wi, = - : 3.38

RETC a( @ ylyie)  Pelyre—1) (3:38)
L (3.39)
Zﬁilﬁ)i:t

So, to begin the algorithm samples N times from the prior, p (zg), and
assigns each particle a weight of 1/N. Then, at each iteration, an algorithm
would now sample N times from q (z¢|z;_1,v1.¢) to get xf for i =1,..., N.
Each sample would have a weight w!, as defined in (3.39). To calculate
quantities of interest such as xzy, and P, one would then use (3.35) as
previously.

However, there is still a problem; whatever the choice of q (x¢|zi—1,y1:4),
eventually one of the particles will have a weight close to unity while all the
others will have a weight close to zero. To se why this might be problem-
atic, consider what would happen to (3.35) in such a scenario; if the weights
depart from uniformity and so some of the weights becomes much larger than

5 Other approximations are proposed in Doucet, Godsill and Andrieu (2000) for example.
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all the others, then these particles dominate any estimation. The other
particles are then essentially wasted.

Another way to think about this is that the effective number of particles is
reduced. This effective sample size can be approximated using the following
statistic of the normalised weights:

1
N AN
(Zi:lwi:t )

To appeal to intuition, consider two cases. When all the w!, = 1/N for

Negt ~ (3.40)

all i then Neg = N while when wt, = 1 for one value of i and w!, = 0
for all the others then N.g = 1. So, the approximate effective sample size
number is N when the weights are uniform and 1 in the extreme case of
one of the particles having all the weight. So, by thresholding this effective
sample size (perhaps with a threshold of 0.5N), it is possible to spot when
this problematic degeneracy is evident.

3.5.3 Resampling

The reason that this comes about is because the same number of samples
is being used to conduct importance sampling on a pdf (of a history of
states) that is increasing in dimensionality at every iteration. Eventually
the samples will be insufficient in number. This is what is causing the afore-
mentioned degeneracy phenomenon. In that it is the sequential setting that
is of interest, a way to circumnavigate this problem is to intentionally move
the degeneracy to somewhere that it doesn’t matter; the path through the
history of states.

So, to alleviate the effect of this degeneracy, a resampling stage is
introduced. The resampling stage results in particles being (probabilistically)
replicated and discarded. The particles are redistributed so as to spread the
particles (and so the computation) evenly across the posterior. This redis-
tribution introduces errors but makes the weights more uniform. After the
resampling stage, wi., = 1/N for all the particles. Particles that are repli-
cated then share the same path and so the path pdf degenerates, but the
filtered pdf is rejuvenated. To avoid any confusion, it should be stressed that
the decision as to whether to resample is based on (3.40) being calculated at
each iteration; hence since the statistic in (3.40) will typically fall below the
aforementioned threshold several times, the resampling will typically take
place a number of times.

There are a number of different resampling algorithms. The simplest to
understand is multinomial resampling (e.g. Gordon, Salmond and Smith
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(1993)). Each particle in the new particle set is a copy of the ith particle in
the old particle set with probability wi. So, the new generation is generated
by sampling N times from the distribution formed by the weights on the old
set of particles.

To understand the differences betwen this approach and other resampling
algorithms, the new generation is defined to consist of IV; replicates of the
ith particle in the old particle set. Different resampling algorithms are then
the same with respect to E [N;], the expected number of replicates, but differ
with respect to E [(N; — E[N;])?], the variance in the number of replicates.
This variance can be thought of as the size of an error; it is advantageous to
introduce as few errors as possible and so sensible to use an algorithm that
minimises this variance. While there are some candidate algorithms which
don’t guarante constant [NV, these aren’t discussed here.

3.5.8.1 Multinomial resampling

As previously stated, multinomial resampling is the simplest resampling
algorithm. The new particle set is generated by drawing /N independent sam-
ples from the weighted old particle set. This approach can be implemented in
a time that scales linearly with the number of samples (e.g. Ripley 1987 and
Carpenter, Clifford and Fearnhead 1999). The deficiency of this approach is
that there is then a finite probability of any particle being replicated any
number of times. This results in a large variance in the number of replicates.

3.5.8.2 Residual resampling

Residual resampling considers the expected number of replications of each
particle and deterministically replicated some of the particles (e.g. Liu and
Chen (1998)). Specifically, the ith particle is replicated (E[N;])” times,
where A~ denotes the integer less than or equal to A. The remaining N —
Z;VZI(IE [N;])~ particles are then sampled according to the aforementioned
multinomial scheme. This reduces E [(N; — E [N;])?] since the particles can-
not be replicated less than (E[N;])” times.

3.5.8.3 Systematic resampling

Systematic resampling (e.g. Kitagawa (1996)) is the approach to be advo-
cated. The new particle set is chosen so as to minimise E [(NZ —-E [NZ-])Q];
every particle is replicated either (E[N;])~™ or (E[N;])* times, where AT
is the smallest integer greater than or equal to A. The approach works by
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forming the cumulative distribution function, cdf, over the N samples:

0 1 =0,
“= { ¢ +wl, i=1,...,N. (341)
The new generation are then uniformly spaced in the cdf. A small ini-
tial value for the first new samples’ cdf is then sampled from a uniform
distribution:

. . 1

C1 ~U [01; 0, N] (3.42)
1

G :éi—l‘i‘ﬁ t=2,...,N, (3.43)

where U [z;a, b] is a uniform distribution over the region a < x < b.

The algorithm then iterates through both lists at the same time and so
generates the new generation, 2%, fori=1,..., N from the old generation,
x], for j = 1,...,N. So, initially, j = 1 and i = 1. At each iteration the
sample in the old set with the smallest value for ¢; larger than ¢; is replicated.
So, if ¢; > ¢; then 2%, = x{:t, while if ¢; < ¢; then j is incremented until
cj > ¢ at which point 2%, = x{:t. The process iterates incrementing 7 at
each stage until the N samples comprising the new generation have ben
generated. The weights are (as stated previously) then all 1/N.

So, at each iteration, as previously, an algorithm would now sample N
times from q (z¢|w_1,91.¢) to get ! for i = 1,..., N. Each sample would
have a weight wt, as defined in (3.39). To calculate quantities of interest
such as wy; and Py, one would then use (3.35) as previously. However,
crucially, (3.40) is now used to decide whether to perform the resampling
which is implemented as just described. This gives rise to a particle filter
algorithm, which can be implemented in a step-by-step fashion as follows:5

A step-by-step approach to implementing a particle filter

e Define the dynamics, p (x¢|xs—1).
e Define the likelihood, p (y:|x¢).
e Define the initial prior, p (xo).

Since the particle filter involves calculating the value of probability densities at specific points,
to avoid errors resulting from rounding small values of probability densities to zero, the weights
and probabilities should be manipulated in terms of logarithms. It is then useful to be able to
calculate the logarithm of the sum of two probabilities by manipulating the logarithms of the
probabilities as follows:

log (a +b) = log {a (1 + S)} = log (a) + log {1 + exp [log (b) — log (a)]}, (A)

where it should be ensured that a > b. Should a < b then a and b should be interchanged
in (A).
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Choose the number of samples, N.

Choose the threshold on the effective sample size, Nr.
Choose an appropriate proposal, q (x¢|T¢—1, y1:t)-
Initialise the samples; z, ~ p (z¢) for i = 1,..., N.
Initialise the weights; w!, =1/N fori=1,...,N.
FORt=1,...,T.

— Draw the samples:
z} ~ q (ze|z)_y, y1:e)
fori=1,...,N.
— Adjust the weights:
p (ailei_1)  (uls)
q (',L}Zf’x%_lv yl:t)

~i
Wy = W11

fori=1,...,N.
— Normalise the weights:
, wi,
Wiy = oy
D=1 Wiy
fori=1,...,N.
— Calculate the approximate effective sample size:
1
Nepr ® 7=\
N 2
(Zi:l Wy )

— IF N¢yy < Ny THEN resample;
Initialise the CDF; ¢y = 0.

Draw a starting point on the CDF; é; ~ U [¢1;0,1/N].

Initialise pointer into existing samples; j = 1.
FORi=1,....,N
o WHILE (¢; < &), increment j; j = j + 1 END WHILE
o Create new sample; &%, = 27,

o END FOR

o Use new samples; ., = 2}, for i =1,..., N.

o Set weights to be uniform; wj, =1/N fori=1,...,N.
— END IF
END FOR

O O O O O O

Calculate the remainder of the CDF; ¢; = ¢;—1 +wi, fori = 1,..

57

.,N.

Set up other points on the CDF; ¢; = ¢4 + 1/N fori=2,... N.
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Fig. 3.3. Nine runs of the particle filter for the model defined by (3.12)—(3.18) with
o = [5, 0]/.

Example 3.2 So, we have all the ingredients with which to apply a par-
ticle filter to our example. We choose to use the dynamics as the proposal
distribution:

q (l't|l‘t71a yl:t) =Pp (l‘t|xt71) . (3-44)

We choose N = 250 particles and initialise the filter with N samples from the
initial Gaussian distribution used for the EKF given in (3.21). We resample
when Neg falls below 125. We consider the second (difficult) case. We run
the filter nine times as before. The particles’ positions are shown with the
true position in Figure 3.3.

The point is that the particle filter is able to model the multimodal dis-
tribution that results from the measurement model. Note that there could
be occasions when the particle filter picks the wrong mode; persistently
multimodal distributions do cause problems with the resampling step in
particle filters and this is why so many particles are neded. It is also worth
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noting that the weights are not being displayed. As a result, the diversity of
the particles is slightly misleading at some points when the particles appear
to fan out; the particles on the edge of the fan typically have low weights.

As with the Kalman filter, schemes do exist to perform smoothing
(Godsill, Doucet and West 2001), but these are not considered here.

3.5.4 Frequently encountered pitfalls

One of the first papers on the subject proposed sequential importance re-
sampling, SIR (Gordon, Salmond and Smith 1993), which is a special case of
SIS. SIR defines that the proposal is the dynamic model, or dynamic prior,
q(z|zi—1,y1:¢) = p(x¢|mi—1), and proposes to use multinomial resampling
at every t. Particle filters have ben criticised on the basis of the degen-
eracy that results when using this filter with systems that mix slowly in
comparison to the evolution of the posterior; this happens when conducting
parameter estimation or when using very informative measurements. This
is because of two effects: firstly, the errors introduced by the (unnecessary)
resampling dominate; secondly, and more importantly, the dynamic prior is
often an appalling choice of proposal.

The solution often proposed is to use millions of particles. However, a
more interesting approach is to consider what the particles are all doing. To
do this, the computational cost of particle filters neds to be discussed.

3.5.5 Integration methods

The computational cost of Monte Carlo integration is often (mis)quoted as
being independent of the dimensionality of the integral. This isn’t true. What
is true is that the dependence of the computational cost on the number of
samples is independent of the number of samples. The effect of doubling the
number of samples is always to reduce the errors in by a factor of /2 since
the samples are populating a probability mass that essentially doesn’t care
in what dimensional space it happens to reside:

oo N72. (3.45)

This contrasts with the computational cost of a grid based solution to
calculating an integral for which the effect of doubling the number of sam-
ples is determined by the distance betwen the samples and so is heavily
dependent on the dimensionality:

o oc Nk=4, (3.46)
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where k is defined by the integration method; £k = 1, k = 2 and k£ = 4 for
the Rectangle, Trapezium and Simpson’s Rule respectively.

The problem with this argument is that there has ben no mention of the
constant of proportionality in (3.45). This constant of proportionality is not
a function of dimensionality per se, since it is really a function of the peaked
nature of the mismatch betwen the distribution from which the samples are
drawn and the product of the function being integrated and the distribution.
The flip-side is that the such mismatches are typically more peaked in higher
dimensions since the product of a large number of flat scalar distributions
will be very peaked in the higher dimensional space.

So, to bring this argument to a close, it is essential, if one wants to make
particle filtering a viable option in real-time environments, that the particles
inhabit as low a dimensional space as possible.

3.5.6 Ergodicity

To be able to understand the dimensionality of the space which the particles
inhabit, it is necessary to understand the concept of ergodicity. Ergodicity
of a system is a measure of how quickly mixing it is. To understand this
concept, consider two examples. In the first case, parameter estimation is
considered. Parameters remain constant as time evolves, so if the value of
the parameter is known at a point in time, the uncertainty over the value
does not change with time; the system does not forget. This is in contrast
to dynamic systems for which a known state at some point in the past
still results in uncertainty over the state at some point in the future. This
differing rate with which the uncertainty grows with time is a measure of
the history of the system. The faster the uncertainty grows, the shorter the
memory.

Particle filters conduct importance sampling on the history of states. For
the approach to be able to filter each measurement, at each time step, the
particles ned to have explored this history in terms of the uncertainty
caused by the history on the prediction of the new measurement. The longer
the memory of the system, the bigger the space that the particles must
inhabit and so the more particles that will be required. Hence, it is advan-
tageous to use systems with short memories.

3.5.7 Choice of proposal distribution

At first glance, the choice of system has ben made at this point. However,
if one considers the choice of proposal distribution as the choice of system
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which the particle filter simulates trajectories from, then different choices of
proposal relate to different systems, different memories and so a potentially
huge impact on the number of samples required. The closer that the proposal
is to the posterior, the shorter the memory and so the fewer particles neded.
The choice of proposal distribution is therefore a crucial step in the design
of a particle filter.

The optimal choice of proposal (in terms of the variance of the importance
weights when the incremental proposal is of the form, g (z¢|z:—1,y¢)) is to use
q (xe|xe—1,914) = p (2¢|Te—1, y¢). If the only departure from linear Gaussian
models is a nonlinearity in the dynamic model then this pdf can be sampled
from. This means that the model has the following form:

z=a(z—1) +wf, y=Hx+wy, (3.47)

where a(z) is a nonlinear function of z. As observed by a reviewer, this
form of model is popular (e.g. Liu and Chen (1998) and Pitt and Shephard
(1999b)); Pitt and Shephard (1999b) referred to such models as cases when
it is possible to do exact adaption.

This proposal is optimal within a certain class of proposals in terms of min-
imising the variance of the importance weights (Doucet, Godsill and Andrieu
2000); so the sample used to extend the path of the particle turns out to
have no effect on the weight update. This enables resampling to be carried
out prior to the sampling, which can reduce the number of samples neded
since the resampling ensures that the sampling is focused more efficiently.
In some senses this is similar to the IEKF which readjusts its (linearisation)
approximations in the light of the received measurements; here the samples
are drawn from a distribution that has ben readjusted to deter the samples
from introducing degeneracy.

However, this optimal proposal cannot be used in the general case. Conve-
nient alternatives include using the dynamics, q (z¢|zi—1,y1:4) = p (T¢|xi-1)-
If one considers how close the posterior then is to the proposal, the difference
will be small when the bulk of the information in the posterior comes from
the history of the process rather than the measurement. Hence this proposal
works well with diffuse likelihoods.

By a similar argument, if the bulk of the information in the posterior
comes from the measurement rather than the history of the process then
using what can be thought of as a global approximation to the likelihood
function can work well (Doucet, Godsill and Andrieu 2000). In such cases,
the proposal has some additional conditioning on the past measurements,
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but this is implemented in terms of an approximation to the particle cloud:

PYe|Tt, Y1:t—1) P (Tt |Y1:t—1
q(ze|lze—1,91:4) = P (Te|y1:4) = Welze, yra—1) p (Telyre-1)
P (Yelyr:e-1)

0<P(yt|$t,?/1:t—1)/P(ﬂft,ﬂft—1|y1:t—1)d$t—1

%P(yt\xt,yu—l)/p(xtlwt—ﬁﬁ(ﬂit—1\y1:t—1)dﬂ?t—la

where p (x4—1|y1.4.—1) is the Gaussian approximation to the particle cloud
and the manipulations involved in the integral and multiplication use EKF
or UKF based approximations.

An alternative that offers improved performance when there is a ned to
interpolate betwen the measurement and the individual particle’s state is
to form an approximation to the posterior, p (xt|a:§_1,yt), using an EKF
(Doucet, Godsill and Andrieu 2000) or UKF (van der Merwe, Doucet, de
Freitas and Wan 2000) based approximation.

Example 3.3 Such an approach is advantageous when using a particle
filter to tackle the first case considered previously (when z{"° = [500 0]');
while the (extended) Kalman filter is arguably more appropriate to use than
a particle filter in this case, the EKF does provide a benchmark and the
case does highlight the possible benefit that results from using alternative
proposal distributions in particle filters. We choose to use an EKF-based
approximation to the posterior, so the proposal takes on the following form:

q (wt|ze-1,y1:) = N (2;m8, Ct)
where
C,=(Q '+ HR'H)
my =x4—1 + C,H' R [yt - (FAxt_l)ﬂ )

We consider one long run with the same parameters as previously, but
with a particle filter with just N = 50 particles and with resampling when
Neg falls below 15. The log squared estimation error for a Kalman filter, a
particle filter with the dynamic prior as the proposal and a particle filter with
this approximation to the posterior as the proposal are shown in Figure 3.4.
Evidently, at various iterations, using an EKF-based approximation gives
an improvement over the particle filter with the dynamic prior as a proposal
in terms of this error.

As suggested by a reviewer, it is particularly informative to look in more
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Fig. 3.4. A comparison of the errors for thre filters for the first case: (a) EKF; (b)
prior as proposal; (¢) linearisation as proposal.

detail at the skewness of the particles’ weights for both proposals. The
effective sample sizes for the two proposals are given in Figure 3.5. It is
very evident that with the prior as the proposal, the effective sample size is
consistently very near its lower bound of 1. The particle filter that uses the
approximation to the posterior as a proposal results in an effective sample
size that is consistently higher. As a result, during the run, the particle filter
that uses the prior as the proposal resampled at every time step whereas
the particle filter with the more refined proposal resampled at 76 of the 300
iterations.

3.5.8 Jitter

An approach often advocated to rescue a particle filter from problems of
degeneracy is to perturb the particles after resampling and so reintroduce
diversity into the particle set. Since the resampling results in a number of
replicants of some of the members of the previous particle set, it might be
sensible to attempt to push the particles apart to ensure that they explore
different parts of the posterior. This jittering has ben proposed since the
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Fig. 3.5. A comparison of the effective sample size for a particle filter with a pro-
posal that is either (a) the prior or (b) an approximation to the posterior based on
linearised models.

outset of the recent research on particle filtering (Gordon, Salmond and
Smith 1993). Some work has concentrated on formulating the approach as
the sampling of the particles from a kernel density approximation to the
posterior; this results in regularised particle filters (Musso, Oudjane and
LeGland 2001). This enables, under some assumptions, the optimal kernel
to be defined. However, a more rigorous approach is to accept any proposed
jitter on the basis of a stochastic MCMC acceptance step (Gilks and Berzuini
2001); this ensures that the samples are actually samples from the posterior
of interest and so can be thought of as statistically rigorous jitter.

Another approach used to recover from degeneracy is the auxiliary particle
filter (Pitt and Shephard 1999b), often referred to as ASIR. This filter uses
the same idea as mentioned previously in Section 3.5.7 within the context
of the optimal proposal. However, since in the general case, the weights are
not known prior to the samples being drawn, ASIR calculates the weights
using samples from the proposal and then conducts resampling. The differ-
ence to (normal) SIR is that the samples used to extend the particle paths
are then removed and new extensions to the paths sampled. The impact
is that those paths that give rise to highly weighted samples are resam-
pled and extended. A minor complication arises; if the new sample is &%
then the new weight neds to remove the effect on the weight of the old
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sample, x¢, and introduce the effect of the new sample:
‘f’.f‘, Nq('fjjt‘xi—h yl:t) (348)

- Cp(yelE)p(ailal_y)  q(atlal g, y1e)
i PN L1 Y1t)
oq(@at i) p(yelahp(adlal_ )

(3.49)

These weights then ned to be normalised as previously.

3.5.9 Rao—Blackwellised particle filters

If the state space that the particles populate is smaller, then one can imag-
ine that fewer particles will be necessary. So, if it is possible to restrict the
particles to live in a subset of the problem, it may be that the computa-
tional requirements can be reduced. Another way of looking at the same
thing is to notice that analytic integration introduces no errors whereas any
approximation must, by its nature, introduce errors. So, if it is necessary to
approximate, one wants to do so as little as possible.
Since

p(X,Y)=p(X)p(Y|X)=p(Y)p(X[Y), (3.50)

if one can calculate p (X|Y") or p (Y| X) analytically then there is no ned to
sample both X and Y.

This idea of mixing analytic integration with stochastic sampling is Rao—
Blackwellisation. The benefit is sometimes difficult to quantify since, while
one may ned fewer particles, it may be that each Rao—Blackwellised particle
is sufficiently more expensive than a vanilla particle that the overall compu-
tational cost is minimised by having more vanilla particles rather than fewer
Rao-Blackwellised particles.”

On an intuitive level, this idea of Rao—Blackwellisation can be thought of
in terms of a kernel density approximation to the posterior. If the kernels
each only cover a small amount of the space, then one neds a large number
of kernels and it might well be more expedient to populate the posterior
with samples. Conversely, one may get a very close match to the posterior
with only a few kernels.

The idea has ben used implicitly since the outset of particle filtering when
considering a likelihood that is a mixture distribution (Avitzour 1995).8 An-
other example occurs when considering systems for which the measurement
process is highly nonlinear while the dynamics are linear and Gaussian.
7 The same argument also holds when considering using different proposal distributions.

8 This has been explicitly posed as Rao—Blackwellising the discrete distribution over the index
of the mixture component (Marrs, Maskell and Bar-Shalom (2002)).
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Part of the state can then be Rao—Blackwellised. Each particle analytically
integrates the distribution over part of the state using a Kalman filter (with
correlated measurement and process noises) and the particles are only used
to disambiguate the part of the state relating to the measurements (Maskell,
Gordon, Rollason and Salmond 2002).

Example 3.4 In our example, tackling the problem using a filter that Rao—
Blackwellises the velocity and only samples the position doesn’t give much of
an improvement since the kernels turn out to be small; for constant velocity
models, the space of velocities that could give rise to the same sequence
of positions is sufficiently small that integrating it out doesn’t give much
benefit. This hasn’t ben discussed here in detail since it would require a

discussion of the aforementioned alternative derivations of Kalman filters
with correlated noise structure and the benefit for the example is minimal.

As observed by a reviewer, were the parameters of the filter (e.g. R and q)
treated as unknown and were it possible to choose prior distributions such
that the distributions of these parameters conditional on the state sequence
were analytically tractable, one could Rao—Blackwellise these parameters.
This could be done if one were to consider a discrete distribution over some
candidate values for the parameters. However, this has many undesirable
properties, such as having to fix these candidate values at the start of the
run. Again, the details of more complex approaches are beyond the scope of
this paper.

However, from a pragmatic perspective, when considering the first case,
the nonlinearity is sufficiently unpronounced that approximately integrating
the whole state is appealing. The approximately Rao—Blackwellised particle
filter that results is an EKF!

3.6 Some applications of particle filtering

This section gives an impression of the scope of the available literature. The
details can be found in the references; here we simply illustrate the breadth
of applications that have ben considered by the approach by describing the
models used.

3.6.1 Bearings-only target tracking model

Particle filtering was initially proposed as an alternative to the EKF for
bearings-only tracking (Gordon, Salmond and Smith 1993). When viewing
a target from a platform such as an aircraft, certain sensors (e.g. a camera)
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will give measurements of bearings with no associated estimates of range.
The idea is to attempt to use the incoming bearings measurements to infer
the two dimensional position. This is often made possible by the sensing
platform outmanoeuvering the target and so moving relative to the target
such that it is possible to triangulate over time. Typically the target itself
is assumed to be moving according to a constant velocity process in two

dimensional space:?
p(xe]ai—1) =N (2 Axe—1,Q), (3.51)
p(yt|$t) =N (ytyf (xt) 7R)7 (352)
where
[ A3 AZ |
3 2 00
1 A0 0 A2
01 0 0 - A 0 0
_ — 2
A= 00 1 A’ Q= . . A73 AﬁQ q, (3~53)
0 0 0 1 3 2
A2
— A
L 0 0 2 J
l’t[l]
= arct 3.54
f (x¢) = arctan pETR (3.54)

where ¢, A and R are as defined previously and where x[i] is the ith element
of the vector x.

This is an application for which the nonlinearity can be too severe to use
an EKF, and for which alternatives to the EKF (such as the particle filter)
are often advocated. Since only bearing (and so no range) is observed, the
uncertainty over position is typically large and the distribution therefore
diffuse. Small changes in position at high range will have much less of an
effect on the linear approximation than the same change at small range.
So, the nonlinearity is likely to become pronounced and an EKF can then
be outperformed by a particle filter. An alternative approach is to use a
bank of EKF's, each of which initially considers the target to be within some
portion of the ranges. Since, for each such range-parameterised EKF, the
nonlinearity is less pronounced, one can then achieve similar performance
to that possible with a particle filter at a fraction of the computational cost
(Arulampalam and Ristic 2000).

9 This two dimensional constant velocity model is similar to that considered in the example in
this paper but is the result of two independent integrated diffusions rather than a single such
process.
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3.6.2 Simultaneous localisation and mapping

A paper (Montemerlo, Thrun, Koller and Wegbreit 2002) has used a Rao—
Blackwellised particle filter to propose an elegant solution to the problem of
simultaneous localisation and mapping (SLAM) for which a map of a robot’s
environment is constructed at the same time as the robot’s location within
the map. The robot observes the range and bearing of several landmarks
which are assumed to be stationary. The particles then explore the uncer-
tainty over the trajectory of the robot. For each particle, it transpires that
the landmarks can then each be localised relative to the robot using a little
Kalman filter for each landmark.

3.6.3 Navigation

Particle filters have also ben used to process measurements from an inertial
navigation system to localise a target within a known map using the knowl-
edge that the vehicle is constrained to move on a road network (Gustafsson
et al. 2002). The inertial navigation system provides measurements of the
whel sped (with assumed Gaussian noise) of the vehicle and the dynamic
model is the aforementioned two dimensional constant velocity model. The
constraints imposed by the road network (that the vehicle is on a road)
are implemented as a non-linear Gaussian ‘measurement’ of the distance of
the particle to the nearest road. The value of the ‘measurement’ is taken to
be zero. This has the effect of concentrating the posterior’s probability mass
around the roads. Using this approach, the particle filter can deduce the
position from the sequence and spacing of any changes in sped (a reduction
in sped makes it more likely that the dynamics will result in a trajectory
corresponding to a turn) experienced by the target.

3.6.4 Ellipsometry

A simple particle filter has ben used to conduct on-line estimation of the
alloy fraction of a semiconductor as a function of depth using nonlinear
measurements of polarisation angle taken while the semiconductor is being
grown (Marrs 2001). Gases passed over the surface of the semiconductor
cause it to grow. The constituents of the gases determine the proportion
of different alloys that form in the semiconductor, which in turn alter the
angular difference in polarisation plane of incident and reflected polarised
light. There is a ned to adjust the relative concentrations of the gases
so as to achieve the desired alloy fractions as a function of depth. Inference
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of the alloy fraction profile has previously necessitated the use of
destructive analysis of the semiconductor samples at the end of the pro-
cess. The use of a particle filter (which models the alloy content as evolving
according to a random walk and makes use of the measurements of polar-
isation angle) makes it possible to monitor the semiconductor growth as
the semiconductor is being grown and produces results that are in good
agrement with the destructive approach.

3.6.5 Stochastic volatility model
If the volatility of a process is evolving according to a random walk, then the
model is known as a stochastic volatility (SV) model (se Pitt and Shephard
(1999b) and Kim, Shephard and Chib 1998 for papers on SV models and
particle filters) for which:

X
Ty = ¢ri_1 +wi, Yy =w]Bexp (Et) , (3.55)

where wf and w are noise sequences as previously and ¢ and (8 are model
parameters which respectively govern the rate of decay of the volatility to-
wards z; = 0 and the volatility in this state.

3.6.6 Computer vision

Particle filters have ben used extensively to track objects in video sequences,
where the approach is often referred to as CONditional DENSity estimA-
TION, CONDENSATION (Blake and Isard 1998). The states, which might
represent the parameters of a hand in a sequence of images, are often mod-
elled as evolving according to a diffuse random walk with the likelihood
modelled as a complicated function of the image data.

3.6.7 Time-varying autoregressive model

A Rao—Blackwellised particle filter based smoother has ben used to conduct
audio signal enhancement (Fong, Godsill, Doucet and West 2002). The signal
is modelled as an autoregressive process with time-varying parameters, a; ;,
which themselves evolve according to a random walk:

P
Yt = Z atilYs—i + wy . (3.56)
i=1

A similar approach has also ben proposed that allows the number of
coefficients to change with time (Andrieu, Davy and Doucet 2002).
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3.6.8 Jump Markov linear systems

A number of environments ranging from tracking manoeuvreing targets in
clutter to code division multiple access (CDMA) for communications can
be formulated as inference which could be conducted with a Kalman filter
were a discrete systems history of states known. Such systems have dynamic
and/or measurement models that are a mixture of Gaussians. Particle fil-
ters have ben used to explore the uncertainty over the history of mixture
components (Doucet, Gordon and Krishnamurthy 2001).

3.6.9 Owut-of-sequence measurements

Out-of-sequence measurements are received in an order that is different to
the order of the times to which it relates; one might as a result of communica-
tion or acoustic delays receive data in such a sequence as {1,2,4,5,6,3,8,7}.
Approaches to solving the filtering problem in this context have previously
ben proposed within a particle filter framework (Orton and Marrs 2001).
The particle filter is appealing in this environment because, for each parti-
cle, such out-of-sequence measurements can be processed in the same way
as in-sequence data; a state is sampled from a proposal and new weights
calculated. Hence the samples at the most recent time remain fixed but the
weights on these samples change to reflect the impact of the out-of-sequence
measurement. Within an (extended) Kalman filter environment, the pro-
cessing of such out-of-sequence measurements is more complicated since the
Gaussian representing the uncertainty relating to the most recent time neds
to reflect the impact of the out-of-sequence measurement.

3.7 Conclusions

Here the particle filter has ben described within the context of a solution to
the tracking problem. The fundamentals of representing uncertainty using a
pdf have provided a starting point from which the discussion has progressed
to considering methods for improving the computational cost of the particle
filter; this is motivation for much of the current research on the subject.
Examples of applications of the approach are given. The same example is
used throughout so as to drawn attention to links with the Kalman filtering
methodology and illustrate some of the ideas presented and described.
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Frequency domain and wavelet-based estimation for
long-memory signal plus noise models
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Hitotsubashi University, Tokyo

Abstract

This paper discusses the estimation problems associated with signal plus
noise models, where the signal is assumed to follow a stationary or non-
stationary long-memory process, whereas the noise is assumed to be an
independent process. Moreover, the signal and noise are independent of each
other. We take up various frequency domain and wavelet-based estimators,
and examine finite sample properties of these estimators. It is found that fre-
quency domain estimators perform better for stationary cases, whereas they
tend to become worse for nonstationary cases. To overcome this deficiency
we consider frequency domain estimators based on differenced series. It is
also found that wavelet-based estimators perform well for both stationary
and nonstationary cases.
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C. Harvey, Siem Jan Koopman and Neil Shephard. Published by Cambridge University
Press. © Cambridge University Press 2004
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4.1 Introduction

Let us consider the model
Yt = Tt + Ug, (t: 1,...,T>, (41)

where only y; is observable, x; is a stochastic signal and w; is noise or a

measurement error. We assume that x; and u; are independent of each

other. Moreover, u; is assumed to be normally independent and identi-

cally distributed with the mean 0 and variance po?, which is abbreviated

as NID(0, po?) hereafter, where p is a nonnegative constant while o2 is a

positive constant that is the variance of the innovation driving the signal x;.
The signal process z; is assumed to be of the form:

(1 - L)z =&, (4.2)

where ¢; follows NID(0, 02), whereas the differencing parameter d is as-
sumed to take any positive value, which yields a long-memory stationary or
nonstationary process.

The model (4.2) is often referred to as the ARFIMA(O, d, 0) model. When
0 <d < 1/2, z; becomes stationary and is assumed to be generated from

B 4~ D(d+37) '
SR P P TR

When d > 1/2 so that d = [d + 1/2] + 6, where [a] is the integer part of
a and 6 is the remaining decimal part such that —1/2 < § < 1/2, {x;} is
nonstationary and is assumed to be represented as the output of the filter
(1 — L)? cascaded with the filter (1 — L)l%+/2 Namely, the process {z;} is
generated from (1 — L)[41/2 2, = 2 with (1 — L) z; = &;. Following this
rule, we have, for example, [d+1/2] =1 and 6 = —0.2 for d = 0.8, while we
have [d +1/2] = 2 and 6 = —0.5 for d = 1.5. Note that it holds that

Op(1) (0<d<1/2),
zy = ¢ Op (Viogt) (d=1/2),
O, (t4-1/2) (1/2 < d).

The model (4.1) coupled with (4.2) is a special case of ARFIMA(0, d, o),
where the MA coefficients decay slowly. Our main concern here is how to
estimate the differencing parameter d, although the parameters p and o2
are also unknown and have to be estimated. The estimation problem for the
case of no noise, that is, the case of y; = x; has been extensively discussed
both in the time and frequency domains. The existence of the noise term
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{u;} makes the problem quite complicated, which will be recognised in the
subsequent sections.

Let us put y = (y1,...,y7) = = + u, defining z and u similarly. We also
put Q(d,p) = E(yy')/o? = (BE(xa") + E(uv))/o? = ®(d) + p I, where Ir
is the identity matrix of T'x T'. Then the log-likelihood for y = (y1,...,y7r)
is given by

T 1 1 .
L(d, p,0®) = —5 log(2m0?) — S log|@(d) + pIr| — 5 ¥ (2(d) + pIr) " y.
(4.3)

It turns out that the time domain method is much involved because the
maximisation of (4.3) requires the inversion of the T" x T matrix Q(d, p) =
®(d) + p It and the computation of its determinant (e.g. Doornik and Ooms
(2003))

Instead we consider the two alternative methods, which require neither
the matrix inversion nor the computation of a determinant. One is the fre-
quency domain method and the other the wavelet-based method. Section 4.2
discusses the former, while the latter is the subject of Sections 4.3 and 4.4.
A brief introduction to wavelets is given in Section 4.3 and the estimation
method based on the wavelet is described in Section 4.4. Section 4.5 reports
simulation results, comparing the two methods. Section 4.6 gives concluding
remarks together with a brief description of the testing problem associated
with the present model.

4.2 Frequency domain method

Dividing this section into two subsections, we first discuss the case of no
noise, that is, the case of y, = x4 in (4.1). Then we consider the general
signal plus noise case.

4.2.1 Case of no noise

The estimation problem becomes much simpler if there is no noise, which
we assume to be the case in this subsection. In this case the so-called GPH
estimator suggested by Geweke and Porter-Hudak (1983) may be used. This
is based on the expression of the spectrum o2 f, (w) of {x;}, where

1 1
fz(w) = 1 o riu = (15 mu)d (0 <w<1/2), (4.4)
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which leads us to a frequency domain log-linear regression relation:

log I (wy,) = & — dlog (élsin2 Twi) +ep, wp=k/T (k=1,...n<T/2).
(4.5)

Here @ is the LSE of an intercept and d is the LSE of d, whereas I (w) is
the periodogram of {z;} defined by

T

§ : —2miwt

The number n in (4.5) is chosen in such a way that n = O(T%) with
0 < a < 1. Hurvich, Deo and Brodsky (1998) suggested using n = O(T*/5)
in terms of the mean square error (MSE) and also discussed the consistency
of d in the case of |d| < 1/2. Note that the spectrum in (4.4) and the
regression relation in (4.5) can be defined even for d > 1/2.

The frequency domain MLEs or the Whittle-type estimators of d and o2
can be obtained from the approximate log-likelihood

Lp(d,o%) = —% log(270?) — % Zlog fa(wr) — QL Z f:r
k40 k40
Here and below k (# 0) runs over the range —7'/2 < k < [T'/2] with [z] being
the integer part of x (Hannan 1973). This is a frequency domain version of
the time domain likelihood given in (4.3) with p replaced by p = 0. Velasco
and Robinson (2000) proved consistency of the MLE when d < 1.

(4.6)

4.2.2 Signal plus noise case

If there exists noise u; so that y; = x4 +u; as in (4.1), the log-linear relation
in (4.5) breaks down. In fact, the spectrum of the process {y;} is given by
o? f,(w), where

1

. —d
fy(w) = —’1 " o2 +p= (4sin*7w) " +p,

so that
log (U2fy(wk)) = 10g02 + log [(4 sin? Trwk,)_d + p} .

Because of the existence of the parameter p, this last relation leads us to an
essentially nonlinear regression:

log I/(wy,) = @+ log | (4 sin® Trwk)fd + ﬁ] + e (k=1,...,n). (4.7)
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This nonlinear regression can still be estimated in spite of its complexity,
which we show in the simulation study in Section 4.5.

The frequency domain MLEs of d, p and o2 can also be computed in the
present case. We can consider the maximisation of

Lp(d,p,0%) = —= log(zm - Zlog Fylwr)
kséO k;éO

(4.8)

7

which is quite similar to (4.6), but the present case contains an additional
parameter p in the spectrum f,(w). The MLE of d will be inconsistent when
d > 1. To overcome this difficulty we can consider differences of {y;}. For
example, if we consider {Ay,}, the first differenced data of {y;}, this has
the spectrum

fay(w) = (4sin® mw) B
Denoting the periodogram of {Ay;} by Ia,(w), we can also estimate the
parameters by maximising (4.8) with f,(wy) and I, (wy) replaced by fa 4 (wi)
and Ia y(wy), respectively. A similar idea can be used to modify the nonlinear
regression in (4.7). These estimators will also be examined in Section 4.5.

+p (4 sin? 7rw) .

4.3 Wavelet transform

In this section we give a brief description of wavelets. The discrete wavelet
transform (DWT) has been devised as a means of analysing discrete time
series. However, it was the continuous wavelet transform (CWT) that was
developed initially. Suppose that the continuous signal {x(¢)} satisfies

o0
|z||? = / 22(t)dt < oo.
—00

Let 9(t) be a wavelet function that plays an important role in the defini-
tion of the CWT, which satisfies

/Oo B(t)dt = 0, /oo V(H)dt = 1. (4.9)

The first condition implies that the wavelet is oscillating around zero, whereas
the second condition means that its energy is finite and normalised to unity.

The wavelet is a generic function, unlike trigonometric or exponential
functions. The function (t) becomes a wavelet so long as the conditions in
(4.9) are satisfied. The simplest wavelet function, called the Haar wavelet,
is given by
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~1/vV2 (0<t<1),
vr(t) =9 1/vV2  (1<t<2),
0 (otherwise).

The CWT of z(t) is defined by

Costvo) =72 [ v (57 ) sttt = [~ dusatoan. (410

where

bap(t) = \/—w <t_b) (0<a, —00 < b< o0).

The function @a’b(t) is obtained by shifting ¥ (t) by b to the right and by
dilating 1 (t) a times. Note that 1, (t) has the properties described in (4.9).
In fact, we have

/Z%(t)dt%/ wz( )dt / (1)

If the Haar wavelet is used, the CWT takes the following form:

Cop(Vu,z) = \/—/ Yy (t_b> (t)dt
_ \/%a [ / Z+b 2(t)dt — /b " a:(t)dt].

It is seen that the resulting CWT is essentially the difference between the
averages of x(t) over the adjacent intervals [b,a + b] and [a + b,2a + b] of
width a. We call b the shift parameter and a the dilation parameter. The
use of the two parameters makes the wavelet transform localised in time and
scale, whereas the Fourier transform has only one parameter A as in

() = / o(t) e=2m My

which is not localised in time in any meaningful sense.

We next move on to the description of the DW'T corresponding to the
CWT (see, for details, Percival and Walden (2000)). Let {X;} be a discrete
time series and suppose that X = (X, ..., Xp)’ is observed, where the sam-
ple size T is assumed to be T' = 27 with J being a positive integer.
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Let us denote the DWT of X by W, which is given by

W, Wi
W, W
W=WX <« = X, (4.11)
W, Wy
VvV, Vi

where W is a vector of Tj = T//27 components and is called the jth level
wavelet, whereas V ; is a scalar and is called the Jth level scaling coefficient.
The matrix W is the orthonormal matrix called the wavelet transform matrix
with W; being a T; x T' matrix and V; being a row vector of T components.
Note that W; Wy, = I, for j = k and 0 for j # k. Note also that V;V; =1
and that V; is orthogonal to every Wj.

Define the T x 1 vectors

W;=Wj1,...,We,...,Wr,), j=1,...,J.

Each element W;; of W is a discrete version of the CWT C, (¢, z) in
(4.10), where the shift parameter b is replaced by t and the dilation param-
eter a by j. In terms of frequency or scale, W1 gives the highest resolution
because j or a is the smallest so that the average is taken for the shortest
period. As the level j becomes large, W gives a lower resolution. On the
other hand, Vj, the last component of W, gives the lowest resolution. In
fact, V; = VT X.

The computation of the DWT can be accomplished most efficiently by
the pyramid algorithm (Percival and Walden 2000). More specifically, we
first prepare the wavelet filter {h; : | = 0,1,..., M — 1} which serves as
a high-pass filter, where M, the width of the filter, is an even integer. The
wavelet filter {h;} is required to satisfy

M-1 M-1 M-1
Z hy =0, Z th =1, Z hihiyon, =0 (n: any nonzero integer).
1=0 1=0 1=0

(4.12)

Note that {h;} corresponds to the wavelet function v (t) in the CWT. One
such example of {h;} is the Haar wavelet filter, where hg = 1/v/2, hy =
—1/v/2 with M = 2. Then each component of the first level wavelet W can
be computed following

M-1 T
Wie =32 hi Xy imodr = har-rmod r Xi-
1=0 =1
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For the Haar wavelet filter, this gives us, for example,
Wig = hoXs + X1 = (Xo — X1)/V2.

For various even numbers of width M, Daubechies 1992 suggested a useful
class of wavelet filters, all of which yield a DWT in accordance with the
notion of differences of adjacent averages. More specifically, the Daubechies
wavelet filters are interpreted as a convolution of two cascaded filters; one
is a differencing filter of width M /2, and the other a moving average filter
resulting in a low-pass filter. The Haar wavelet filter is the simplest filter
that belongs to the class of the Daubechies wavelet filters.

To compute wavelet coefficients of higher levels, we also need a filter {g; :
[l =0,1,..., M — 1} which serves as a low-pass filter. This is obtained as the
quadruture mirror filter (QMF) of {h;} determined by

g=D"hy_1 e h=(Dgy_1 (=0,1,...,M—1).
(4.13)

The filter {g;} is called the scaling filter. It holds that

M—1 M-1 M—1
Z g =2, Z g =1, Z 91 9i+2n, = 0 (n: any nonzero integer).
1=0 1=0 1=0

(4.14)

It also holds that the scaling and wavelet filters and any of their even shifts
are orthogonal to each other, that is,

M-1
Z grhiyon, =0 (n: any integer). (4.15)
=0

Then, at the jth stage of the pyramid algorithm, we have the jth level
wavelet and scaling coefficients given by, respectively,

M-1

M-1
Wi = Z hiVi2timod Ty_1s Vit = Z g Vi12t-tmodT;_1> (4.16)
1=0 =0

fort =1,...,T}, where V; = X;. Defining Vo = X, these may be rewritten
as

W, =BV, 1 =B A AX=W,X, (4.17)

where A; and B; are T x Tj_; matrices. The matrix A; is composed of
{g1} only, whereas B; is composed of {h;} only. Executing the computation
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recursively from j = 1 to j = J, we arrive at W in (4.11). An important
point of the pyramid algorithm is that the jth level wavelet Wj is computed,
not from W;_y, but from the (j — 1)st scaling vector V;_i, as is recognised
in (4.17). This indirect computation, however, requires only O(T") multi-
plications, whereas brute force computation of the product in W =W X
requires O(7T?) multiplications (Percival and Walden 2000, p. 68).

A salient feature of the DWT applied to long-memory processes is the sta-
tionarity property, which means that when M, the width of the Daubechies
wavelet filter, is at least as large as 2d with d being the differencing parame-
ter, then the DWT {W,;} becomes stationary for each level j (Percival and
Walden 2000, p. 304). This justifies the definition of the jth level wavelet
variance given by 032- = V(W;;) for each j.

Another feature of the DWT applied to long-memory processes is the
approximate decorrelation property, which means that {W;,} is approxi-
mately uncorrelated for each j and is also approximately uncorrelated with
{Wku} when j # k. The approximate decorrelation property of the DWT
makes the covariance matrix of a long-memory process almost diagonal, as
in the Fourier transform.

The above two properties of the DWT will be effectively used in the
estimation of signal plus noise models, which will be discussed in the next
section.

The DWT discussed so far, however, has some limitations, among which
are:

(a) The sample size T" must be a power of 2.

(b) The number of components of the jth level wavelet W decreases by
a factor of 2 for each increasing level j so that wavelet coefficients
for higher levels cannot be used for inference purposes. In fact W
becomes a scalar.

(¢) The transforms are not associated with zero phase filters, thus making
it difficult to line up features with the original time series meaning-
fully.

(d) The wavelet coefficients are not circularly shift invariant, that is,
circularly shifting the time series by some amount will not circularly
shift the coefficients by the same amount.

These deficiencies can be overcome by using the maximal overlap DWT
(MODWT), which is a highly redundant nonorthogonal transform yielding
the jth level wavelet of T' components for each j. Thus some computational
price has to be paid, although its computational burden is the same as
the widely used fast Fourier transform. See Percival and Walden (2000)
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for details. Transforms that are essentially the same as the MODWT have
been discussed in the wavelet literature under the names ‘nondecimated
DWT’, “translation invariant DW'T’, ‘time invariant DWT’ and so on. The
MODWT, however, does not enjoy the decorrelation property, although it
has the stationarity property. Thus the MODWT is not very useful so far
as our purpose is concerned.

4.4 Wavelet-based estimation

In this section we discuss the wavelet-based estimation. We mainly discuss
the signal plus noise case. The case of no noise is briefly described as a
by-product.

Let us return to the following model:

ye=ai4+u,  (1— L)%z =e (4.19)

Our main concern here is to estimate the differencing parameter d, for which
we consider two types of wavelet-based estimators. One is the LSE and the
other the MLE.

We first consider the LSE. Let W, be the wavelet vector obtained from
y = (y1,...,yr). We also define W, and W, similarly. Then we have
W, =W, +W,. In terms of the wavelet variance defined in the last sec-
tion, it holds that

1/2 1/2

szy :szx—i_o-jzu :(72[ fj:c(w)dw+p :0'2[ Hj(W) f$(w)dw+p ,
—-1/2 —-1/2

(4.20)

where ajzy is the jth level wavelet variance associated with {y;}, and UJQ-x

and sz-u are defined similarly, whereas o2 fjz(w) is the spectrum of the jth
level wavelet associated with {x;}, which can be expressed as the product
of the squared gain H;(w) associated with the jth level wavelet filter and
the spectrum o2 f,(w) of {z;}. Note that szu = po? because {u;} is an
NID(0, po?) sequence.

Then, utilising the fact that the jth level wavelet filter is a band-pass filter
with nominal pass-band given by [—1/27, —1/27+1] U [1/2711/27], we can
make the crude approximation (McCoy and Walden 1996)

LY P < e <1)2),
Hylw) ~ {0 (otherwise).

Substituting (4.21) into (4.20) and noting that f,(w) = 1/(4 sin’zw)? ~

(4.21)
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1/(472w?)? for w close to 0, it follows that, when j is not small,

2 j+1 1 o’ 2
os o~ 2 —————dw+po
Y /1/2j+1 (4 sin? rw)d P

j+1 12 o? 2
~ 9 74
/1/2].+1 (4r202)d wtpo

= a+bx 4 (4.22)
where a and b are positive constants.
Thus, denoting by 5'32'3/ the sample variance of W 1,..., Wj r,, we have the
following nonlinear regression relation:
62, =a+bx4+ey,  (j=jo....,N), (4.23)

where eq; is the residual. Here it is required that jo > 1 and Jy < J. The
former restriction comes from the approximation sinx ~ x used in (4.22),
whereas the latter comes from the condition for 62

Jy
only one W, is available when j = J. These restrictions reduce the effective

to be computed. In fact,

number of data points used to compute the regression relation (4.23). As an
example, suppose that 7' = 512 = 2? so that J = 9. Then we may put jo = 2
at least and Jy = 6 at most. Note that Jy = 7 gives us only four data points to
estimate the wavelet variance, which is too few, whereas Jy = 6 gives us eight
data points. Thus the three parameters in the nonlinear regression relation
(4.23) must be estimated from five pairs of data when jo = 2 and Jy = 6. It
is found that T is required to be much larger to obtain satisfactory results.

In the regression relation (4.23), the wavelet variance O'JZ-y is estimated by
using the DW'T. We can also use the MODWT to estimate ajzy. It is found
that the use of the MODWT gives little improvement if the noise term {u;}
is present.

The estimation problem becomes much simpler if there is no noise, that
is, if y; = x; in (4.19). In that case, we have the log-linear relation

logc}?x =a+ CZ 10g4j + ez; (] = Jo,-- .,Jg), (424)

which is discussed in Jensen 1999, where the DWT is used to compute 6']2-33.
This is a wavelet version of the GPH estimator in the frequency domain
given in (4.5). It is found that reasonably good results can be obtained even
when the sample size T' is not large. We shall examine the performance of
the LSE in the next section using the DWT and MODWT to estimate O'sz.

Finally we discuss the wavelet-based MLE, which is derived from the

approximate decorrelation property of the wavelet {W),} between times
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and levels. Denoting by W, = Wy the wavelet vector associated with y =
(y1,-++ ,yr), it holds approximately that W, ~ N(0, 02 Sy), where

EW = diag (h1 ITI, h2 ITQ, ey h] ITJ7 hJ+1 ITJ-H) 5 (4.25)
with T; =T/27 (j=1,...,J), Ty41 = 1 and
. 1/27 4
hj =2/t / (4sin’mw) " dw + p,  (j=1,....,J+1). (4.26)
1/2i+1

Then we derive from (4.3) the approximate wavelet-based log-likelihood

as
, | It J+1 Wi W
Lwy(d,p,0°) = ——= 10g(27m - = Z T loghj — 5,2 Z
j=1 j

(4.27)

where W; is the jth level wavelet for j = 1,...,J, whereas Wy, is the
scaling coefficient V ; defined in (4.11).

The wavelet-based MLE of d for the case of p = 0 was discussed in McCoy
and Walden (1996) and Jensen (2000), and proved to be well behaved. We
shall examine the performance of the MLE of d for the case of p > 0 in the
next section.

4.5 Some simulations

In this section we examine the performance of the frequency domain and
wavelet-based estimators we have discussed so far. For this purpose we con-
duct some simulations. The simulations presented here are illustrative only,
and we do not attempt the very large task of a definitive simulation study.

We consider two types of models; one is the model without noise, that is,

Model A: (1- L)z =ey, (t=1,...,7), (4.28)
and the other is the signal plus noise model
Model B: Yt = Tt + Uy, (1- L)z =e, (t=1,...,7), (4.29)

where {u;} ~ NID(0, po?) and {&;} ~ NID(0, 02). Here {u;} and {e;}
are independent of each other. Throughout the simulations we put o2 = 1,
although it is also estimated. We also fix T at 512 = 29 so that J = 9. We
use the S-Plus function arima.fracdiff to generate x; and nlmin or niminb
to estimate the parameters. The DWT and MODWT are computed via the
Haar wavelet filter. The simulation results reported below are based on 1000
replications.
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For each model we concentrate on the estimation of d and examine the
following estimators:

Model A

GPH: The frequency domain LSE based on (4.5) with n fixed at n =
150 = 7980,
F-ML: The frequency domain MLE derived from (4.6).
DWT: The wavelet-based LSE based on (4.24) using the DWT.
MODWT: The wavelet-based LSE based on (4.24) using the MODWT.
W-ML: The wavelet-based MLE derived from (4.27) with p = 0.

Model B

GPH: The frequency domain nonlinear estimator based on (4.7) with
n = 150.
D-GPH: The frequency domain nonlinear estimator based on (4.7) with the
first differenced data and n = 150.

F-ML: The frequency domain MLE derived from (4.8).

D-F-ML: The frequency domain MLE derived from (4.8) with the first dif-
ferenced data.

W-ML: The wavelet-based MLE derived from (4.27) with unknown p.

Note that the estimators D-GPH and D-F-ML estimate the value of d — 1
in the process Ay, = 2z + Awuy with (1 — L)% 2, = ;. As was described
before, the first differenced process has the spectrum given by

d+ 2

fry(w) = (4 sin27rw)_ ! +p (4 sin mu) .

Note also that, to obtain D-GPH and D-F-ML, the regression relation in
(4.7) and the likelihood in (4.8) are changed accordingly by substituting
fay(w) into fy(w).

Table 4.1 is concerned with Model A and reports estimation results on d
for various values of d. We may conclude that

(a) The F-ML estimator performs best when d < 1, but it deteriorates
when d is greater than 1.

(b) The GPH estimator performs better than the DWT estimator and
performs as well as the MODWT estimator when d < 1. The sim-
ulation results reported in Jensen 1999, where the GPH and DWT
estimators are compared, show evident superiority of the latter, which
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Table 4.1. Model A: case of no noise

GPH F-ML DWT MODWT W-ML

d=0.1
Mean  0.091  0.092  0.072 0.086 0.083
Var 0.0036 0.0014 0.0073 0.0029  0.0014
d=20.3
Mean 0.289  0.292  0.263 0.277 0.283
Var 0.0037 0.0014 0.0076 0.0034 0.0015
d=0.45
Mean 0.439 0443 0.411 0.427 0.452
Var 0.0038 0.0014 0.0083 0.0037  0.0021
d=10.6
Mean 0.591  0.595  0.560 0.582 0.596
Var 0.0038 0.0014 0.0088 0.0043  0.0021
d=0.8
Mean 0.794  0.798  0.759 0.788 0.803
Var 0.0039 0.0015 0.0090 0.0048  0.0023
d=1
Mean 0985 0.990 0.955 0.955 1.024
Var 0.0037 0.0014 0.0092 0.0036  0.0028
d=1.2
Mean  1.124  1.135 1.138 1.032 1.257
Var 0.0067 0.0035 0.0082 0.0049  0.0038
d=14
Mean  1.177  1.202  1.291 1.019 1.496
Var 0.0204 0.0145 0.0064 0.0071  0.0053
d=1.6
Mean  1.183 1.214  1.397 1.021 1.612
Var 0.0364 0.0300 0.0041 0.0088  0.0020
d=138
Mean  1.168  1.202  1.460 1.024 1.652

Var 0.0424 0.0391 0.0019 0.0097  0.0005

is contrary to the present results. When d is large, these estimators
become worse in that the downward bias becomes serious.

(¢) The DWT estimator performs worst when d < 1, but it performs
better than the GPH, F-ML and MODWT estimators as d becomes
large. However, it tends to be biased downward as d approaches 2.
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The W-ML estimator performs reasonably well for all values of d
examined here. In particular it is best for d > 1, although it tends to
give upward bias for some values of d > 1. However, this is not serious,
whereas the other estimators give serious downward bias when d is
greater than 1.

Table 4.2 reports simulation results for Model B, where only the estima-
tion results on d are shown. The parameter value of p was chosen so that the
signal to noise ratio (SNR) is between 5 and 10, where the SNR is defined

as

L(1—2d)/(pT*(1 —d)) (d<1/2),

SNR =V (z7)/V (ur) = {TQd—l [(p(2d—1)T2(d)) (d>1/2).

The SNR is reported in Table 4.2 together with SNR1=V (A z7)/V (A ur),
which is the SNR of the first differenced process.
It may be concluded from Table 4.2 that:

(a)

The performance of all of the estimators for Model B deteriorates to
a large extent as compared with Model A because of the inclusion of
the unknown parameter p.

The F-ML estimator performs well for d < 1 as in Model A, but it be-
comes quite bad and tends to become worse than the GPH estimator
as d approaches 2.

The W-ML estimator is relatively stable and performs best when
d>1/2.

When d > 1, the D-GPH and D-F-ML estimators based on the first
differenced data improve the performance of the corresponding GPH
and F-ML to some extent, but they are not as good as W-ML. This
is because differencing makes the SNR smaller and this causes the
identification of the signal to be difficult. For example, when d = 1,
the SNR of the original series is T'/p = 512/100 = 5.12, while that of
the first differenced series is V'(e;)/V (A uy) = 1/200 = 0.005.

All of the estimators of p, though not shown here, are quite unreliable.
This is particularly true when the SNR is small. This seems a main
reason for the poor performance of the estimators of d in the present
model.

4.6 Concluding remarks

We considered the estimation problems associated with long-memory pro-

cesses, where we allowed for nonstationary as well as stationary processes. It
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Table 4.2. Model B: signal plus noise case

GPH D-GPH F-ML D-F-ML W-ML

d=0.1, p=0.1 (SNR=10.19, SNR1=9.06)
Mean  0.161  0.923  0.158 0719  0.218
Var 0.2829  0.2302 0.0257  0.1006 0.1183

d=0.3, p=0.16 (SNR=8.23, SNR1=4.70)
Mean 0340  0.555 0310  0.465  0.342
Var 0.0180  0.0574 0.0063  0.0187 0.0117

d=0.45, p= 0.5 (SNR=7.28, SNR1=1.32)
Mean 0451  0.570  0.432 0.521  0.527
Var 0.0159  0.0264 0.0085  0.0127 0.0132

d =06, p=1.5 (SNR=5.23, SNR1=0.39)
Mean 0574  0.660  0.568 0.629  0.622
Var 0.0219  0.0274 0.0132  0.0136 0.0131

d =08, p=10 (SNR=5.19, SNR1=0.053)
Mean  0.750  0.846  0.748 0.814  0.790
Var 0.0454  0.0530 0.0278  0.0259 0.0218

d=1, p=100 (SNR=5.12, SNR1=0.005)
Mean  0.923 1.075  0.895 1.070 0.952
Var 0.1340  0.1363 0.0773 0.4700 0.0425

d=1.2, p=1000 (SNR=5.26, SNR1=0.00055)
Mean  1.050 1.250  1.112 1.199 1.122
Var 0.4479  0.2186 0.1086 0.0622  0.0544

d =14, p=10000 (SNR=5.31, SNR1=0.00010)
Mean 1170 1507  1.229 1.502  1.582
Var 1751 0.143  0.583 0.076  0.030

d = 1.6, p = 100000 (SNR=5.20, SNR1=0.000039)
Mean  1.190 1.759  1.180 1.731 1.795
Var  1.072 0.635  2.304 0.315 0.060

d = 1.8, p =900000 (SNR=5.45, SNR1=0.000029)
Mean  1.598 2.040  1.368 2.006 1.976
Var  1.345 0.306  2.713 0.333 0.069
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was recognised that, if the long-memory process is contaminated by noise,
the computational burden for estimating parameters increases to a large
extent.

For two types of models, that is, the model of pure long-memory signal
and the model of long-memory signal plus noise, we examined various fre-
quency domain and wavelet-based estimators of the differencing parameter
d. It was found that, for both types of models, the frequency domain ML
estimator performs better for stationary cases, whereas the wavelet-based
ML estimator performs better for nonstationary cases. The performance of
the estimators, however, becomes worse when the model is corrupted by
noise. It may be possible to use some other estimation methods for this
case. For example, the EM algorithm may be applicable. In fact, such an
attempt was made by Deriche and Tewfik (1993), although it is not based
on wavelets and the model was estimated under simplified conditions. The
estimation method based on the EM algorithm combined with wavelets may
be worth pursuing.

We can also consider the problem of testing if noise really exists. The
problem may be formulated from the model (4.1) coupled with (4.2) as
Hy: p = 0 against Hy: p > 0. This was dealt with by Tanaka 2002 in
the time domain. It was found that the power of the suggested test is not
necessarily monotonic. This is especially true if d is small. It is of some
interest to see if the difficulty can be overcome by the frequency domain or
the wavelet-based approach.
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A test that a time series is an autoregressive model of order 1 is discussed.
The test is of Cramér—von Mises type, based on comparing the standardised
spectral distribution with its sample estimate. A power study suggests that
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5.1 Introduction: EDF statistics
5.1.1 Test for a given probability distribution

In this section we describe statistics based on the empirical distribution
function (EDF), also known as the sample distribution function (Durbin
1973) and its use in testing goodness-of-fit for a probability distribution.

Let 1,...,x, be n observations (we shall assume a random sample) from
a continuous distribution F'(z). The EDF F,,(z) is defined by

Fo(x) ={#of z; <z}/n, —oo <z < 0. (5.1)

Suppose the null hypothesis is that F'(x) is a given (continuous) distribu-
tion Fy(z), which for the moment we consider to be completely specified —
all parameters are known. Several well-known test statistics are based on
the discrepancy between F,(x) and Fy(x). The oldest is the Kolmogorov—
Smirnov statistic defined by D,, = sup|F,(z) — Fy(z)|. The Cramér-von
Mises statistic is

W2 —n / T B (@) — Fo(o)PdFy(a). (5.2)
Two closely related statistics are Watson’s U2 defined by
= [" (R~ R~ [ (e - B@an@] ane 69
and the Anderson—Darling statistic
A= [ Fale) = @) oy (o) (5.4

where the weight function 1 (z) = [Fo(z){(1 — Fo(x))}]~!; see Anderson and
Darling (1952).

Watson (1961) introduced U2 to be used for observations on a circle since
its computed value does not depend on the origin used to calculate F),(z).
The Anderson—Darling statistic gives more weight to the observations in the
tails of the distribution, and in many test situations it is more powerful than
W2. The Kolmogorov-Smirnov D,,, although perhaps better known than the
Cramér—von Mises family, is in general not as powerful as a test statistic.

5.1.2 Test for uniformity

Suppose the null hypothesis is true, that is, F(xz) = Fy(z). It is well-
known that the monotonic transformation z = Fy(x) (the probability
integral transformation, PIT) gives a random variable z which is uniformly
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distributed on [0, 1]. When the tested distribution Fy(z) is completely speci-
fied, the PIT can be made and the z; = Fy(z;), i = 1,...,n, can be tested as
observations from the uniform distribution on [0, 1]. This situation is called
Case 0. Then suppose F,(z) (0 < z < 1) is the EDF of the z-values. The
Cramér—von Mises definitions above simplify to

1
W2 = n/o (Fu(2) — 2)%dz, (5.5)

U2 = n/ol [(Fn(z) —2) — /Ol{Fn(z) - z}dz] 2 dz (5.6)

and

1
A2 = n/o (Fu(2) — 2)2{2(1 — 2)}~1d-. (5.7)

Suppose z is the mean, and z(;) < z(2) < - -+ < 2(y,) are the order statistics
of the z-set. The statistics have simple computing formulae:

W2 = {z — (20 — 1)/(2n)}* + 1/(12n), (5.8)
i=1

U2 =W?2—n(z—-0.5)2, (5.9)
A?L =-n—(1/n) 2(22 — 1)[log{z(,~)} + log{1 — Z(n+1—i)H- (5.10)
i=1

For Case 0 a great deal is known about the distribution theory of these
statistics — in particular the finite-sample and asymptotic distributions can
be found. Stephens (1970) showed how suitable modifications of the statistics
can be made and then referred only to the asymptotic points to make the
test of fit.

Some years ago, Durbin (1973) wrote an excellent monograph on these
statistics. This monograph includes distribution theory when parameters
must be estimated, and gives many new results on calculating the distribu-
tions, both finite-sample and asymptotic.
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5.1.3 Tests when parameters must be estimated

Suppose now, returning to tests for distributions, that parameters in the
tested distribution are unknown and must be estimated from the given
sample. Further, let these be estimated efficiently. The PIT can still be
made, using these estimates of the unknown parameters, and the statistics
calculated from the formulae above, although now the z-values will not be
uniformly distributed. The distribution theory, especially for finite samples,
is largely unknown, although Durbin (1975) provided the distribution of the
Kolmogorov—Smirnov statistic for testing the exponential distribution with
unknown scale.

However, asymptotic distributions of the Cramér—von Mises statistics can
be found. The calculation follows a procedure described in Durbin (1973) and
in Stephens (1976). It is based on the fact that y,(z) = vn{F,(z) —z}, 0 <
z <1, tends to a Gaussian process y(z) as n — oo. Since, in the time series
application which we discuss below, the test statistic is similar to W2, only
the asymptotic theory for this statistic will be given.

Firstly, the asymptotic distribution of W?2 will be that of W?2 = fol y?(2)dz.
The mean of y(z) is zero; suppose the covariance function E{y(s)y(t)},0 <
s,t < 1is p(s,t). In Case 0, when all the parameters are known, this covari-
ance is

po(s,t) = min(s,t) — st. (5.11)

More generally, when parameters are estimated efficiently, the covariance
will take the form p(s,t) = po(s,t) — G(s,t) where G(s,t) depends on the
true parameter values. However, it will not depend on location and scale
parameters but will depend on shape parameters.

The limiting distribution of W2 is then

o0
W?=> "wX}, (5.12)
=1

where the X; are independent standard normal random variables and the
weights w; are the solutions of the integral equation

1
wg(s) = /0 p(s,t) g(t) dt. (5.13)

Once the weights are known, the percentage points of the distributions can
be calculated by Imhof’s method. EDF tests for many distributions when
parameters are unknown, and tables with which to make the tests, are given
by Stephens (1986).

Tests of Cramér—von Mises type have appeared in many other areas of
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statistics, for example in tests of independence and in tests for multivari-
ate normality; other tests for time series, in the same family, are given in
Chapter 6.

5.2 Applications to time series analysis
5.2.1 The EDF and the periodogram

Durbin (1969) has also discussed tests based on the cumulated periodogram
calculated from a time series x1, x9, ..., x7. Durbin defined the periodogram
as follows. Let T' = 2m, and define p;; = /(2/T) 23:1 xy sin(27it/T) and
pi2 = /(2/T) Zthl x¢ cos(2mit/T): then the periodogram coordinates are
p; = p?l + p222,z' = 1,2,...,m. On the null hypothesis that the x-series
consists of independent Gaussian variables, the p; will be iid exponential
variables. Suppose P, = )| p; is the cumulated periodogram, and define
yi = P;j/Py; let n = m — 1. On the null hypothesis the y;,i = 1,...,n will
then be distributed as uniform order statistics from UJ0, 1]. It is customary
to plot y; on the y-axis against i/n on the z-axis, so that essentially this
plot behaves like the EDF turned through 90 degrees. Then EDF statistics
could be used to test the null hypothesis; however, it is customary to use
statistics CT = max(y; —i/n),C~ = max(i/n — y;) and C = max(CT,C™).
Although not the same, these are clearly related to the Kolmogorov—Smirnov
statistic.

5.2.2 A test for the time series model AR(1)

We now develop a Cramér—von Mises statistic to test the hypothesis that an
observed time series is a realisation of some AR(1) process. The basic time

series model is a stationary stochastic process {y;}, t = ...,—1,0,1,...,
with F (y;) = p, autocovariance function E(y: — p)(Ye+n — p) = o(h) and
autocorrelation function pp, = o(h)/o(0), h = ...,—1,0,1,.... The AR(1)

model under consideration is

Yt = PYt—1 + U, (5.14)

where —1 < p < 1, and the u; are uncorrelated with mean 0 and variance
o2. For this model p, = p_, = p", h=0,1,....

The test will be developed for the general time series model, and then
particularised to testing the AR(1) model. The work comes from Ander-
son, Lockhart and Stephens (1997); the theory used is based on Anderson
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(1997). Although we give some preliminary results below, the work is still
in progress.
For the general model, the standardised spectral density is

— Z prcosA\h, —m <A<, (5.15)

Note that the coefficients of the trigonometric functions are the autocor-
relations, not the autocovariances; the standardised spectral density f(\)
is the conventional spectral density divided by the variance o(0). Since
f(A) = f(=A), we define the standardised spectral distribution as

_2/ f(v (A+2thsmh)‘h>. (5.16)

The standardised spectral distribution has the properties (nonnegative
increments) of a probability distribution on [0,7], and F(7) = 1. Note
that we have used the symbol F(.) to describe a probability distribution
in Section 5.1, as is standard, but this should cause no confusion with its
use to denote the standardised spectral distribution throughout this section.

The test is based on a comparison of F'(A) with an estimate Fr(\), ob-
tained as follows. Suppose observations are taken in time, say yi1,y2,...,yr.
For a given h, when p is known, the unbiased estimate ¢, of the autocovari-
ance is defined by

eh=coh =7 Z ) (e — ), h=0,1,....,T—1. (5.17)

When p is not known, p in the above expression is replaced by ¥, the mean
of the T observations. The asymptotic theory which follows in this paper
will be the same whether p or g is used in (5.17).

The sample autocorrelation sequence is then defined as r, = ¢p,/co, h =
—(T - 1),...,T — 1. Suppose f()\) is f(A\) with pp replaced by r,. The
standardised sample spectral distribution function is then

A 1 = sinAh
A) _2/0 Fv)do = ;<A+2 hz::lrhsmh ) (5.18)

The similarities between the empirical and theoretical standardised spec-
tral distributions and empirical and probability distributions suggest that
we can employ EDF statistics, used above for probability distributions,
to test hypotheses about the standardised spectral distribution. They will
be functionals of the process VT [Fr(\) — F(\)], as a stochastic process
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over [0,7]. This process can be transformed to a process on the unit in-
terval by the monotonic transformation u = G(\)/G(7), equivalently A =
G~ YG(m)u] = Mu), say, where

A
\) = 2/0 2(v)dv. (5.19)

Then the process is transformed to
Yr(w) = VT {PriA@)] - Fw)}. (5.20)

Let Y (u) = Yr(u)/ [2 WG(?T)}. For testing a given series with spectral

distribution F'(\), we propose the Cramér-von Mises statistic

1
W2 = / [V (u))?du, (5.21)

0

This statistic has the computing formula

fe'e) T— 1 2
5 )(Phtg — Ph—g)
Wi = 4W4G2 § { } : (5.22)

h:l g=1 g

Anderson (1993) showed that the process Y (u) converges weakly to the
Gaussian process Y*(u) with mean 0 and covariance function p(u,v) =
min(u,v) — uv 4+ q(u)q(v), where g(u) = u — F[A(u)]. Then, as in Section
5.1.3, the limiting distribution of W% is given by (5.12) with weights w; the
solutions of (5.13) with u,v replacing s,t. Anderson and Stephens (1993)
showed how to compute the w;s and from them the significance points, and
gave tables of asymptotic significance points of W? for both AR(1) and
MA(1) models. Tables of points for finite 7', for both models, when the
first-order autocorrelation p is known, are given by Anderson, Lockhart and
Stephens (1995).

5.2.3 Test for AR(1) when p is unknown

However, in most applications, the parameter p in an AR(1) model will not
be known. The test will now be given for this case. Only the practical details
will be given; the theory is in Anderson, Lockhart and Stephens (1997). For
the AR(1) model it is necessary only to estimate p1 = p by r = c1/co, using
(5.17), since py, = p"* and so is estimated by 7. The computing formula for



A goodness-of-fit test for AR(1) models 99
W2 is then
T =1 §~ |5 (g =) = ™)

W2 = 1)
m2(1+1r?) 22:1 =

M

p (5.23)

Here, H is theoretically infinite, but in practice, it must be chosen so that
the term in the sum is negligibly small for h > H. An equivalent formula
for W:,%, which avoids the problem of determining H, is

1—7’ T-1 g r —rg2
2 1 g2 1
wp- Dy s (e (e

1+ 72 _ _
% {1 - Té <7‘|191 g2l 7,51]1-&-92) + ‘91 . 92‘7";‘[91 92| — (g1 + go)r 91+92}
1

(5.24)

The null hypothesis of an AR(1) process will be rejected at significance
level « if the value of W% exceeds the appropriate significance point corre-
sponding to r1,7T and «. The significance points of the test statistics depend
on the unknown autocorrelation parameter p; since this will be estimated
by r1, tables of such points have been constructed which are conditional on
the value of r;. The tables will not be given here; they may be found in
Anderson, Lockhart and Stephens (2003), which is an update of the test for
AR(1) given earlier in Anderson, Lockhart and Stephens (1997).

5.2.4 Power against state space alternatives

Since the focus of this volume is on state space models, we give some re-
sults on power for this particular alternative, and only for W% However,
the Cramér—von Mises test is an omnibus test, and more extensive results,
for power against other AR and MA models, and using other statistics for
comparison, are given by Anderson, Lockhart and Stephens (2003).

The state space model is characterised by the fact that the model is a
stochastic process but each observation is made with an independent error.
Such models are sometimes referred to as models with unobserved compo-
nents.

We consider as the basic process only the AR(1) process. Thus we first
suppose values y; generated by

Y = pryi—1 + ut, (5.25)
and then the observed data are

ye =yi + e, (5.26)
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Table 5.1. Power levels for the test for AR(1), p and p unknown. The
alternative is the state space model, with p1 and o as shown. The sample
size is 100, and the test size is a = 0.05. Monte Carlo sample size is 5000.

o
0.5 1.0 1.5 2.0 3.0 4.0

—0.8 0.104 0.355 0.503 0.469 0.277 0.158
-0.6 0.073 0.140 0.140 0.116 0.071 0.057
—-0.4 0.056 0.061 0.056 0.054 0.053 0.051
0.4 0.046 0.053 0.050 0.046 0.046 0.047
0.6 0.047 0.096 0.103 0.087 0.057 0.048
0.8 0.069 0.260 0.391 0.361 0.211 0.119

P1

where u; and ¢; are sets of independent normals with mean zero, and with
standard deviations 1 and o respectively. Hopefully, the test will judge when
the error is detected as modifying the underlying AR(1) model; that is, the
test is that (5.25) is correct, together with o = 0 in (5.26).

Tables 5.1 and 5.2 give the powers of the test statistic for various values
of p1 and o in (5.25) and (5.26). They are based on 5000 samples of size T,
and the tests were made at levels @ = 0.05 and a = 0.10. The tables show
that W2 has some power, although small, when the basic AR(1) process is
weak (that is, when p is close to 0). The power increases, and then decreases,
as the standard deviation o of ¢; increases. When o is small, one expects
low power, since the state space modification will not be great; when o is
large, the error process dominates the background process, and the model
begins to resemble white noise. Since this is a special case of the AR(1)
process, with p = 0, the power diminishes towards «. As one would expect,
the powers increase as the p; of the AR(1) process increases in absolute
value. Of course, one cannot expect large powers for relatively small sample
sizes in a test against the state space model where there are two random
noise elements, but the work reported in Anderson, Lockhart and Stephens
(2003b) suggests that the W2 statistic gives good results against some rivals.
However, more extensive studies are being made.

In Anderson, Lockhart and Stephens (2004) the statistic W2 is defined
using the more conventional biased estimates of the covariances, given by
(T — h)/T times the ¢;, used above, and percentage points are given for this
definition of W% It would be interesting to compare the powers using the
two statistics to make the test.
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Table 5.2. Power levels for the test for AR(1), p and p unknown. The
parameters are as for Table 5.1, but with test size o = 0.10.

g

P1
0.5 1.0 1.5 2.0 3.0 4.0

-0.8 0.168 0.465 0.600 0.570 0.371 0.238
-0.6 0.125 0.210 0.211 0.176 0.132 0.110
-0.4 0.105 0.115 0.112 0.104 0.101 0.100
0.4 0.101 0.101 0.103 0.097 0.097 0.101
0.6 0.100 0.158 0.171 0.146 0.111 0.102
0.8 0.111 0.366 0.507 0.464 0.295 0.186
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Abstract

This article presents a model-based approach to the investigation of cyclical
properties of a time series. It is shown how models for stochastic cycles,
both stationary and nonstationary, may be set up and how deterministic
cycles emerge as a special case. The Lagrange multiplier principle is used to
formulate a test of the null of a deterministic cycle against the alternative of
a stochastic cycle and a test of a nonstationary against a stationary cycle.
Similar ideas are used to set up a test against the presence of any kind of
cycle. All the test statistics have asymptotic distributions that belong to the
Cramér—von Mises family under the null. A Wald test against a deterministic
cycles is also described as is a test of the null hypothesis that the series
contains a permanent cycle. The modelling framework may be extended
to include other components, such as trends, and explanatory variables.
Finally it is argued that cycles are best detected by fitting models rather
than by examining the periodogram.

State Space and Unobserved Component Models: Theory and Applications, eds. Andrew
C. Harvey, Siem Jan Koopman and Neil Shephard. Published by Cambridge University
Press. © Cambridge University Press 2004
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6.1 Introduction

The traditional paradigm of spectral analysis is one in which deterministic
cycles are embedded in a stationary indeterministic process. By allowing the
initial conditions to be random, these deterministic cycles can be set up so
as to be stationary, as in the Wold decomposition. Deterministic cycles are
often identified from large periodogram ordinates. Tests of significance of
these ordinates may then be carried out, a famous early example being that
of Fisher (1929). However, Priestley (1981, Chapter 8) cautioned against
identifying cycles from the periodogram since this is normally computed
at only 7'/2 discrete points and these points may not correspond to the
frequencies in the series.

In many situations, restricting attention to deterministic cycles is unsat-
isfactory. However, it is not difficult to set up models which produce cycles
that evolve over time. If these cycles are nonstationary, they are persistent
in that the effects of shocks are permanent and forecasts project the most
recent cyclical pattern indefinitely into the future. Cycles may also be sta-
tionary, but near persistent in that predictions retain their pattern for a
long time before eventually dying down to zero. Both kinds of cycles have
applications in a wide range of subjects.

This paper shows how models for stationary and nonstationary cycles
may be formulated and estimated within an unobserved components (UC)
framework. Deterministic cycles emerge as special cases and it is possible to
test the null hypothesis that a cycle is deterministic against the alternative
that it evolves over time. A test of whether a cycle is nonstationary against
the alternative that it is stationary can also be set up. Tests against the
presence of any trend of cycle, be it deterministic or stochastic, can be
constructed. In each of these cases it is possible to set up a test based
on the Lagrange multiplier principle and to use test statistics which have
asymptotic distributions under the null hypothesis that belong to the class
of Cramér—von Mises distributions. The Cramér—von Mises distribution was
originally developed for goodness-of-fit tests; see Chapter 5.

Traditional spectral analysis is useful for an initial exploration of the data.
However, it has limitations and if not used with care it can be misleading.
A model-based approach is more flexible and more reliable. It encompasses
nonstationary cycles and it allows other components, such as trends and
seasonals, to be handled at the same time as the properties of cycles are
being investigated. However, not all parts of a model need be fully specified
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since there is considerable scope for the use of semi-nonparametric methods
in carrying out tests.

The plan of the paper is as follows. Section 6.2 explores the properties of
the stochastic cycle model, shows that it can be stationary or nonstationary,
indeterministic or deterministic, and relates it to the Wold decomposition.
It is shown how the model may be handled by state space algorithms and
how it may be generalised to include several cycles. This stochastic cycle
model lays the foundation for the tests described in the sections that follow.

Section 6.3 describes how to test for a deterministic cycle in a station-
ary time series. Section 6.4 explains how to test against a nonstationary
stochastic cycle, the null hypothesis being that the cycle is deterministic.
Section 6.5 describes a test against the presence of any kind of permanent
cycle, be it deterministic or stochastic; an application is a test for trading
day effects. Section 6.6 describes a test of Bierens (2001) which reverses the
null and alternative hypotheses of Section 6.2, taking a permanent cycle to
be the null. Section 6.7 gives the test against a stationary cycle when the
null is of a deterministic, but stationary cycle; this was originally proposed
in Harvey and Streibel (1998b). Section 6.8 shows how complex unit root
tests can be formulated in such a way that the test statistics have Cramér—
von Mises distributions under the null hypothesis of nonstationarity. Some
extensions of the tests and models are laid out in Section 6.9, while Section
6.10 investigates the important practical problem of detecting a cycle with
unknown period. It is argued that fitting UC models is a more effective way
of locating cycles than is the periodogram. Section 6.11 concludes.

There are many links with Jim Durbin’s work in the paper. He is best
known in economics for his work on serial correlation and he has written
a great deal on the frequency domain. For example, his 1969 paper on the
cumulative periodogram test combines the two themes, while Durbin (1970)
is a seminal work on the application of what is effectively the Lagrange
multiplier principle to testing for serial correlation. Jim has also worked
with the class of Cramér—von Mises distributions, primarily in the context
of boundary crossing problems.

6.2 Stochastic and deterministic cycles

The starting point is

yt:d}t-i-é“t, t:].,...,T, (61)
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where ¢; is a white noise term with variance o2. The fized deterministic cycle
model is

Y= acos At + Bsin At + ¢4, 0< A <, t=1,...,T, (6.2)

where ). is the frequency in radians and « and (5 are parameters. The period
of the cycle is 27 /\.. Given ., @ and (3 are simply estimated by ordinary
least squares (OLS).

The cycle can be built up recursively by

(n cos A\, sin A, Y1
= , t=1,...,T, (6.3)
vy —sin A, cos . Vi
where 19 = a and Y5 = 3. Now suppose two mutually uncorrelated white
noise disturbances, x; and x}, with zero means and common variance o2 are
added to the right hand side of (6.3), and a parameter p is introduced so
that

Uy CosS A, sin A Vi1 Kt
=p + , t=1,...,T,
(I —sin . cos . Vi Ky

with 0 < p < 1. This is the stochastic cycle model.

6.2.1 Nonstationary cycle

If p = 1in (6.4) the cycle has complex unit roots, and can be made stationary
by the operator 1 —2cos A\.L + L?. The initial values, 1y and 1§, are fixed,
but the model could be modified to let them have diffuse priors. The cycle
evolves over time and forecasts project the latest cyclical pattern indefinitely
into the future.

6.2.2 Stationary cycle

If the initial conditions are fixed, the stochastic cycle is asymptotically
stationary if p < 1. Exact stationarity requires that the distribution of
the initial vector (¢, )" be the same as the unconditional distribution of
(¢, pf)" for all ¢. If the initial conditions are such that the vector (v, 1)’
has zero mean and covariance matrix ail ,1t is straightforward to show that
the process ¥y, t = 0,...,T is stationary and indeterministic with zero mean
and variance ai =02/(1—p?).
The autocorrelation function (ACF) of 1)y is

py(T) = pTcos AT, T=0,1,2,.... (6.5)
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The spectrum,

_ ﬁ (14 p? —2pcos A.cos \) (1 — p?)
C 21 14 pt+4p2cos? A. — 4p (1 + p2) cos A cos A + 2p2 cos 20

f)

displays a peak, centred around )., which becomes sharper as p moves closer
to one. Figure 6.1 shows the spectral densities for p = 0.7 and 0.9.

— —
[\ S
N P

—_—
P

spectral density

0.5 1 1.5 2 2.5 3
frequency

Fig. 6.1. Spectra for cycles with A, = 7/4 and p = 0.7 (broken line) and 0.9.

6.2.3 Stationary deterministic cycle

If 02 is fixed, setting p equal to 1 in (6.4) generates a nonstationary cycle
with complex unit roots. If, on the other hand, ai is taken to be a fixed
parameter and o2 is defined by 02 = (1 — pz)ai, then 02 — 0 as p — 1 and
a stationary deterministic cycle results when p = 1. Specifically

e = Pocos At + Y5sinAct, t=1,...,T, (6.6)

where 19 and 1; are mutually uncorrelated random variables with mean
zero and variance 012/). The expression for the ACF, (6.5), remains valid for
p = 1, but the process now has a purely discrete or line spectrum; see
Priestley (1981, p. 230).

The model in which 1) is generated by (6.4), with initial conditions such
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that (vo, ()" has mean zero and covariance matrix ail , and in which the
parameters are 0 < A, <7, 0 < p <1 and ai > 0, is called the stationary
cycle model. The stationary deterministic cycle model results when p = 1.
If noise is added to the stochastic cycle, the variance of y; decomposes as
02 = 0'3) + o2 (6.7)
while its ACF is
p(T) = (O’i/{ﬂi + o2 )pTcosAer, T>1, 0<p<1.

When p is 1, the frequency domain properties of the model are displayed by
the spectral distribution function, which shows a jump at ..

The Wold decomposition views deterministic and indeterministic parts of
a series as completely separate entities, with cycles belonging to the former
group. The model which has just been set up has a deterministic cycle as
a special case of a stochastic cycle. Correspondingly, the sudden jump in
the spectral distribution function is a limiting case of a spectral distribution
function that is continuous for p strictly less than 1.

6.2.} Estimation

The stochastic cycle plus noise model can be put in state space form by
letting (v, 1;)" be the state and defining the measurement equation

Yi
Vi

to accompany the transition equation in (6.4). The initial conditions on
(¢, 15) can be either a diffuse or a proper prior depending on whether ai

ye = [1 O][ :|+€t, t=1,...,T

or o2 is taken to be fixed. Fixing o2 fails to exploit the proper prior when
the cycle is stationary but it allows the nonstationary cycle to emerge as a
special case. Given the hyperparameters A, p and ¢, where ¢ = O’i /o2 or
02/c?, the Kalman filter can be applied. The cyclical component may be
extracted from the noise by a smoothing algorithm and forecasts of future
observations, together with their root mean square errors, can be made.

In the Gaussian stochastic cycle plus noise model, all disturbances, &, k¢
and kj,t =1,...,T, together with vy and 1, are assumed to be normally
distributed. The disturbances driving the cycle are usually uncorrelated with
¢, though this is not necessary for identifiability. The model is still iden-
tifiable if ¢; is allowed to be correlated with x; and sy, but the effect of
such correlation is to make the signal extraction filters asymmetric. The
model may be estimated by maximum likelihood and this is implemented in
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Table 6.1. Estimated cycles for deep sea cores

cycle period (years) p ai

1 102000 0.998 1.200
2 40800 0.999 0.140
3 22800 0.983 0.109

the STAMP package of Koopman, Harvey, Doornik and Shephard (2000).
It is not necessary to assume that A. is such that T'/P is an integer. When
p < 1 the standard regularity conditions hold for applying asymptotic the-
ory to obtain the properties of the estimators. Even if the model is set up so
that it is still stationary when p = 1, the fact that it is not ergodic means
standard asymptotic theory cannot be used to make inferences about p.

6.2.5 Several cycles

The model can be extended so as to include more than one cycle. Thus
yt:¢1t+---—|—wm+et, tzl,...,T, (68)

where n is the number of cycles. Estimation using the state space form is
straightforward. An example is provided by the study of Newton, North
and Crowley (1991) on global ice volume as estimated by oxygen-18 levels
from 220 observations on deep sea cores recorded at intervals of 2000 years.
Newton, North and Crowley (1991) set up a long autoregression to capture
cycles, but an alternative is to proceed as suggested in the STAMP manual
— Koopman, Harvey, Doornik and Shephard (2000, p. 57) — and fit three
stochastic cycles by searching over all frequencies to find the best fit. The
results are as shown in Table 6.1. All three cycles are very close to being
nonstationary. The irregular disappears as o2
first order residual serial correlation is rather high at 0.48, but the others
are quite small and R? = 0.983.

is estimated to be zero. The

6.3 Test against a deterministic cycle

A test against a deterministic cycle is easily constructed by working with
the fixed cycle model of (6.2). Let Z; = (cos A.t, sin A.t) and 6 = (a, 8) so
that

Y = acos At + Bsin At +e =20+, t=1,...,T.
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The frequency, A., is assumed known. The Wald statistic for testing the null
hypothesis that 6 = 0 is

T
W=24 (af > th;> 5, (6.9)

where & is the OLS estimator of § and o2 =171 Zthl e?, where e, is the
tth OLS residual. The asymptotic distribution of W is x3 under the null
hypothesis that § = 0; in a Gaussian model W can be transformed to a
variable having an F-distribution under the null. If A, is such that 7'/P

is an integer, then W is the standardised periodogram ordinate, that is,
W = p(\.)/52%, where

T 2 T 2 JUSPS
p(Ae) = T (Z Yt COS AJ) + (Z Yt SIn /\ct> = M_
t=1 t=1

The Wald test can be carried out by fitting a parametric unobserved
components model that specifies a serially correlated component as well as
a deterministic cycle. Alternatively a nonparametric test! can be set up
by replacing 52 in (6.9) by an estimate of (27 times) the spectrum at A,
computed from the spectral generating function

m
g(Ae;m) = Z w(T, m)e(T) cos AT, (6.10)

T=—m

where w(7, m) is a weighting function or kernel, such as the Bartlett window,

w(r,m)=1—|7|/(m+ 1),

and
T
) =T Y eer
t=j+1

is the sample autocovariance of the OLS residuals at lag j. Alternative op-
tions for the kernel w(.,.), such as the Parzen or quadratic spectral (QS)
windows, may be found in Andrews (1991, p. 821). Andrews also discussed
conditions required on the lag truncation parameter to ensure consistency
of the estimated variance of 6. The spectrum could also be estimated by di-
rectly weighting the periodogram ordinates, though this is rarely considered
in the econometric literature.

L The OLS estimator is asymptotically efficient. Indeed if T/P is an integer and the stationary
component is circular, OLS and GLS are the same.
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The above modification allows for serial correlation from a covariance
stationary process. Conditional heteroskedasticity may be present;? see the
conditions in Andrews (1991, p. 823). The test can be extended to deal with
unconditional heteroskedasticity as well as serial correlation as allowed in
the conditions stated in Andrews (1991, p. 839). Thus

W* =T8[Q'Q(m)Q "] 14,

where
T
Q=T"'> 727
t=1

and O is a nonparametric estimator of the ‘long run variance’ of the vector
Zie¢, that is,

(1), (6.11)

=)
)
I
=3
n
2
=)

T=—m

where w(7,m) is a kernel as in (6.10) and

T
f(T) = T_l Z Ztetet_ng_T
t=7+1
is the sample autocovariance matrix at lag 7 formed from Ze;.

One might correct for serial correlation by fitting lagged dependent vari-
ables, but this is not very satisfactory as there is likely to be confounding
with the cycles. Indeed in the context of seasonality, Canova and Hansen
(1995, p. 239) explicitly point out that two or more lags may absorb some
pairs of complex roots.

6.4 Test against a nonstationary cycle

Following the work on seasonality testing by Canova and Hansen (1995),
it can be shown that the locally best invariant (LBI) test of the null
hypothesis of a fixed deterministic cycle against the alternative of a non-
stationary stochastic cycle at a given frequency, ., that is, Hp:02 = 0
against Hy:o02 > 0, is to reject large values of

T ¢ 2 t 2
Ke = 2T723g2 Z (Z €; Cos )\Ci> + <Z e; sin )\ci> , (6.12)
t=1

i=1 =1

2 In which case the OLS estimators are no longer efficient.
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where e; is the tth OLS residual from regressing on the pair of trigonometric
terms at \. and 52 is the sample variance of the OLS residuals, as in (6.9). In
deriving the test from the LBI principle, one initially obtains the summations
running in reverse, that is, from ¢ = ¢ to T, but, as a consequence of fitting
the deterministic cycle by OLS,

T T
Z €1 Cos A\t = Z ersin A\t =0, (6.13)
t=1 t=1

from which it follows that the two statistics are identical. Asymptotically, &
has the Cramér—von Mises distribution with two degrees of freedom under
the null hypothesis.

The test procedures may be extended to construct joint tests at two fre-
quencies, A1 and Ag, simply by adding up the individual test statistics. The
asymptotic distribution is then Cramér-von Mises distribution with four
degrees of freedom. The seasonality test statistic is CvM (s — 1), where s is
the number of seasons in the year.

Canova and Hansen (1995) introduced a modification to the variance
estimator in the denominator of (6.12) which allows the test to be valid
when the noise, within which the cycle is embedded, is generated by any
indeterministic stationary process. The statistic is

T
ke(m) = T *trace (Q(m)) o Z S:S; (6.14)
t=1

N L N 1
= 72 (Q(m)) 3 s (Q(m)) Sy, (6.15)
t=1

where S; = 25:1 Z;e;. Some patterns of serial correlation can be dealt with
by the inclusion of the lagged dependent variable, y;_1, as a regressor. This
will leave the asymptotic distribution of the test statistic unchanged under
the null and will have very little effect on the power of the test as long as
Ac is not close to zero or 7; see Canova and Hansen (1995, pp. 239, 247). As
noted in the previous section, more lags could absorb the cycle.

If there is no need to guard against unconditional heteroskedasticity, the
test statistic can be set up as

2 Z;le [(Zle e; cos )\ci)2 + (22:1 e; sin /\ci)2]
B T2§(Acim) |

0< A <,
(6.16)

where g(Aj;m) is as defined in (6.10). In the context of seasonality testing,
Busetti and Harvey (2003) called thisthe spectral nonparametric test statistic.
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An alternative strategy is to estimate a fully specified model under the
alternative hypothesis and use the estimates of the nuisance parameters to
construct an LBI test from the innovations obtained under the null. Busetti
and Harvey (2003) compared this parametric option with the nonparametric
tests in the context of tests at the seasonal frequencies. Their results are
based on a model that has a random walk component added to the seasonal
and irregular. The parametric test is somewhat oversized at frequency 7 but
this is not the case at A, = /2, which is more relevant here. The parametric
test is clearly more powerful than the nonparametric one.

6.5 Test against a permanent cycle

The test against a nonstationary cyclical component takes the null hypoth-
esis to be a model in which the cycle is deterministic. Sometimes we may
wish to test whether there is any cycle at all at a given frequency. We then
want power against a deterministic cycle as well as a stochastic one.

If a test statistic is constructed as in (6.12), but without fitting a de-
terministic cycle at A., it will be LBI against a nonstationary stochastic
cycle with zero initial conditions.> Under the null hypothesis, the asymp-
totic distribution of this statistic, denoted x2, will be a function of Brownian
motions rather than Brownian bridges. It is still of the Cramér—von Mises
family, but denoted C'vMj. The distribution is unaffected by the inclusion of
a constant or a constant and a time trend ; see Busetti and Harvey (2003).
Again parametric and nonparametric forms of the test may be constructed.

An example of the above tests arises in the detection of trading day ef-
fects. Cleveland and Devlin (1980) showed that peaks at certain frequencies
in the estimated spectra of monthly time series indicate the presence of
trading day effects. Specifically there is a peak at a frequency of 0.348x 27w
radians, with the possibility of subsidiary peaks at 0.432x27m and 0.304x 27
radians. Busetti and Harvey (2003) suggested testing for trading day effects
by carrying out a x0 test at the relevant frequency or a joint test at all three
frequencies.

An alternative approach to the s test is simply to use the Wald test
against a deterministic cycle as described in Section 6.3. The evidence in
Busetti and Harvey (2003) in the seasonal case suggests this is almost as
effective as the k0 test.

A variant of the Wald test was proposed by Bierens (2001, p. 976). Rather
than dealing with serial correlation by the correction based on (6.10), he

3 There is now an issue of whether summations should be forwards or backwards since (4.2) no
longer holds; see the discussion in Busetti and Harvey (2003).
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suggested fitting a pth order autoregressive model
O(L)yr = p+ e,
where
H(L)=1— 1L~ — L7,

He proposed then testing the stationary autoregressive hypothesis against a
pair of complex unit roots based on the statistic

5 2p(A) | p(e )|

This reduces to the Wald statistic of (6.9) when there is no serial corre-
lation. Under the null hypothesis of stationarity this is asymptotically x3
while under the alternative it goes to infinity. The test extends to treating
several pairs of complex roots. The problem with this approach is that the
autoregression is likely to be confounded with the complex roots in the cycle.

6.6 Permanent cycle as the null hypothesis

Bierens (2001) proposed a test of the null hypothesis of a nonstationary
cycle based on the standardised periodogram, namely

(A) 2 a P :
£ = pT?I\; = T332 (Z Yt COS )x,ﬂf) + (Z Yt sin )\ct) <g¢,
Yy Yy t=1 t=1

where ¢ = 0.14 at the 5% level from the asymptotic distribution. The theory
is based on a second-order autoregressive process with complex roots, but

it generalises to a model in which the disturbance follows an indetermin-
istic process and it could equally be based on the components model (6.1)
with €; an indeterministic process. The test is nonparametric because, under
the null hypothesis, 85 /T has a limiting distribution and &. has a limiting
distribution that does not depend on the process generating the stationary
part of the model.

A slightly different test is obtained if a deterministic cycle is removed in
calculating the denominator, that is, 3; is replaced by &2. This statistic,
denoted &, is related to the simple Wald test statistic, (6.9), in that it
is W/T. The limiting distribution of 52/T is now a function of demeaned

Brownian motion so the asymptotic distribution of & differs slightly from
that of &.
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What if the cycle is deterministic? Then

a? + 32

mé, = ——
plmée = 5 e 2 1 2

If we remove the cycle in computing the denominator, then

a? + 32
202

€

plim&; =

In both cases the null is unlikely to be rejected unless the amplitude of the
deterministic cycle is small relative to 2. For this reason &. and £ are more
appropriately classified as tests of the null of a permanent cycle rather than
as tests of the null of a nonstationary cycle.

Bierens assumed that A, is known for the purposes of asymptotic theory.
In practice he estimated it by the largest periodogram ordinate. For the rea-
sons given in Priestley (1981, Ch. 8), this is unsatisfactory. (Indeed Bierens
admitted to a ‘pretesting type of sin’ in selecting A. in his application.) How-
ever, estimating A, by fitting a nonstationary model would detract from the
nonparametric nature of the test.

6.7 Testing against a stationary stochastic cycle

Suppose that we wish to test for the presence of an indeterministic stationary
cycle at a particular frequency, 0 < A, < 7. The model contains a white
noise component and may also contain deterministic components including
a fixed cycle at frequency A.. The Lagrange multiplier test statistic of the
null hypothesis that p is zero in (6.4) is Tr}, where r; is the first order
sample autocorrelation; see Harvey (1989, pp. 244-5). Furthermore, King
and Evans (1988) showed that a test of the form rj cos A, is LBI for testing
Ho:p = 0 against Hy:p > 0. If the period, P, is known to be greater than 4,
cos A, is positive and a one sided test against positive serial correlation can
be carried out using 71 or the Durbin-Watson d-statistic.

The above test is designed to have high power in the region of p = 0.
If we want high power in the region of p = 1 we can exploit the fact that
a deterministic cycle can be nested within a stationary cycle as in Section
6.2.3. An LBI test of Hy:p = 1 against Hgp < 1 can be constructed. Harvey
and Streibel (1998b) showed that this is exactly the same as the k. test
against a nonstationary stochastic cycle. They compared this test with

4 The cumulative periodogram test of Durbin (1969) offers a more general alternative.
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point optimal tests against specific values of p. Unlike the LBI test, point
optimal tests depend on g.

The test proposed by Harvey and Streibel (1998b) is a radical depar-
ture from what is normally done where the question asked is whether the
series consists of a deterministic cycle plus some arbitrary indeterministic
component. Instead the question is whether a deterministic cycle can be
distinguished from an indeterministic process capable of producing pseudo-
cyclical behaviour.

6.8 Nonstationary versus stationary cycles: test for complex unit
roots

Within the framework of (6.4), with o2 fixed and the initial conditions, g
and 1), treated as fixed, a parametric test of the null hypothesis that the
component at a particular frequency is nonstationary against the alternative
that it is stationary, that is, Hyp:;p = 1 against Hi:p < 1, can be constructed
from the null hypothesis innovations, 7, as

T i 2 i 2
Kl = 972 Z (Z 7t COS )\ct> + (Z 7 sin )\ct> <e. (6.17)
i=1 t=1 =1

The test is suggested by the Lagrange multiplier (LM) principle, as out-
lined in Harvey (2004), though it is only, strictly speaking, an LM test if
cyclical slopes, as described in Section 6.9.2, are included.® Under the null
hypothesis the asymptotic distribution is CvMy(2) since if the nonstation-
ary seasonal operator 1 — 2cos\.L + L? were to be applied it would remove
the corresponding deterministic cycle. The lower tail of the distribution is
now appropriate. An alternative approach would be to set up a test using an
autoregressive model, along the lines of the seasonal unit root tests proposed
by Rodrigues (2002).

A Wald test based on an autoregressive model could be carried out as in
Ahtola and Tiao (1987). This is a generalisation of the augmented Dickey—
Fuller test. It is based on the result that, in a nonstationary model, the
limiting distribution of T((gg + 1), where $2 is the estimator of the second
AR parameter, is independent of A.. However, tests based on autoregressions
may perform poorly in situations where a UC model is appropriate since

5 As in the unit root test there is an issue of consistency of the test; see Harvey (2004). This is
because there may be a finite probability that the variance of the seasonal disturbance is zero
under the alternative.
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the reduced form contains an MA component; the simulation evidence in
Hylleberg (1995) illustrates this point for seasonal unit roots.

The Bierens test is unlikely to be very useful against a strongly station-
ary process since it cannot compete with a complex unit root test such as
(6.17); see the evidence in Busetti and Harvey (2002) for frequency zero.
Thus Bierens’ example of testing against a stationary business cycle is un-
convincing.

6.9 Extensions
6.9.1 Trends, seasonals and explanatory variables

A stochastic trend component can be added to a structural time series model;
a stochastic seasonal may also be included. In a nonparametric framework
differences must be taken. A seasonal difference is needed to deal with a
random walk and a nonstationary stochastic seasonal. Note that differencing
will slightly shift the peak in the spectrum of a stationary indeterministic
cycle.

Time trends and seasonal dummies can be added to the model without
affecting the asymptotic distribution of k.; the proof follows along the lines of
Busetti and Harvey (2003). The asymptotic distribution remains unaffected
if the regressors are stochastic provided they do not contain complex unit
roots at ..

6.9.2 Higher order cycles

The model with cyclical slopes is
[%}_{COS)\C Sin)\c}{wt—l]_i_[wﬁ,t]_i_[ﬁt]
U} —sin A\, cos A, (o w;;,t K|’

[ Vgt } B [ cos A, sin . } [ Ygi—1 }
V5 —sin A, cos A. (G ’

where k; and k} are as in the first order cycle, (6.4), and p and A, satisfy
the same conditions. This model can be rewritten as

(6.18)

Ye = e +Pgotcos Act + P ptsin At + e, t=1,...,T,

where 1); is as in (6.4).
Following a similar line of reasoning as with the trend, a smoother cycle
can be obtained by shifting the disturbance to the equations for the slopes.
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If a damping factor, p, is introduced into the model, we obtain what Harvey
and Trimbur (2003) called a double, or second order, stochastic cycle :

Py _ COS Ac sin A¢ Y1 + ¢ﬁ,t—1
or | Pl _sin Ae  COS A Vi w;,tq ’

Y | coS A¢ sin A, Vg,1-1 n Kt
V5 —P| _sin Ae  €OS Ag Vi1 ki |’
where k; and kf are as in the first order cycle, (6.4), and p and A, satisfy

the same conditions. Harvey and Trimbur (2003) derived expressions for the
ACF and spectrum and fitted the model to US macroeconomic time series.

(6.19)

6.10 Unknown period

When A is not known a priori, it may be taken to be located at the largest
periodogram ordinate or it may be estimated within an unobserved compo-
nents model by maximum likelihood using a search procedure.® The latter
approach is preferable since there is no reason for 7'/P to be an integer.
Despite all the warnings in Priestley (1981, Chapter 8), it is interesting that
Bierens (2001, pp. 974-5) identified six cycles in a US unemployment series
from the six largest periodogram ordinates” and then found them to be sta-
tistically significant. This is somewhat reminiscent of the work in the 1920s
where large numbers of (spurious) cycles were discovered in the Beveridge
wheat price index.

The data on the numbers of various furs traded by the Hudson Bay Com-
pany in Canada from 1848 to 1909 have been used as a testbed for many time
series techniques. We consider the (logarithm of the) mink series and focus
on the period, 1854-1907 because the observations in the two or three years
at the beginning and the end seem abnormally low. The largest periodogram
ordinate is at 7.71 years, but there is another large one at 9.00 years. The
message is not changed significantly by smoothing the periodogram. Esti-
mating the nonstationary stochastic cycle model gives a period of 9.55; all
the diagnostics are satisfactory. Estimating the unrestricted stochastic cycle
model gives a period of 9.56 and p = 0.983 so the results are very similar.
Figure 6.2 shows a graph of the smoothed cycle.

Fitting an AR(2) model with a constant gives regression coefficients of
0.63 and 0.27 which imply p = 0.52 and a period of 6.83. The Ahtola—Tiao
6 The effect that estimating . has on the tests is something that requires investigation.

7 Not one of the higher frequencies is a harmonic of the two lowest frequencies which correspond
to periods of 117 and 50 months.
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Fig. 6.2. Smoothed cycle in mink series.

test statistic, T'(d2 + 1) = T(p2 + 1), is —68.58 and so the null of a pair of
complex unit roots is clearly rejected since the 5% critical value is —2.03.
However, the Box—Ljung Q-statistic with six residual autocorrelations has a
probability value, based on 2, of 0.038. Applying the procedure suggested
by Ahtola and Tiao (1987, p. 9) based on an AR(4) model, for which the
Q-statistic, now with two degrees of freedom, has a probability value of
0.145, gives p = 0.77 and a period of 7.93. The unit root test statistic is now
—20.2 so again the unit root is rejected. However, the fact that the implied
period is only 7.93 casts doubt on the ability of the autoregressive model to
adequately capture the cycle.

The global ice volume example in Section 6.2.5 illustrated how several
cycles of unknown period could be extracted using a UC model. In this case
the periods of the cycles identified by examining the periodogram or by
extracting roots from a long autoregression — Newton, North and Crowley
(1991) used 36 lags — were similar to those obtained by fitting the unobserved
components model.
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6.11 Conclusion

The important practical message of this paper is that tests concerning cycles
need to be understood in the context of models. While the periodogram
interpretation of various tests is useful, the periodogram should only be
used to give a rough indication of the location and statistical significance
of cycles. The modelling framework allows various tests to be carried out
on the type of cycle that might be present. Standard regularity conditions
do not apply in many cases but the Lagrange multiplier principle and the
Cramér—-von Mises distribution provide a systematic basis for the form of
many of the test statistics and their asymptotic distributions.
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Efficient Bayesian parameter estimation

Sylvia Frithwirth-Schnatter
Department of Applied Statistics (IFAS), Johannes Kepler University

Abstract

The paper contributes to practical Bayesian estimation of state space models
using Markov chain Monte Carlo (MCMC) and data augmentation methods.
The main topic is the relation between parameterisation and computational
efficiency of the resulting MCMC sampler. Standard data augmentation
based directly on the dynamic process of the model, also called centred
parameterisation, is computationally efficient as long as the variability of
the dynamic process is important to explain the variability of the marginal
process. This centred parameterisation, however, is shown to be computa-
tionally inefficient for models where the unobserved component is hardly
changing over time. For such a state space model various reparameterisa-
tion techniques are considered, among them noncentring the location as in
Pitt and Shephard (1999a) and noncentring the variance as suggested in
Meng and van Dyk (1998) for random effects models. A new reparameter-
isation technique based on the standardised disturbances is suggested that
is computationally efficient over a wide range of overidentified models.

State Space and Unobserved Component Models: Theory and Applications, eds. Andrew
C. Harvey, Siem Jan Koopman and Neil Shephard. Published by Cambridge University
Press. © Cambridge University Press 2004
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7.1 Introduction

State space models are a rather intuitive tool for modelling empirical time
series through hidden processes. The state space model is usually formulated
in a natural way, where the model parameters governing the dynamic part
of the process appear only in the transition equation. Consider, as a typical
example, the following time varying parameter model:

B = ¢B—1+ (1 — d)p + wy, w, ~ N (0,02), (7.1)
Yt = Zifr + e, et~ N (0,02),

t =1,...,N, where §y is an unknown starting value and ¢; and w; are
independent processes. Model (7.1) and (7.2) is a state space model with
state process (;. Among the unknown model parameters 6, where 6 =
(p, ¢, 02, 02), all parameters that determine the stochastic law for the hid-
den process, namely (u, ¢, 03)), appear only in the transition equation (7.1).

For unknown model parameters 6, Bayesian inference usually relies on
data augmentation by choosing missing data X and sampling from the joint
posterior (X, 6]y), where y = (y1,...,yn) is the observed time series. A
natural candidate for the missing data is the state process: X = (Bos - -, BN)-
Whereas the joint posterior 7(X,60|y) is rather complex, the conditional
posterior densities (X0, y) and 7(A|X,y) are often of closed form, espe-
cially for a Gaussian state space model. It has been recognised by various
authors (Carlin, Polson and Stoffer 1992a, Carter and Kohn 1994, Frithwirth-
Schnatter 1994c) that due to this specific structure MCMC estimation based
on data augmentation could be implemented for joint estimation of X and
0 through a two-block sampler where one samples the missing data condi-
tional on the model parameters and the model parameters conditional on
the missing data.

As an example, consider again model (7.1) and (7.2). Conditional on a
known value of 8, the model is a Gaussian linear state space model and the
moments of the joint posterior 7(X|0,y) may be obtained with the Kalman
filter and the associated smoothing formulae. Conditional on a known state
process X , the model factors in two independent components, the autore-
gressive state equation (7.1) and the regression model (7.2) for which pa-
rameter estimation is pretty standard. Therefore a straightforward MCMC
sampler for this model consists of two main blocks:

(a) Sample a path of X conditional on known model parameters
0= (M? 0'12U, Ug’ QZ))

using one of the multimove samplers discussed in Carter and Kohn (1994),
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Frithwirth-Schnatter (1994c), de Jong and Shephard (1995) or Durbin
and Koopman (2002).

(b) Sample the model parameters (u,c2,02,¢) conditional on X. Condi-
tional on knowing X, the parameters p, ¢ and o2 appearing in the state
equation (7.1) are independent from the parameter o2 appearing in the
observation equation (7.2).

Bayesian parameter estimation for state space models using an MCMC
sampler, which is alternating between the updates of X and 6, is very conve-
nient and often leads to sensible results. Under certain circumstances, how-
ever, it turns out that the convergence properties of this sampler may be
extremely poor leading to a painfully slow and computationally inefficient es-
timation method. For the time varying parameter model (7.1) and (7.2), for
instance, this sampler will be mixing poorly, if 3; is changing only slowly over
time (02 close to 0), see also Figure 7.1. The same problem is also encoun-
tered in many other state space models of practical relevance for financial
econometrics such as dynamic factor models or stochastic volatility models,
see e.g. Kim, Shephard and Chib (1998), Frithwirth-Schnatter and Geyer
(1996), Shephard (1996), and Roberts, Papaspiliopoulos and Dellaportas
(2004).

¢=0.1, 62 =0.001
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Fig. 7.1. Data simulated from model (7.1) and (7.2) with Z; = 1, ¢ = 0.1 and
02 = 0.001; MCMC draws with empirical autocorrelation obtained for u, o2, o2
and ¢ for parameterisation (7.1) and (7.2).
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Somewhat surprisingly, considerable improvement is often possible by sim-
ple reparameterisation techniques. The relation between the convergence
properties of the alternating MCMC sampler and the parameterisation is
best understood for the random-effects model which is that special case of
model (7.1) and (7.2) where ¢ = 0. Gelfand, Sahu and Carlin (1995) dis-
cuss the effect of recentring the location p of 3, whereas Meng and van
Dyk (1998) discussed the effect of recentring the scale o, of ;. It has been
recognised, that there exists a whole continuum of reparameterisations both
of the locations (Papaspiliopoulos, Roberts and Skold 2003) and the scale
(Meng and van Dyk 1998). Far less is known about optimal parameterisa-
tion for time series models where ¢ # 0. Recentring the location of a time
series has been studied by Pitt and Shephard (1999a). Reparameterisation
techniques for stochastic volatility models are discussed in Shephard (1996),
Roberts, Papaspiliopoulos and Dellaportas (2004) and Frithwirth-Schnatter
and Ségner (2002).

This contribution reviews some of the existing reparameterisation tech-
niques and introduces some new techniques, especially designed for time
series models. The discussion will be confined entirely to the time varying
parameter model (7.1) and (7.2). Section 7.2 reviews reparametrisation tech-
niques for an unknown location parameter u for the case where o2

w
¢ are known. Section 7.3 explores the case where additionally the variance

2
,oZ and

parameters o2 and 2 are unknown, whereas ¢ is still known. A new param-
eterisation for time series models is suggested that is based on recentring
the scale of the hidden process. Section 7.4 considers the most interesting
case where all parameters are unknown. Here an MCMC sampler is intro-
duced that is based on the noncentred disturbances of the hidden process.
Section 7.5 presents more details on implementing MCMC estimation for
all parameterisations. Section 7.6 concludes by discussing the results of this
paper in the light of more general state space models.

7.2 Reparameterisation of the location

This section reviews the reparametrisation technique for an unknown loca-
tion parameter p of the time varying parameter model (7.1) and (7.2) for the
case where all other model parameters, namely o2, ‘752 and ¢ are known. The
material is based on Gelfand, Sahu and Carlin (1995), Papaspiliopoulos,
Roberts and Skold (2003) and Pitt and Shephard (1999a).
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7.2.1 Noncentring the location for the random-effects model
7.2.1.1 Recentring of the location

The relation between the convergence properties of the alternating MCMC
sampler reviewed in Section 7.1 and the parameterisation chosen for the
location is best understood for a random-effects model under the assumption
of known variances o2, and 2. A random-effects model is that special case
of model (7.1) and (7.2) where ¢ = 0:

,Bt =M -+ wy, W ~ N (070'121)) s (73)
Yt = Ly + €4, e ~N (0,0’3) . (74)

A very clear discussion of how to parameterise the location for a random-
effects models appears in Gelfand, Sahu and Carlin (1995). They called
parameterisation (7.3) and (7.4) the centred parameterisation, as the ran-
dom effect (3; is centred around the a priori expected value: E(f;) = p. An
alternative parameterisation is based on the transformation ﬁt =[G —

/ét = Wy, wy ~ N (07 0-'31) ) (75)
Y= Zip+ Zufy + e, et ~ N (0,02). (7.6)

Gelfand, Sahu and Carlin (1995) called parameterisation (7.5) and (7.6) the
noncentred parameterisation, as the corresponding random effect Bt is no
longer centred around the a prior: expected value, but around 0: E(Bt) =0.
An interesting effect of this reparameterisation has been to move the location
parameter y from the transition equation (7.3) to the observation equation
(7.6) where it now appears as a fixed effect.

7.2.1.2 To centre or not to centre the location?

For known variances 2 and o2, Gelfand, Sahu and Carlin (1995) gave gen-
eral conditions, under which the centred parameterisation yields MCMC
algorithms with faster convergence than the noncentred one. In general,
the noncentred parameterisation should be preferred, if only a small frac-
tion of the (marginal) variability V (y;) of y; is caused by heterogeneity in
B, i.e. V (yi]Be) is only slightly smaller than V (y;). For a random design
Z; this is equivalent to the condition that the coefficient of determination
defined by

V) _ B(Zf)on,  _ E(Z})oy /o2

D=1 = —
V(yt) 02+ E(Z2)0 1+ E(Z?)02 /o2

(7.7)

is close to 0; 02 /o2 is known as the signal-to-noise ratio.
Roberts and Sahu (1997) showed that for a model with known variances
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the coefficient D determines the convergence rate of the alternating MCMC
sampler under the two different parameterisation. Whereas the convergence
rate is 1 — D for the centred parameterisation, it is equal to D under the
noncentred parameterisation. Therefore, for the random effects model the
parameterisation that is centred in the location is preferred if D is big-
ger than 1/2, whereas the noncentred parameterization is preferred if D is
smaller than 1/2.

An important (and disturbing) conclusion from Roberts and Sahu (1997)
is the following. If the signal-to-noise ratio o2 /o2 goes to infinity, the noncen-
tred parameterisation will not converge geometrically, whereas the centred
parameterisation will not converge geometrically if the signal-to-noise ratio
02 /o2 goes to 0. Each of the two parameterisations may be arbitrarily bad
under unfortunate parameter constellations.

7.2.2 Noncentring the location for a time series model
7.2.2.1 Noncentring the location

Far less is known about recentring the location of a time series models where
¢ # 0, a notable exception being Pitt and Shephard (1999a). Following
Gelfand, Sahu and Carlin (1995), Pitt and Shephard (1999a) called param-
eterisation (7.1) and (7.2) the centred one also for a time series model, as
the long-run mean of 3, is equal to u. As an alternative, Pitt and Shephard
(1999a) considered a model that is noncentred in the location:

Bt = ¢/Bt—l + wy, wy ~ N (070121;) ) (78)
Yt = Zep + ZiPe + e, er ~ N (0,02).

For ¢ — 0, this corresponds to the noncentred random-effects model (7.3)

and (7.4).

7.2.2.2 To centre or not to centre the location?

For a model where Z; = 1 and the variances are assumed to be known, the
following results are proven in Pitt and Shephard (1999a, p. 71). For ¢ — 1,
the convergence rate of the centred parameterisation goes to 0, whereas the
convergence rate of the noncentred parameterisation goes to 1. Thus for
the limiting random walk model the noncentred parameterisation does not
converge geometrically regardless of the signal-to-noise ratio o2 /o2.

For ¢ < 1, the variances matter, and the centred parameterisation is
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better than the noncentred parameterisation if

o2 9
— = > oL 7.10
(-gp % (710
For ¢ = 0, this result coincides with the previous result, that the cen-
tred parameterisation is better if 02 > o2. Also for ¢ > 0, the centred
parameterisation is better in the case of high heterogeneity, whereas the
noncentred parameterisation is better in the case of low heterogeneity. With
¢ approaching 1, however, the range of variance parameters o2, for which
the noncentred parameterisation is better than the centred one becomes
smaller and may be just a very small region close to 0 for highly persistent

processes.

7.2.2.8 Illustration for simulated data

For illustration, we simulated time series of length N = 500 from a model
where p = 1 and a? = 0.1 under three different levels of heterogeneity: a
low level of heterogeneity with o2 = 0.001, a medium level of heterogeneity
with 02 = 0.05 and a high level of heterogeneity with 02 = 1. Here, Z; takes
randomly the values —1, 0, 1, a choice that guarantees identifiability also
for ¢ approaching 0.

MCMC sampling of X and w1, with all other model parameters fixed, is
carried out under the two parameterisations for all settings of heterogeneity
for ¢ = 0.1 and ¢ = 0.95. Figure 7.2 illustrates the following results already
obtained in Section 7.2.2.2 for a time series model, where the variances are
known:

e For time series with low autocorrelation (¢ = 0.1 in the example) we
have a result similar to that of the random-effects model, namely that
the centred parameterisation is better than the noncentred one for a high
level of heterogeneity.

e For highly persistent time series (¢ = 0.95 in the example), the centred
parameterisation is more efficient even for a low level of heterogeneity.

7.2.3 Partially noncentring of the location

Papaspiliopoulos, Roberts and Skold (2003) showed for a random-effects
model with known variances that there always exists a reparameterisation
which has the optimal convergence rate 0. They call this parameterisation
partially noncentred. The partially noncentred parameterisation is defined
as a continuum between the centred parameterisation (7.3) and (7.4) and
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Fig. 7.2. Data simulated from model (7.1) and (7.2) with ¢ = 0.1 (top) and ¢ = 0.95
(bottom) for various values of o2 ; empirical autocorrelation of the MCMC draws
of u (¢,02 and o? fixed at their true values) for the centred parameterisation

(left hand side) and the parameterisation noncentred in the location (right hand
side).

the noncentred parameterisation (7.5) and (7.6). The state vector is defined
as a weighted mean of 3; and [;:

B = Wiy + (1 — Wy)B, (7.11)

with Wy = 0 corresponding to the centred and W; = 1 corresponding to the
noncentred parameterisation, respectively. The state vector of the partially
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centred parameterisation is related to the state vector (3; of the centred
parameterisation through

B = B — Wi, (7.12)

whereas the relation to the state vector 3 of the noncentred parameterisation
is given by

B =B+ (1—Wop. (7.13)
The partially noncentred model takes the following form:

B =1 =Wop+w,  we~N(0,05), (7.14)
Yo = 2B + ZWipn +er, e~ N (0,02). (7.15)

Thus for a partially noncentred model the location parameter p appears
both in the transition and the observation equation.

For a model with time invariant predictor Z; = Z, Papaspiliopoulos,
Roberts and Skold (2003) showed that iid samples may be produced by
choosing

1

Wi=1l-D=——F——
! 14 Z202 /02’

(7.16)
where D is defined in (7.7) and 02, /02 is the signal-to-noise ratio. Again we
find that the centred parameterisation results under a high signal-to-noise
ratio whereas the noncentred parametrisation results under a small signal-to-
noise ratio. For more general models with time varying Z;, Papaspiliopoulos,
Roberts and Skold (2003) showed that iid samples may be produced by
choosing data dependent weights:

1

W——
¢ 1+ Z%02 /o2

(7.17)

The partially noncentred parameterisation introduced in Papaspiliopoulos,
Roberts and Skold (2003) is limited to the case of a random-effects model
and no results were given for time series models. Nevertheless as above, one
may define 3}’ as in (7.12) also for a time series model:

By = B — Wi, (7.18)

to obtain the following partially centred parameterisation:

B =By + (1= ¢) = Wy = oWet)| p+wr,  we~ N (0,0), (7.19)
y = ZiBy + ZWipn+ e, e~ N (0,02). (7.20)
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For W; = 0 we obtain the centred parameterisation and for W; = 1 the
noncentred one. It is, however, still unclear how to select W; for a time
series model in such a way that the corresponding two block MCMC sampler
produces (nearly) iid draws.

7.3 Reparameterisation of the scale
7.83.1 The effect of unknown variances

In the previous section we showed that under high levels of heterogeneity
MCMC estimation of (f( , 1) may be safely based on the centred parameteri-
sation (7.1) and (7.2). With o2 approaching zero, however, the sampler dete-
riorates and noncentring the location may lead to a dramatic improvement
of the convergence properties of the MCMC sampler. These conclusions,
however, were drawn under the assumption of known variances, and little
is known about the effect of also considering the variances o2,
unknown parameters especially for time series models with ¢ # 0.

For a random-effects model with unknown variances it has been noted by
Meng and van Dyk (1998) that for models with low but unknown levels of
heterogeneity noncentring the location, although improving convergence in

and o2 as

u, leads to a sampler that is rather inefficient in sampling 2. For random-
effects models with low (but unknown) heterogeneity, Meng and van Dyk
(1998) and Van Dyk and Meng (2001) suggested recentring the model both
in location and scale and demonstrated considerable improvement over the
parameterisation that is noncentred only in the location. This material will
be reviewed in Section 7.3.2. The extension to time series models where ¢
is a known nonzero parameter will be considered in Section 7.3.3.

7.3.2 Noncentring both location and scale for a random
effects model

7.8.2.1 Recentring of location and scale

Meng and van Dyk (1998) showed for a random-effects model which is
noncentred in the location that sampling both the location and the variances
leads to a poor sampler, when the coefficient of determination D defined in
(7.7) is small. Note that although the parameterisation is noncentred in the
location, which is preferable to the centred one for D small, the parame-
terisation is obviously not optimal for the scale parameters. As a remedy,
Meng and van Dyk (1998) suggested using the following reparameterisation
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which is based on rescaling the state vector to a variable with unit variance:

g =2, (7.21)

leading to the following random-effects model:

/8: = Wt, we ~ N (O, 1) s (722)
Yo = Zip+ ZyowBt +e, e~ N(0,02). (7.23)
One effect of recentring the scale is that the unknown variance o2, or rather

the standard deviation o, is moved from the transition equation (7.22) to
the observation equation (7.23). The model is now parameterised in such a
way that the square root of o2 appears in the observation equation as an
unknown regression coefficient with latent, unobserved regressor ;. There-
fore an MCMC sampler under this parameterisation is easily derived. We
will present further details in Section 7.5.

Asin (7.22) and (7.23) the scale of the state variable 8, measured by 372,
is centred around 1, F(8;2) = 1, we call this parameterisation noncentred in
the scale. In contrast to that parameterisation (7.1) and (7.2) as well as (7.5)
and (7.6) are centred in the scale: E(3?) = 02. Note that parameterisation
(7.22) and (7.23) is noncentred both in the location and in the scale.

7.3.2.2 To centre or not to centre?

As for the location parameter, there exists a whole continuum of reparam-
eterisations of the scale. Meng and van Dyk (1997, 1999) were the first to
discuss partially recentring of the scale of a t-distribution. These results
were extended to the univariate random-effects model in Meng and van Dyk
(1998, p.574). Starting from a model that is noncentred in the location, they
defined

Bi
= 7.24
ﬁt (Uw)A ( )
leading to the following state space model:

Bt = (ow)' " Mw,  w ~N(0,1), (7.25)
Y = Zip+ Zi(0w) B + e, e~ N(0,02). (7.26)
Note that (5#)? is a weighted geometric mean between the state vector Bt? ,

that is centred in the scale, and (8;)? which is noncentred in the scale:

(B7)% = (F) A8 H)™. (7.27)
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The effect of the reparameterisation is that the unknown variance o2 appears
both in the transition equation (7.25) as well as in the observation equation
(7.26). For A = 0, we obtain a model that is centred in the scale, whereas
for A =1 we obtain a model that is noncentred in the scale.

Meng and van Dyk (1998, equation (4.4)), suggested the following choice
for A:
2(1-D) o2

< (7.28)

A= . —
2-D 02+ Z202 /2

where D is defined in (7.7). From (7.28) we obtain that for the small hetero-
geneity case A will be close to 1, and noncentring in the scale is preferred,
whereas under high heterogeneity, A is close to 0 and centring in the variance
is preferred.

7.3.3 Noncentring both location and scale for a time series
model

7.8.3.1 Recentring of location and scale

Practically nothing is known about the gain of recentring a time series model
in the scale parameter. A model that is noncentred both in location and scale
is given by

/6: = (bﬁ;fl + wy, wg ~ N (07 1) ) (729)
Yt = Zip + ZiowBf + et g1~ N (0,02). (7.30)

As above we will assume that the parameter ¢ is known. As for a random-
effects model, the magnitude of the unknown variances plays a crucial role.
2 is not too small, the conclusions
drawn in Section 7.2.2.2 about the circumstances under which the centred

parameterisation should be preferred remain valid. With o2 approaching

If the true value of the unknown variance o

zero, however, these conclusions are no longer valid. Noncentring the loca-
tion, although improving convergence in p, leads to a sampler that is rather
inefficient in sampling o2. Noncentring both location and scale improves
the sampler considerably, as will be demonstrated below for the simulated
data.

7.8.8.2 Illustration simulated for data

We reconsider the simulated data introduced in Section 7.2.2.3. For nonper-
sistent time series with ¢ = 0.1, Figure 7.3 compares, for three different
levels of heterogeneity, the preferred parameterisation for the location, with
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Fig. 7.3. Data simulated from model (7.1) and (7.2) with ¢ = 0.1 for various values

of 02; empirical autocorrelation of the MCMC draws of u (top), o2 (middle) and

w
o2 (bottom) (¢ fixed at the true value) for the preferred parameterisation for the

location (left hand side, centred only for 02 = 1) and the parameterisation which
is noncentred both in location and scale (right hand side)

the variances assumed to be unknown, with the parameterisation that is
noncentred both in location and scale. For nonpersistent time series models
with unknown small variances noncentring only in the location, although
improving convergence in u, leads to a sampler that is rather inefficient
in sampling o2. Noncentring both location and scale improves the sampler
considerably, see especially the example in Figure 7.3 where ¢ = 0.1 and
o2 =0.001.

For persistent time series with ¢ = 0.95, this comparison is carried out in
Figure 7.4. Also for persistent time series model (¢ close to 1) with unknown
small variances the centred parameterisation, although efficient for sampling



136 Sylvia Frihwirth-Schnatter

0=0% 0=0%
1, T T T 1~ o I T T ]
) — =0 B e L
s 0 | 3 [
ol ’ gl W_'
< 0W=1 < 0@21

0 l 100 0 2 Iy 60 8 100

[an

808
0 .
<q N
Sl R 0F \\ —— i ] =
60 80 100 0 2 40 80 80 100
lan
1
(\JAw NAM
b S
5 05} 5 05
< t q "
\ 5
e e ([ e e
0 2 4 60 80 100 0 2 40 60 80 100
lag lag

Fig. 7.4. Data simulated from model (7.1) and (7.2) with ¢ = 0.95 for various values
of 02 ; empirical autocorrelation of the MCMC draws of p (top), o2, (middle) and

o2 (bottom) (¢ fixed at the true value) for the centred parameteriséution (left hand

side) and the parameterisation which is noncentred both in location and scale (right
hand side)

u, leads to a sampler that is rather inefficient for sampling 2. Again,
noncentring both location and scale improves the sampler considerably, see
especially the example in Figure 7.4 where ¢ = 0.95 and o2 = 0.001.
Compared with nonpersistent time series, however, the range where the
noncentred parameterisation is sensible is much smaller for persistent time
series; compare Figure 7.3 and Figure 7.4. For highly persistent time series
MCMC sampling based on the noncentred parameterisation quickly leads to
rather poor results, when o2 moves away from 0. This result, however, is not
surprising in the light of the results of Pitt and Shephard (1999a) discussed
in Section 7.2.2.2.
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7.4 Reparameterising time series models based on
disturbances

7.4.1 The effect of an unknown autocorrelation structure

The results of the previous section hold under the assumption that the
parameter ¢, which determines the autocorrelation structure, is a known
quantity. We now discuss what happens if ¢ is an unknown parameter. We
will discuss only the case where ¢ > 0.

The addition of ¢ as an extra unknown parameter does not affect the

2
w

is too close to 0. In this case the state space model

conclusions drawn so far if the variance o

2
w

is nearly oversised, making MCMC estimation of the model parameters
difficult. Consider for instance, the case where o2 = 0.001. For ¢ fixed,
the parameterisation (7.29) and (7.30) that is noncentred both in location
and scale leads to a very efficient sampler, see again Figures 7.3 and 7.4.
When adding ¢ as an unknown parameter, however, the resulting sampler is
rather inefficient, see Figures 7.5 and 7.6. Mixing is slow mainly for ¢, but
rather fast for the other parameters. Remember that for this parameterisa-
tion ¢ still remains in the transition equation, whereas ;1 and o2, are moved

is not too small. However, prob-
lems arise when o

to the observation equation. This suggests considering a parameterisation
where ¢ is moved from the transition equation to the observation equation
as well.

7.4.2 Parameterisation based on noncentred disturbances

A parameterisation in which all unknown parameters are moved into the
observation equation and where we use the standardised disturbances w; in
(7.29) rather than 5 as missing data is.

wy ~ N (0,1), (7.31)
Yt = Zt/J, + ZtO'wﬁZ( + Et, Et N (0,0’?) s (732)

where 37 = ¢8;_; + w;. The missing data are defined as
X = (B3, w1y ..., wN).

The transition equation (7.31) and consequently the prior of wi,...,wy is
independent of any model parameter. It is no longer possible to sample ¢
through a Gibbs sampler, instead we use a random walk Metropolis Hastings
algorithm of the Gibbs step, see Section 7.5 for more details. Note that due
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Fig. 7.5. Data simulated from model (7.1) and (7.2) with ¢ = 0.1 for various values
of o2; empirical autocorrelation of the MCMC draws of u (top), 02, ¢ and o2

w

(bottom) for the preferred parameterisation with ¢ known (left hand side, centred
in the location and scale for 02, = 1, noncentred otherwise) and the parameterisation
based on the noncentred disturbances (right hand side)

to the specific choice of X, the state process B%, ..., By changes whenever
we change ¢.

The examples in Figures 7.5 and 7.6 show that for 02 small the parame-
terisation based on the noncentred disturbances is considerable better than
the parameterisation based on the noncentred, but correlated state process

Br.
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Fig. 7.6. Data simulated from model (7.1) and (7.2) with ¢ = 0.95 for various
values of o2; empirical autocorrelation of the MCMC draws of u (top), 02, ¢

w?

and o2 (bottom) for the preferred parameterisation with ¢ known (left hand side,
noncentred in the location and scale for o2 = 0.001, centered otherwise) and the
parameterisation based on the noncentred disturbances (right hand side)

7.4.3 Illustration for simulated data

We reconsider the simulated data introduced in Section 7.2.2.3. First, we
consider that parameterisation for the location and scale, which was the pre-
ferred one in Section 7.3.3.2 for ¢ fixed, however, this time with ¢ assumed
to be unknown. Results are reported in Figure 7.5 for the non-persistent
time series with ¢ = 0.1 and in Figure 7.6 for the persistent time series
with ¢ = 0.95. In both cases, adding ¢ as an unknown parameter leads

to a sampler that is inefficient in sampling ¢ for the small heterogene-

2 =

2 = 0.001. For larger values of o2, however, adding ¢ does not

ity case o
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impose any convergence problems. For highly persistent time series the cen-

2

w 18 not too

tred parameterisation is valid even for ¢ unknown, as long as o
close to 0.

Second, we consider the parameterisation that is based on the noncentred
disturbances. A comparison of these two parameterisations is carried out
in Figures 7.5 and 7.6 for ¢ = 0.1 and ¢ = 0.95, respectively. For a low
level of heterogeneity with o2 = 0.001, choosing this parameterisation leads
to a dramatic improvement of the convergence properties of the sampler
compared with the parameterisation discussed above.

This improvement, however, is valid only for nearly oversized models.
Figures 7.5 and 7.6 clearly show that the parameterisation based on the
noncentred disturbances may be much worse than the centred parameteri-
sation, when the true value of o2, moves away from 0. For the highly persis-
tent time series in Figures 7.6, the parameterisation based on the noncentred
disturbances is worse for all values but ¢2 = 0.001. For the nonpersistent
time series in Figure 7.5 the range for which the parameterisation based on
the noncentred disturbances is better than or comparable to the other pa-
rameterisations is much larger. Nevertheless, none of the parameterisations
dominates the other one.

7.4.4 An alternative parameterisation based on disturbances

Various alternative parameterisations based on the disturbances are possible,
an example being a parameterisation which is based on choosing the centred
shocks u; in

ﬁt = ¢/8t—1 + U, Ut ~ N (’Y7 0121)) ’
where v = (1 — ¢)p, as missing data. This parameterisation reads
u ~ N (v,02,), (7.33)
Yt = Ztﬁt + &, &t~ N (Oa 052) ) (734)

where 3; = ¢B;_1 + us. The missing data are defined as

X = (ﬂo,ul,...,u]v).

The transition equation (7.33) and consequently the prior of wy,...,uyx
is independent of ¢, whereas the model parameters p and o2 remain in
the transition equation. A comparable parameterisation has been applied in
Roberts, Papaspiliopoulos and Dellaportas (2001) for the stochastic volatil-
ity model of Barndorff-Nielsen and Shephard (2001).
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For the time-varying parameter model we could not identify any param-
eter combinations where a parameterisation based on the centred shocks
outperformed either the centred parameterisation or the parameterisation
based on the noncentred disturbances. For nearly oversised models with
02 = 0.001 the resulting sampler is poor, as y and o2 still remain in the
transition equation. For models that are best estimated with the centered
parameterisation (e.g. for models with o2, = 1), the effect of moving ¢ from
the transition to the observation equation is a most undesirable one. Moving
¢ introduces conditional independence between ¢ and -, whereas marginally
¢ and ~ are highly correlated, see also Section 7.5.4.

7.4.5 Random selection of the parameterisation

From the investigations of the previous sections we identified only two sensi-
ble parameterisations, one centred in both location and scale and one based
on the noncentred disturbances, with the noncentred parameterisation being
the preferred one for nearly oversized models.

As the choice between the two parameterisation depends on the unknown
parameters, it is in general not possible to decide a priori which param-
eterisation to choose. A rather pragmatic solution is to try both of them
and to select the one with the lower autocorrelations in the MCMC draws.
Alternatively, we could randomly select one of these two parameterisations.
First experiences with this hybrid sampler for the simulated time series of
this paper are rather promising, see also Figure 7.7. For this hybrid sampler
we randomly select the parameterisation before each draw. In particular this
gives a 0.5 probability that the parameterisation remains unchained and a
0.5 probability that the model is recentred.

7.5 Bayesian estimation and MCMC implementation
7.5.1 Prior distributions

For Bayesian estimation we assume the following prior distributions. First,
we assume a flat prior for g, an inverted Gamma for o2 and a Beta distri-
bution for ¢. The initial state Gy is assumed to arise from the marginal dis-
tribution of the AR(1) process: Bo|¢, it ~ N (1,02 /(1 — ¢?)), see Schotman
(1994) for a motivation.

The prior on o2 depends on the parameterisation. For a parameterisation
that is centred in the scale or is based on the centred shocks, we assume
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Fig. 7.7. Data simulated from model (7.1) and (7.2) with ¢ = 0.1 (left hand side)
and ¢ = 0.95 (right hand side); o2 = 0.001 (top), o2, = 0.05 (middle) and ¢2 = 1
(bottom); MCMC draws with empirical autocorrelation obtained for i, 02, ¢ and o2
by choosing randomly the centred parameterisation or the parameterisation based
on noncentred disturbances and keeping every second draw
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that o2 is inverted Gamma, whereas for a parameterisation that is non-
centred in the scale or based on noncentred disturbances we assume that o,
is normal with prior mean equals 0 and prior variance proportional to o2.

7.5.2 MCMC implementation

7.5.2.1 MCMC estimation for parameterisation centred in location
and scale

MCMC estimation for a parameterisation that is centred in both location
and scale is pretty straightforward and has been already outlined in the
introduction. We discuss here more details of step (b). Conditional on X,
(u, ¢, 02) is independent from o2. However, rather than sampling (i, ¢, 02))
directly, we sample the transformed parameter (v, ¢,02) from the ‘regres-

sion model’ model (7.1), where v = (1 — ¢)p. From (7.1) we obtain a
2

w

posal for vy, ¢|o2. To include the prior on £y, which depends on (7, ¢, 02) in

marginal inverted Gamma proposal for o7, and a conditional normal pro-
a nonconjugate way, we use a Metropolis—Hastings algorithm as in Chib
and Greenberg (1994). Finally, from regression model (7.2), o2 follows an
inverted Gamma posterior.

7.5.2.2 MCMC estimation for parameterisations noncentred in location
and centred in scale

For a model that is noncentred in the location, the following modification of
step (b) is necessary. Conditional on X, the parameters ¢ and 02 appearing
in the state equation (7.8) are independent of the parameters p and o2
appearing in the observation equation (7.9). We sample ¢2 and ¢ jointly
from the autoregressive model (7.8) using an obvious modification of the
Metropolis—Hastings algorithm discussed in Section 7.5.2.1. y and o2 are
sampled jointly from the regression model (7.9).

7.5.2.83 MCMC' estimation for parameterisations noncentred in location
and scale

MCMC estimation for parameterisations that are noncentred in the scale
is less straightforward. Van Dyk and Meng (2001) discussed MCMC esti-
mation for random-effects model that are noncentred in the scale. Here we
will present further details and discuss the extension to time series models.
A straightforward MCMC sampler for parameterisation (7.29) and (7.30)
which is noncentred in location and scale, but with ¢ remaining in the tran-
sition equation, is the following:
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Fig. 7.8. Data simulated from model (7.1) and (7.2) with ¢ = 0.1 and o2 = 0.001
(left), o2 = 0.05 (middle) and 02 = 1 (right); density of the marginal posterior
distribution of o, (all model parameters considered unknown) under the param-
eterisation based noncentred disturbances; each MCMC draw has been concluded
by a random sign switch; vertical lines indicate the true values

(a) Sample a path of X = (Bg,---,0N) conditional on known parameters
using any multimove sampler.

(b) Conditional on X, the parameters (i, oy, 02) are independent of ¢. From
model (7.29) obtain a normal proposal for ¢ that can be used within a
Metropolis—Hastings algorithm to sample ¢ from the conditional pos-
terior 7T(<;§]X ,y) which included the prior on £j. Finally, sample the
parameters (i1, 7y, 02) jointly conditional on X from ‘regression model’
(7.30).

A (small) variance o, now appears in (7.30) as a regression coefficient close
to 0. For Bayesian estimation we do not constrain o,, to be positive, making
the whole model unidentified:

1/} = (ﬁf7 . '7/67\/7/"’5 Uw7¢7 O-?)
will result in the same likelihood function L(y|v) as ¥, defined by:

¢ - (_ﬁf7 . '7_5?\[7/*67 _O'w,¢7 U?)

The advantage of this Bayesian unidentifiability is that by allowing o,, to
move freely in the parameter space, we avoid the boundary space problem
for small variances. This seems to be the main reason why mixing improves
a lot for models with small variances.

The symmetry of the likelihood around ¢,, = 0 causes bimodality of the
marginal posterior density m(o|y) for models where the true value of oy, is
actually different from 0. If the true value of o, is close to 0, a unimodal
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posterior which concentrates around 0, results. Thus the posterior distribu-
tion of o, may be used to explore how far, for the data at hand, the model
is bounded away from a model where o2 = 0. Figure 7.8 shows the posterior
distributions of oy, for those data in Section 7.2.2.3 that were simulated from
a model with ¢ = 0.1 under the three different settings of heterogeneity. For
MCMC estimation all parameters including ¢ are considered unknown. For
the time series simulated under o2 = 0.001, the model is not bounded away
from 0 and the mode of the posterior lies practically at 0. For the two other
time series, however, the bimodality of the posterior is well pronounced and
the posterior is bounded away from 0.

As expected theoretically, the posterior densities in Figure 7.8 are sym-
metric around 0. If the posterior density is estimated from MCMC sampling
as described above, it need not be symmetric. The sampler may stay at
one mode or may show occasional sign switching to the other mode. This
makes it difficult to compare MCMC draws from different runs, to assess
convergence and to interpret the posterior density. In order to explore the
entire posterior distribution, we performed a random sign switching after
each MCMC draw in order to produce Figure 7.8.

7.5.2.4 MCMC estimation for parameterisations based on the noncentred
disturbances

Finally, we discuss MCMC estimation for the parameterisation that is based
on the noncentred disturbances.

(a) Sample a path of X = (8§, w1, ..., wn) conditional on known parameters
using the disturbance simulation smoother of de Jong and Shephard
(1995) and Durbin and Koopman (2002).

(b) Sample the parameters (u, oy, ¢, 02) jointly conditional on X.

Note that under this parameterisation ¢ is no longer independent of
(@, 0w, 02) conditional on X as in the previous subsection. Hence this setup
differs from that in the previous subsection. For joint sampling of
(1, 0w, @, %) we use a Metropolis—Hastings algorithm. First, we use a pro-
posal for ¢ that is either independent of all parameters or depends only on
the old value of ¢. For nearly oversized models (o2 = 0.001 in our examples)
we prefer to sample from the prior on ¢, whereas for all other models we
use a random walk proposal. Conditional on ¢, we propose (i, 0y, 02) from
‘regression model” (7.30) as in the previous subsection.

Again, o, acts as a regression coefficient in (7.30). As in the previous
subsection, we do not constrain o,, to be positive, leaving the whole model
unidentified. To produce posterior densities of o,,, we again conclude each
MCMC draw with a random sign switch.
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Fig. 7.9. Data simulated from model (7.1) and (7.2) with ¢ = 0.1 (left hand side)
and ¢ = 0.95 (right hand side); 02 = 0.001 (top) and ¢2, = 1 (bottom); 4000
MCMC draws of Gy with empirical autocorrelation obtained for the preferred pa-
rameterisation.

7.5.3 Sampling the unobserved initial state

All MCMC schemes discussed so far consider the unobserved initial parame-
ter By (or appropriate transformations of 3y) as part of the missing data X.
Alternatively, we may view [y as part of the model parameter 8, and sample
X conditional on fy. We found, however, that sampling 5o (or appropriate
transformations of ) as part of the missing data X is the most efficient
strategy over the whole range of parameters considered in this paper, see
also Figure 7.9.

7.5.4 Blocking or transforming model parameters

Step (b) of the MCMC sampler discussed in Sections 7.5.2.1-7.5.2.4 is based
on sampling the parameters (u,c2,¢,02) (or transformations of these
parameters) jointly within one block rather than separately in two or more
blocks. The reason for this is that we might have to deal with considerable
or even extreme posterior correlation among the parameters, see for instance
Figure 7.10 and Figure 7.11. In this case blocking the parameters is able to
prevent slow mixing due to high correlation between parameters in different
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Fig. 7.10. Data simulated from model (7.1) and (7.2) with ¢ = 0.1 and 2 = 0.001
(top), o2 = 0.05 (middle) and o2 = 1 (bottom); scatter plots of the MCMC draws
under different definitions of model parameters
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Fig. 7.11. Data simulated from model (7.1) and (7.2) with ¢ = 0.95 and 2 = 0.001
(top), o2 = 0.05 (middle) and o2 = 1 (bottom); scatter plots of the MCMC draws
under different definitions of model parameters
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blocks. Under normal disturbances as in (7.1) and (7.2), tailor-made pro-
posals are available that capture potentially strong posterior correlation as
long as the model parameters are sampled jointly. Under nonnormal distur-
bances, however, it is much harder to find a suitable proposal density. It is
therefore worthwhile to consider transformations of the parameters of the
hidden model that prevent strong posterior correlations.

Starting from the ‘natural’ model parameter 8 = (u, 02, $), we considered
a transformed model parameter, called 0€, that is based on the condi-
tional moments of the shocks, ¢ = (v,02,¢), where v = u(l — ¢), as
well as another transformed model parameter, called 8V, that is based on
the unconditional moments of the state process, 8V = (u,(f%,gb), where
0’% =02 /(1 — ¢?). Figures 7.10 and 7.11 show that transforming the model
parameters may have a considerable influence on the shape of the posterior
distribution.

For oversized models where the noncentred parameterisation is valid near
independence is achieved by selecting the unconditional model parameter
0U. Under the natural model parameter @, the parameters ¢ and o2, suffer
from posterior correlation, whereas under the conditional model parameter
6¢, the parameters ¢ and 7 are highly correlated. This suggests combining
the noncentred parameterisation with the unconditional model parameter
oY

For highly persistent time series, where the centred parameterisation is
valid, posterior densities with elliptical contours are achieved by selecting the
conditional model parameter €. Single-move sampling should be avoided
for ¢ and 7; however, the larger 02 the smaller the posterior correlation.
Under the natural parameter 8, the posterior of u strongly depends on how
close ¢ is to the unit root, whereas under the unconditional model parameter
6V the joint marginal posterior of ¢ and a% is banana-shaped. This suggests
combining the centred parameterisation with the conditional model param-
eter 6C.

7.6 Concluding remarks

Although the discussion here has been confined entirely to the univariate
time varying parameter model (7.1) and (7.2), the results seem to be of
interest also for more general state space models.

Many other state space models, such as the dynamic factor model or
stochastic volatility models, are based on hidden stationary processes and are
formulated in such a way that the model parameters governing the hidden



150 Sylvia Frihwirth-Schnatter

process appear only in the transition equation. It appears natural to call
such a parameterisation centred also for more general state space model.
MCMC estimation under the centred parameterisation considers the hidden
process as missing data and uses a sampler that draws the missing data
conditional on the model parameters and the model parameters conditional
on the missing data.

Sampling a parameter that appears only in the transition equation of the
state space model will not cause any problems as long as the randomness of
the hidden process is actually of relevance for explaining the variance of the
observed process. If the assumed randomness of the hidden process is of no
relevance for explaining the variance of the observed process, for instance if
the variance of the process is very close to 0, then selecting this process as
missing data leads to a sampler that is poorly mixing for the parameters in
the transition equation.

A very useful technique is then noncentring of the model in those param-
eters for which MCMC sampling based on the centred parameterisation is
inefficient. Noncentring a model in a certain parameter means choosing the
missing data X in such a way that this model parameter no longer appears
in the transition equation or equivalently in the prior distribution of the
missing data, but is moved to the likelihood of the data given X. We have
demonstrated in this paper that this may lead to considerable improvement
of the resulting MCMC sampler in all cases where the centred parameterisa-
tion is performing in a poor way. Although noncentred parameterisations are
rather useful, especially for nearly oversized models, the following aspects
should be kept in mind.

First, model parameters that are not correlated in cases where the cen-
tred parameterisation is valid, may be highly correlated under the noncen-
tred parameterisation especially if the model is oversized and one or more
parameters are nearly unidentified. It is therefore often insufficient to substi-
tute the Gibbs sampler that causes problems for a certain parameter under
the centred parameterisation simply by a single-move Metropolis—Hastings
algorithm under the noncentred parameterisation.

Second, if the randomness of the true underlying hidden process is of
considerable relevance for explaining the variance of the observed process,
the noncentred parameterisation will be rather poor and does not converge
geometrically for the limiting case where all variance of the observed process
stems from the hidden process. Furthermore, the range of variance param-
eters over which the noncentred parameterisation is better than the cen-
tred one depends very much on the autocorrelation of the hidden process.
For a highly persistent hidden process which is close to a unit root, this
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range is restricted to processes with extremely small variance. The more
one moves away from the unit root process, the bigger is the range of vari-
ance parameters for which the noncentred parameterisation is valid. Thus,
in a setting with multivariate hidden factors, it might be necessary to use
a hybrid parameterisation where a centred parameterisation for a highly
persistent and/or highly random factor is combined with a noncentred pa-
rameterisation for a nearly constant factor with small variance.

Third, it is still unclear how to extend the results of this paper to state
space models with nonnormal disturbances. Papaspiliopoulos, Roberts and
Skold (2003) showed for a random-effects model with all model parameters
but u being known that the centred parameterisation does not converge
geometrically if the normal disturbances in the observation equation (7.4)
are substituted by disturbances from a Cauchy distribution. On the other
hand, the parameterisation which is noncentred in the location does not
converge geometrically if this time the normal disturbances in the transition
equation (7.4) are substituted by disturbances from a Cauchy distribution.
This result would favor the centred parameterisation whenever the tails of
the transition equation are fat compared with the tails of the observation
distribution.

Finally, for nonstationary state space models such as the local level model
or the basic structural model, the conditions (if any) under which the centred
parameterisation fails and the way in which a noncentred parameterisation
may be obtained still need to be explored.
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Abstract

The Normal linear regression model with natural conjugate prior offers an
attractive framework for carrying out Bayesian analysis of non- or semi-
parametric regression models. The points on the unknown nonparametric
regression line can be treated as unobserved components. Prior information
on the degree of smoothness of the nonparametric regression line can be
combined with the data to yield a proper posterior, despite the fact that
the number of parameters in the model is greater than the number of data
points. In this paper, we investigate how much prior information is required
in order to allow for empirical Bayesian inference about the nonparametric
regression line. To be precise, if 1 is the parameter controlling the degree
of smoothness in the nonparametric regression line, we investigate what the
minimal amount of nondata information is such that 7 can be estimated
in an empirical Bayes fashion. We show how this problem relates to the
issue of estimation of the error variance in the state equation for a simple
state space model. Our theoretical results are illustrated empirically using
artificial data.
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8.1 Introduction

The Normal linear regression model with natural conjugate prior provides
an attractive framework for conducting Bayesian inference in non- or semi-
parametric regression models. Not only does this well-understood model
provide simple analytical results, it can easily be used as a component of
a more complicated model (e.g. a nonparametric probit or tobit model or
nonparametric regression with non-Normal errors). Since Bayesian analysis
of more complicated models often requires posterior simulation (e.g. Markov
chain Monte Carlo, MCMC, algorithms), having analytical results for the
basic nonparametric regression component of the MCMC algorithm offers
great computational simplifications. In this paper, we show how empirical
Bayesian inference in a nonparametric regression model can be carried out
using empirical Bayesian methods.

Bayesian inference requires a prior. In the nonparametric regression model,
the points on the regression line are treated as unknown parameters. Since the
number of parameters in the model exceeds the number of observations, the
prior can be important and having a prior which is noninformative in all
dimensions is not possible. In previous work (see Koop and Poirier (2003)),
we stressed that the key prior hyperparameters related to the degree of
smoothness in the nonparametric regression line. Hence, it was often pos-
sible to make reasonable choices for prior hyperparameters. If this was not
possible, we suggested cross-validation, prior sensitivity analysis or extreme
bounds analysis might be appropriate tools. Furthermore, we stressed that
these prior choices were analogous to the choices (e.g. of kernel and band-
width) made with nonparametric kernel methods. Thus, we argued that a
subjective Bayesian approach was sensible and that, if it was not, cross-
validation could be used to select prior hyperparameters.

In this paper, we take a different viewpoint. Empirical Bayesian meth-
ods, where prior hyperparameters are estimated from the data, are popular
among researchers who wish to avoid subjective prior elicitation. Here we
consider a prior hyperparameter which we call n that controls the degree
of smoothness in the nonparametric regression line. We are interested in an
empirical Bayesian approach where a value for n is selected which maxi-
mises the marginal likelihood. We show first that if noninformative priors
for all other parameters in the model are used, then an empirical Bayesian
approach is impossible. Formally, the marginal likelihood is maximised by
letting n — oo. We then consider the question of what is the minimal
amount of prior information necessary to implement an empirical Bayesian
approach. We show how the problem is very similar to issues addressed
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in the state space and unobserved components literatures. In particular,
for the Bayesian, the problem is closely related to the fact that improper
priors can lead to improper posteriors in the local level model. For the non-
Bayesian, the problem is closely related to the initialisation of the Kalman
filter. In the state space literature, a simple variant of our model implies
that n would be the signal-to-noise ratio. Interpreted as such, estimating it
from the data is a logical thing to do.

There are a myriad of related Bayesian nonparametric approaches which
can be used to address the issues considered in this paper. However, by stay-
ing within the framework of the familiar Normal linear regression model with
natural conjugate, we feel our approach is computationally and theoretically
simple. Furthermore, the use of empirical Bayesian methods allows us to
avoid substantive use of subjective prior information. The reader interested
in related Bayesian approaches is referred to (among many others) Green
and Silverman (1994) for a discussion of the penalised likelihood approach,
Silverman (1985) or Wahba (1983) for a discussion of splines, Smith and
Kohn (1996) for a discussion of splines implemented using Bayesian model
averaging. The recent Bayesian nonparametric literature has been dom-
inated by various approaches which adopt mixtures of distributions. Escobar
and West (1995) and Robert (1996) are good citations from this literature.
Dey, Miiller and Sinha (1998) is an edited volume which has papers on these
and other Bayesian nonparametric approaches.

The paper is organised as follows. The second section describes the basic
theoretical results for the case where observations of the explanatory variable
are equally spaced (that is, for the case most directly comparable to a state
space model in discrete time). The third section illustrates these results
using artificial data. The fourth section extends the theoretical results of the
second section to the case where observations on the explanatory variables
are not equally spaced. The fifth section concludes.

8.2 The nonparametric regression model

To draw out the basic insights and results as simply as possible, we work with
the nonparametric regression model involving a single explanatory variable:

yi = f(xi) + &, (8.1)

where y; is the dependent variable, x; is a scalar explanatory variable which
is treated nonparametrically, f(.) is an unknown function and g; is iid.
N(0, ¢?) for i = 1,...,N. The explanatory variables are either fixed or
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exogenous. Observations are ordered so that z1 < zo < --- < zy. For now
we will assume that the observations on the explanatory variables are equally
spaced (that is, x;—x;—1 = cfori = 2,..., N). This assumption is freed up in
Section 8.4.

We note here that many extensions can be handled trivially. For instance,
treatment of the partial linear model

yi = 2B+ f(z;) + e,

where z; is a vector of explanatory variables treated parametrically, adds
little complexity to the analysis. Furthermore, if x; is a vector then, provided
a meaningful ordering of the explanatory variables can be found (e.g. based
on some distance metric), the analysis proceeds in exactly the same manner
as for the scalar case. Koop and Poirier (2003) provided additional details
on both these cases (see also Yatchew (1998)).

Define y = (y1,...,yn) and € = (e1,...,en)’. Letting v; = f (z;) and
v=(7,-.-,7n)", we can write (8.1) as

y=7+e. (8.2)

In words, we are treating the points on the nonparametric regression line as
unknown parameters. In Koop and Poirier (2003), we developed a Bayesian
approach to inference in this model based on a partially informative natural
conjugate prior. In particular, we used the standard noninformative prior

for o—2:

p(c7?) x 0. (8.3)
For the coefficients in the nonparametric part of the model, we used a par-

tially informative natural conjugate prior (see Poirier (1995, p. 535)) on the
mth differences of v (conditional on ?):

Dy ~ N(ON—m, oV (1)), (8.4)

where V() is a positive definite matrix which depends on a hyperparameter
7, ON—pm, is the N — m vector of zeros and D is the (N —m) x N mth-
differencing matrix given by

dy di ... dm O ... 0O
0 do di ... dm ... O

D= | ... oo o o, (8.5)
0 oo oo 0 dy ... dpm

where dy, . .., d,, are the appropriate differencing weights. For instance, with
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first differencing dyp = —1, dy = 1, with second differencing dy = 1, dy = —2,
dy =1, etc. (see also Akaike (1980)). The prior was motivated as being use-
ful in the case where the researcher had prior information about the degree
of smoothness in the nonparametric regression function, but wished to be
noninformative about the remaining parameters in the model. The degree
of smoothness is defined in relation to mth differences. We showed that,
despite the fact that the number of parameters exceeded N and the prior
distribution was only N —m dimensional, the resulting posterior was proper.
Hence, Bayesian nonparametric regression could be carried out within the
framework of the familiar Normal linear regression model with natural con-
jugate prior and only prior information about the mth difference of f (x;)
is required. Thus, loosely speaking, only prior information on the degree of
smoothness in the nonparametric regression line is required.

In our previous work, we discussed various ways of choosing V(7)) such as
cross-validation. We argued that choosing a value for 1 was analogous to the
bandwidth choice in traditional kernel smoothing algorithms. However, in
the absence of prior information about 7, it is not possible to treat n as an
unknown parameter and estimate it since, for reasonable choices of V(n), the
posterior of 7, p(n|y), becomes infinite as n — oo. Consider, for instance, the
case where V(1) = nly_,. In this case, an empirical Bayes algorithm which
chooses 77 to maximise the marginal likelihood would always result in a choice
of 7 = oo, a value which implies no smoothing at all in the nonparametric
regression line. Precise details, including citations which provide a proof of
these statements, are provided below.

An alternative method for dealing with the problems of empirical Bayes
algorithms is to draw on results from the state space literature. The structure
of this nonparametric regression model, including likelihood and prior, is
identical to a Normal linear state space model. To focus discussion we will
consider the case where prior information is available on first differences
(that is, m = 1) and V(n) = nly_1, although the basic results derived in
this paper hold for any positive definite V(7). In this case, it can be seen
that the nonparametric regression model given in (8.1)—(8.5) can be written
in the form

Yi =Y +€i (8.6)
and
Vit1 = Vi + Ui, (8.7)

where, for i = 1,..., N, g; is iid. N(0, 0?), u; is iid. N(0, no?) and ¢; and u;
are uncorrelated contemporaneously and at all leads and lags. This is the
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familiar Normal local level model commonly used in the state space litera-
ture (see, e.g., Durbin and Koopman (2001, Chapter 2) or Harvey (1989, p.
37)). The non-Bayesian econometrician would refer to (8.7) as a transition
equation which, coupled with (8.6), constitutes a model for which a like-
lihood can be written. In contrast, most Bayesians would refer to (8.7) as
a hierarchical prior. But, provided proper priors are used, this is merely a
semantic distinction, and an identical model will be obtained regardless of
which terminology is used (see Bayarri, DeGroot and Kadane (1988)).

State space models are typically used with time series data, but the
relationship between state space models and nonparametric kernel regression
has been noted before (see, e.g., Ansley and Kohn (1985) and Harvey and
Koopman (2000)). In the state space literature, n can be estimated from the
data using maximum likelihood methods (see, e.g., Durbin and Koopman
(2001, Chapter 7)). The question of why state space modellers using maxi-
mum likelihood can estimate 7, whereas Koop and Poirier (2003) could not
use comparable empirical Bayesian methods is directly related to the role of
prior information and forms a convenient starting point for our discussion
of the role of prior information in Bayesian nonparametric regression. As we
shall see, the answer relates to treatment of ~; or, in the language of the
state space modeller, the initialisation of the Kalman filter.

There is a large literature related to Bayesian analysis of state space
models (see, among many others, Akaike (1980), Carter and Kohn (1994),
de Jong and Shephard (1995), Frithwirth-Schnatter (1994b,c), Hickman and
Miller (1981), Koop and van Dijk (2000), Kim, Shephard and Chib (1998),
Shively and Kohn (1997) and West and Harrison 1997)). With the partial
exception of Koop and van Dijk (2000), prior elicitation has not been a
central focus of this literature. However, prior elicitation can be important
since the use of improper priors can lead to the local level model having an
improper posterior. Although Ferndndez, Osiewalski and Steel (1997) is not
a paper which discusses state space or nonparametric regression models, the
class of models it does discuss includes them as a special case. The interested
reader is referred to their paper for several results. Suffice it to note here
that some sorts of improper priors lead to improper posteriors. Posterior im-
propriety is, of course, implied by an infinite marginal likelihood. Thus, the
impropriety of the posterior in the local level model is simply another way
of looking at the failure of empirical Bayesian methods in the nonparametric
regression model given in (8.2), (8.3) and (8.4).

In this paper we are interested in investigating how much prior information
is necessary to allow for valid posterior inference on 1 or, equivalently, to use
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empirical Bayesian methods. We find that the amount of necessary prior
information is minimal. Of course, in many applications, the researcher
may not wish to adopt the minimally informative approach described in
this paper. If prior information is available about any or all of the model
parameters, then it can be used and the issues addressed in this paper are
irrelevant. Alternatively, one of the many approaches in the state space
literature relating to initialising the Kalman filter can be used. Even more
simply, we could work with differenced data throughout and the issues we
discuss would not be relevant (although such a procedure would mean the
intercept in the nonparametric regression line would not be identifiable).

In order to draw out the role of prior information in the selection of 7, it
is useful to focus on the case m = 1 (cases where m > 1 can be handled as
a trivial extension) and parameterise (8.2) as

y=Wbl+e, (8.8)

where 6 = (v1,72 — 71, ...,7v — Yv-1) and

(1 Oy,
W= ( iN-1 D7 )

where ¢y_1 is an (N — 1) vector of 1s. For the case under consideration,
with m =1, D~ is an (N — 1) x (N — 1) lower triangular matrix with all
nonzero elements equalling one. Note that 1 plays the role of an intercept in
the nonparametric regression model. An alternative interpretation, relevant
if this model were interpreted in a time series context, is that v plays the
role of an initial condition.

Our strategy is to begin with a fully informative prior and then gradually
make it noninformative in certain dimensions in order to see how far we can
become noninformative, without losing propriety of the posterior. To this
end, we assume for the moment a proper natural conjugate, Normal-Gamma
prior for # and o~2 conditional on a known hyperparameter, 7. Using the
standard notation for the Normal-Gamma (e.g. Poirier (1995, p. 526)), we
write this prior as NG(0,V,s~2,v), where @ is a given N x 1 vector, V. = V (1)
is a given positive definite matrix which depends on a hyperparameter, 7,
and the two scalars s~2 and v satisfy v> 0 and s~2 > 0. These assumptions,
which will be freed up shortly, make the prior proper and informative with
9]0_2 ~ N (Q, UQK) and o~ 2 having a Gamma distribution with mean s—2
and variance 2/vs*. Using standard results (e.g. Poirier (1995, p. 527)), it
follows that the posterior for § and o=2 given 7, denoted by p (9, o2y, 17)
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is NG(0,V,572,7), where

0=V (V'o+W'y), (8.9)
V=V"'+ww)", (8.10)
v=v+N (8.11)
and
752 =us®+ (y—Wo) (y—Wo) + (6—0) V" (5-0). (8.12)

The properties of the Normal-Gamma distribution imply that it is triv-
ial to transform back from the parameterisation in (8.8) to the original
parameterisation given in (8.2). That is, if the posterior for (6,072) |y is
NG(0,V,52,7) then the posterior for (’y, 0_2) nisNG(¥, V.,5 2,7), where

5 =W¢o
and
v, = WVW.

We refer to the posterior mean of 7 (that is, ) as the fitted nonparametric
regression line.

It is also worth mentioning that, in this paper, we directly invert the N x N
matrix in (8.10) using a standard matrix inversion subroutine. However, in
the state space literature smoothing algorithms exist which implicitly do
this inversion in a much more computationally efficient manner.

The marginal likelihood associated with this model takes the form (e.g.
Poirier (1995, p. 543)) of a multivariate t-distribution, written

t(y[F, 3 [In + WV, W'],7),

where

=c @ ;1/_32 -3
pyln) = (IK\) (vs®) 2, (8.13)

with
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(8.14)

It can be directly verified that, despite the fact that the number of parame-
ters in this model is N + 1 and the number of observations N, the posterior
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is a proper density and p(y|n) is finite. Hence, Bayesian inference in the
nonparametric regression model using a proper natural conjugate prior can
be carried out in a straightforward manner (e.g.  can be used to provide an
estimate of the fitted nonparametric regression model and p(y|n) can be used
to compare the nonparametric regression model against a parametric alter-
native). Empirical Bayesian methods could be used to estimate 7 in cases
where it is unknown. The value of 7 which maximised p(y|n) in (8.13) could
then be used as a basis for further Bayesian analysis of the nonparametric
regression model.

However, in some cases, the researcher may feel uncomfortable eliciting
0,572, V and v and the question arises as to what extent we can choose
noninformative values for some or all of these prior hyperparameters and still
use empirical Bayesian methods for dealing with the unknown 7. We have
seen above that becoming fully noninformative is unacceptable, but we shall
show below that being noninformative in certain directions is acceptable.

We begin by considering a structure for V' which uses the intuition that
neighbouring points on the nonparametric regression line should not be too
different from one another. Thus we set

vo=(ol Vi ) 629

where V(1) = nlx_1 and @ = (;,0,...,0)". In other words, this prior implies
Yit1 — Vi I8 N (0, 7702) and the hyperparameter n can be used to control the
desired degree of smoothness in the nonparametric regression line.

Koop and Poirier (2003) sought to be noninformative over the remaining
parameters (that is, the intercept and the error variance, 71 and ¢?) and set
v and Kl_ll at their limiting values v = Zl_ll = 0. With these choices, the
values of s? and 0, are irrelevant. For these noninformative choices, Koop
and Poirier (2003) showed that p(6,02|y,n) is a well defined posterior.
However, with regards to the marginal likelihood, two problems arise. First,
the integrating constant in (8.14) is indeterminate. Insofar as interest centres
on 7, or the marginal likelihood is used for comparing the present model
with another with the same noninformative prior for the error variance, this
first problem is not a serious one. The constant c¢ either does not enter or
cancels out of any derivation and can be ignored. Second, the term 752 goes
to zero as 7 — o0. To see this, note that with all the hyperparameters
set to noninformative values 0 = (W/W) ' W'y and y — W8 = Oy. Iwata
(1996, Lemma 3, p. 246) provided a proof that this degeneracy is enough to
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overcome the countervailing tendency for |V (1) ~!| to go to zero and implies
that the marginal likelihood in (8.13) becomes infinite as n — oo.

One way to carry out empirical Bayesian estimation of 7 is to use a hier-
archical prior for n. If 9 is treated as an unknown parameter, then Bayes
theorem implies p (n]y) « p(y|n)p (n), where p(n) is the prior and we can
write

71\ ey
p(n\y)m6<m (7s°) 2 p(n), (8.16)

and we are assuming that, conditional on § and ¢~2, 1 and y are indepen-
dent (that is, 1L y|0,0~2). If a Uniform prior, unbounded above, for 7
were used, then p(n|y) would become infinite as n — oo if v = V' = 0.
However, informative priors for 7 which either rule out the n — oo case or
go to zero very quickly as n — oo will rule out the pathology caused by the
noninformative prior and allow for posterior inference on 7. For instance, a
Gamma prior for n will imply that (8.16) is the kernel of a valid posterior
density even if v = Kﬁl = 0. Thus, even a small amount of prior information
about n will allow us to treat n as an unknown parameter and obtain a valid
posterior for it. If p(n|y) is well defined, we can either use this marginal pos-
terior to obtain an empirical Bayes estimate of n (e.g. 7 = argmax [p (n|y)])
or do a fully Bayesian analysis of p (9, o2, 77|y) The latter can be done in
a straightforward fashion using simple Monte Carlo integration. That is,

p (0,072 nly) =p (0,0 %y, n) p(nly)

and p(6,02y,n) is Normal-Gamma (see (8.9)-(8.12)) and p(n|y) is one
dimensional. Thus, drawing from p(n|y) « p(y|n)p(n) and, conditional upon
this draw, drawing from p (0, o2y, 7]) yields a draw from the joint posterior.

However, prior information on 7 is not the only path which allows for
valid posterior inference on this parameter. Prior information on «; (which
is 01 in the parameterisation of (8.8)) or o2 also can be used to yield a
proper p(n|y), even if p(n) is a Uniform improper prior (or, equivalently,
the marginal likelihood in (8.16) will be finite). In particular, if V ;' > 0 or
v > 0 then 752 > 0 even if  — oo. The proof of these statements follows
from direct examination of all quantities in (8.9)—(8.12).

In summary, in the natural conjugate framework for nonparametric regres-
sion, prior information on the degree of smoothness in the nonparametric
regression line is enough to allow for valid posterior inference. However, we
require more prior information if we wish to estimate the degree of smooth-
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ness parameter, 7, rather than simply select a value subjectively or use
cross-validation. In order to ensure a proper posterior for 7 we need prior
information on 7 or prior information on the initial condition, 1, or prior
information on o2. We stress that only one of these three possible sources of
prior information is required.

How does this relate to what is done by state space modellers when they
estimate 7 in the local level model? They make assumptions which are of
the same nature as our prior choices relating to ;. However, they do not
always explicitly refer to this as prior elicitation, but rather initialisation
of the Kalman filter. For instance, Durbin and Koopman (2001, Chapter 7)
assumed the initial condition, i, is N(6;,V;;) (using our notation) and
noted that if §; and V;; are known then the likelihood function is well
behaved (that is, prior information on the initial condition is available which
allows for valid likelihood-based inference on 6,02 and 7). However, they
pointed out that the likelihood function will not converge as V;; — oo.
To counter this problem they suggested working with what they called the
diffuse loglikelihood which adds to the loglikelihood an extra penalty term
involving V;;. Such a penalty is mathematically identical to a prior for ;.
That is, instead of having a Normal prior for v; and letting V;; — oo, the
diffuse loglikelihood is equivalent to using a prior for v; which is Normal
times the penalty term with V{; — oo (see also Ansley and Kohn (1985)).
An alternative approach (e.g. Harvey (1989, pp. 121-2)) is simply to choose
a large but finite value for V ;. All such approaches relate to prior elicitation

2

for 71, but as we have noted above prior information on 7 or ¢“ can also be

used to obtain a proper pdf for 7.

8.3 Empirical illustration

The theoretical results in the previous section show that a fully noninfor-
mative empirical Bayesian analysis of the nonparametric regression model is
impossible. However, prior information about one or more of the smoothing
parameter (7), the initial condition (1) or the error variance (¢2) can be
used to prevent the marginal likelihood from becoming infinite. The latter
theoretical result might be of little practical importance if a large amount
of prior information about these parameters is required, or if the fitted non-
parametric regression line is very sensitive to prior information or if the
fitted nonparametric regression line has some other undesirable property.
These issues can best be addressed empirically in the context of a particu-
lar data set. Accordingly, in order to illustrate the role of various types of
prior information in empirical Bayesian nonparametric regression methods,



Empirical Bayesian inference 163

we simulate a single data set with N = 100 observations from
y; = x; cos(4mx;) + &, (8.17)

where ¢; is iid N(0,0.09) and z; = /N (that is, observations on the explana-
tory variable are an equally spaced grid between 0 and 1) fori =1,..., N.
This data generating process is the almost same as that used in Koop and
Poirier (2003) and Yatchew (1998, Figure 3).

Throughout this section, the prior and posterior densities will be
NG(0,V,s %, v)
and
NG(0,V,572,7),

respectively, where the posterior arguments are defined in (8.9)—(8.12). In
all cases, we will assume V has the form given in (8.15). We use a Gamma
prior for n with mean 1, and degrees of freedom v, . That is

p(n) = fa (n\gn,zn) : (8.18)

Empirical Bayesian estimation involves treating 7 as an unknown param-
eter and estimating it by maximising (8.16). Here this maximisation is done
using a grid search. In improper, noninformative cases, we follow the stan-
dard practice of simply ignoring the corresponding term in the integrating
constant given in (8.14) as it is irrelevant in the context of empirical Bayesian
estimation of 7 (see the discussion in the paragraph after (8.15)). Noninfor-
mative prior choices for the parameters ¢=2,; and 7 are v = 0, Zﬁl =0
and v, = 0, respectively. Throughout this section, we set ; = 0, B, = 1
and s% = 0.09, values which become irrelevant for the noninformative cases.

We begin by carrying out an empirical Bayesian analysis of the fully
noninformative case where v = 0, Zil = 0and v, =0. Of course, theoretical
considerations imply that the marginal likelihood should become infinite as
17 — oo and, thus, the empirical Bayes estimate of 7, denoted by 7, is co.
However, an examination of the shape of p(n|y) is quite informative. Figure
8.1, which plots the log of p(n|y), reveals an interior mode. Furthermore,
p(n|y) is increasing with 7 in such a manner as to eventually become infinite.
However, p(n|y) is increasing very gradually with 7, suggesting that only a
small amount of prior information may be necessary to ensure that the
interior mode dominates. Note that Figure 8.1 is truncated at n = 1000.
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Fig. 8.1. Log of posterior for n with noninformative prior.

Our theoretical discussion implies that prior information about one of
072,741 and 7 is necessary to ensure p (n|y) is a proper pdf and, thus, that
meaningful empirical Bayesian inference in the nonparametric regression
model is possible. The researcher who dislikes prior information would be
interested in finding out what is the minimal amount of prior information
possible. To this end, we put priors which are proper but relatively nonin-
formative on the three relevant parameters, one at a time. To be precise, the
solid line in Figure 8.2 presents the log of p(n|y) where v = 0 and Kil =0
but we have a weakly informative prior for 5. That is, we set v, =1, a rel-
atively noninformative choice. With this prior, 77 = 0.31. The line with long
dashes in Figure 8.2 presents the log of p(n|y) for the case where only weak
prior information about the initial condition, 1, is used. In particular, we set
the prior variance of the initial condition to be 10 (that is, V;; = 10). With
this prior, 7 = 0.35. The line with short dashes in Figure 8.2 presents the
log of p(n]y) for the case where only weak prior information about the error

2 is used. In particular, we set v = 1. Since v can be interpreted

variance, o
informally as a prior ‘sample size’, the choice of v = 1 implies the prior con-
tains much less information than the data. With this prior, 7 = 0.35, as well.

The results in Figures 8.1 and 8.2 provide us with a clear interpretation.
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Fig. 8.2. Log of posterior for  with informative prior.

Empirical Bayesian analysis of the nonparametric smoothing parameter, 7,
is impossible using a prior which is fully noninformative, since the marginal
likelihood goes to infinity as n goes to infinity. However, at least for this data
set, an interior mode does exist and the increase of the marginal likelihood is
very gradual. This suggests that only a very small amount of prior informa-
tion is necessary to correct this pathology. Figure 8.2 indicates that this is
the case. Very weak prior information about # or the initial condition or the
error variance is all that is required to make the interior mode noted in Fig-
ure 8.1 predominant. Thus, a finite empirical Bayes estimate of 7 is obtained.
Furthermore, 7 is roughly the same in all cases. That is, weak prior infor-
mation about three different parameters leads to empirical Bayes estimates
which are basically the same, indicating a high degree of prior robustness.
Figure 8.3 plots the data set, the actual regression line from (8.17) along
with the fitted nonparametric regression line (that is, the posterior mean
of ) for the case where weakly informative prior information is used about
the initial condition (that is, the case used to produce the line with short
dashes in Figure 8.2 which had = 0.29, the other cases yield essentially
the same result). It can be seen that our empirical Bayesian nonparametric
regression procedure works well, with the fitted nonparametric regression
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line tracking the true regression line quite well. Note that this success is
achieved even though a moderate degree of error has been added in the data
generating process. Remember that we are smoothing the nonparametric
regression line by using prior information on first differences, v; —v;—1. This
is done so that we can illustrate basic concepts in the simplest way possible.
However, smoothness is often defined in terms of second differences. The
researcher who finds the slight irregularities in Figure 8.3 disturbing would
find that putting a prior on second differences yields a smoother fitted non-
parametric regression line.
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# Data
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1L --- True |
+ * I,. #
* % T
05t + 3 * b * 1
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Fig. 8.3. Fitted and true nonparametric regression line for n = 0.29.

Another question of possible interest is how sensitive empirical Bayes
estimates are to prior information. Figure 8.2 suggests a high degree of
prior robustness. To investigate this issue more deeply, we calculated empir-
ical Bayes estimates for a wide range of priors on the initial condition. We
considered a grid of values of V{; over the huge interval [0.001, 1 x 106].
We do not provide a graph of the empirical Bayes estimates of n for the
various prior variances, since it is effectively a horizontal line. In fact, the
line begins at 77 = 0.28 for very tight priors (that is, n = 0.001) before rising
ton = 0.30 at n = 0.01 and staying at this value for the rest of the interval.
Thus, empirical Bayesian estimation appear to be very robust to changes
in the prior for the initial condition. A similar robustness was found using
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the weakly informative priors for either n or o2, although results are not
presented here for the sake of brevity.

These results are similar in spirit to those found in the non-Bayesian state
space literature (see the discussion at the end of the previous section). It
seems that only a small (even minuscule) degree of nondata information is
required to offset the pathology in the likelihood function which occurs as
1n — 0o. However, it is worth stressing that the state space literature focuses
on nondata information about the initial condition in the state equation.

2 can also be used to

Here we show that nondata information about n or o
remove the pathology.

We have, of course, framed our discussion in terms of the nonparametric
regression model. But, since this is equivalent to a state space model, we

note that our results are of relevance for the Bayesian state space literature.

8.4 The nonparametric regression model with irregularly
spaced explanatory variables

Above we have assumed that the x;s are equally spaced. This assumption
would usually hold with time series data, but is unlikely to hold otherwise.
Accordingly, it is useful to briefly discuss methods for relaxing this assump-
tion. The bottom line is that several different methods in which one might
treat irregularly spaced data can be shown to be very similar to one another.
In terms of the notation of Section 8.2, these methods change the model only
through specifying somewhat different forms for V(n). The proofs of the
results in Section 8.2 relied only on V(7)) being positive definite. Provided
this is the case (as it is for the suggestions below), the extension to allow
for irregular spacing of the explanatory variables does not change any of
the issues discussed above with regards to the role of prior information in
nonparametric regression. Accordingly, in this section we offer only a brief,
largely verbal discussion, of this issue.

The simplest manner to deal with irregularly spaced data points is to
incorporate the distance between the points into the prior. This amounts
to saying the degree of smoothing should depend on the distance between
points. If z; and x;41 are very close to one another, then we would expect
flx;) and f(x;41) to be very close to one another. If x; and x;y; are far
apart, then f(z;) and f(z;4+1) might be much farther apart. This informa-
tion can be easily incorporated in our setup by defining some measure
of distance (e.g. (zi11 — x;)?) and then having this affect the degree of
smoothing. A simple way of doing this is defining everything as in Section
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8.2 except for V(n). The latter is modified so that

Vi =1 (xz - -Tifl) )

where v; is the (7,7)th element of V(). Since the data are ordered so that
1 < 19 < --- < xpN, v; IS always nonnegative. If the explanatory variable
is continuously distributed, then x; # x; for i # j and V(n) is guaranteed
to be positive definite in theory. When working with an actual data set, it
is possible that x; = z; and some correction would have to be added to all
the approaches described in this section. Simple ad hoc corrections such as
perturbing z; by a very small amount should have a minimal effect on the
empirical results.

An alternative way of approaching this problem is to draw on the spline
literature (e.g. Wahba (1983), Silverman (1985) and Green and Silverman
(1994)) where the knots are given by 1, ..., zx. Green and Silverman (1994,
Chapter 3) showed that, in this case, a natural cubic spline is equivalent to
a Bayesian approach involving a Normal likelihood identical to ours and a
prior given by

p(7) o< exp <—%’7/QV)

for a certain matrix ) which is of rank N — 2. This approach interprets
smoothness of the nonparametric regression line in terms of second deriva-
tives and is very similar to our approach with m = 2. In fact, if we had used
m = 2 and the fully noninformative prior given in (8.3) and (8.4), then our
prior covariance matrix for v would also be of rank N — 2. Our prior covari-
ance matrix has similar properties (although it is not identical to that used
in the natural cubic spline literature) and the same considerations apply. To
be precise, the Bayesian formulation of the natural cubic spline literature
as outlined in Green and Silverman (1994) does not allow for an empiri-
cal Bayesian estimation of the smoothing parameter 7. In fact, Green and
Silverman (1994) recommend plugging in an estimate of o and choosing 7
through cross-validation. However, the results of Section 8.2 imply o2 can
be integrated out analytically and that empirical Bayesian methods can be
used to estimate 7 if an informative prior is used for 7, the error variance
or the initial conditions. In summary, spline methods can be used to treat
irregularly spaced data. Interpreted in a Bayesian fashion, they motivate a
particular prior which falls in the category of those considered in Section 8.2
and, thus, all the issues raised in Section 8.2 are relevant.

An alternative way of dealing with irregularly spaced data is to draw
on ideas from the state space literature. In this context, data which are
recorded at irregular time periods are treated by working in continuous time.
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To be precise, a continuous time model is derived with values observed at
discrete (irregularly spaced) time periods. However, it has been shown in the
literature that the resulting model is equivalent to a spline model (see, e.g.,
Durbin and Koopman (2001, pp. 57-63)). Accordingly, the issues relating
to a continuous time formulation are equivalent to those discussed in the
preceding paragraph.

Yet another approach is due to O’'Hagan (1978). This uses a prior covari-
ance matrix which implies prior correlations between points on the nonpara-
metric regression line that depend on the distance they are from one another
(that is, prior correlations depend on |z; — x| for i # j). We do not provide
further details here, but note only that all of these approaches implicitly or
explicitly handle irregularly spaced data by allowing the distance between
observations to enter V(1) (or V). Thus, they all fall into the framework of
Section 8.2 and issues relating to empirical Bayesian analysis are the same
as discussed previously.

8.5 Conclusions and discussion

In this paper, we have presented a general framework for carrying out
Bayesian nonparametric regression. The advantage of this framework is its
theoretical (as compared to much of the frequentist nonparametric regression
literature) and computational (relative to alternative Bayesian approaches
which require posterior simulation) simplicity. It is based solely on the Nor-
mal linear regression model with natural conjugate prior. The focus of the
present paper is on the role of prior information. Of critical importance is
a prior hyperparameter we call 7 which controls the degree of smoothness
of the nonparametric regression line. If we select a particular value for 7,
then valid posterior inference can be carried out, even if we use improper,
noninformative priors over all other parameters in the model. However, with
such a fully noninformative prior, we cannot do an empirical Bayesian anal-
ysis. That is, we must choose a value for n; we cannot estimate it from the
data. We then show what kind of prior information is required in order to
estimate 7. We show how information on the error variance or the initial
condition or 7 itself is enough to allow for an empirical Bayesian analysis to
be carried out. An empirical illustration using artificial data indicates that
the amount of prior information required is minimal.

It is worth stressing that, in many possible applications of nonparamet-
ric methods, the nonparametric regression model discussed in this paper
would form a single component of a larger models. Examples include non-
parametric censored data (e.g. tobit) or nonparametric qualitative choice
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(e.g. probit) models. Bayesian inference in such models typically uses
computationally-intensive MCMC methods. Having analytical results relat-
ing to the nonparametric component of the MCMC algorithm would yield
substantial computational savings. Furthermore, the focus of the present
paper is on empirical Bayesian methods for nonparametric regression which
seek to find 7 which maximises p(n|y), where the latter depends on the
marginal likelihood of the model (see (8.16)). For many of the more compli-
cated models one might be interested in, evaluation of the marginal likelihood
is quite difficult. Hence, one might expect it would be difficult to carry out
empirical Bayesian analysis in these more complicated models. However,
many of them (e.g. nonparametric probit or tobit) have a structure which
depends upon latent data which we will denote by [ (e.g. the latent utili-
ties in the probit model or the unknown values of observations which were
censored in the tobit model). For such models, p(n|y,{) will take on the
simple form described in Section 8.2 (suitably augmented with latent data).
Thus, p(n|y,!) can be handled in the context of the MCMC algorithm and
empirical Bayesian inference carried out in a straightforward manner. So,
for instance, our framework implies that empirical Bayesian analysis of a
nonparametric probit model is only slight more difficult than a traditional
analysis of a parametric probit model.
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Abstract

Resampling the innovations sequence of state space models has proved to be
a useful tool in many respects. For example, while under general conditions,
the Gaussian MLEs of the parameters of a state space model are asymp-
totically normal, several researchers have found that samples must be fairly
large before asymptotic results are applicable. Moreover, problems occur if
any of the parameters are near the boundary of the parameter space. In
such situations, the bootstrap applied to the innovation sequence can pro-
vide an accurate assessment of the sampling distributions of the parameter
estimates. We have also found that a resampling procedure can provide in-
sight into the validity of the model. In addition, the bootstrap can be used
to evaluate conditional forecast errors of state space models. The key to
this method is the derivation of a reverse-time innovations form of the state
space model for generating conditional data sets. We will provide some theo-
retical insight into our procedures that shows why resampling works in these
situations, and we provide simulations and data examples that demonstrate
our claims.

State Space and Unobserved Component Models: Theory and Applications, eds. Andrew
C. Harvey, Siem Jan Koopman and Neil Shephard. Published by Cambridge University
Press. © Cambridge University Press 2004
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9.1 Introduction

A very general model that seems to subsume a whole class of special cases
of interest is the state space model or the dynamic linear model, which was
introduced in Kalman (1960) and Kalman and Bucy (1961). Although the
model was originally developed as a method primarily for use in aerospace-
related research, it has been applied to modelling data from such diverse
fields as economics (e.g. Harrison and Stevens (1976), Harvey and Pierse
(1984), Harvey and Todd (1983), Kitagawa and Gersch (1984), Shumway
and Stoffer (1982)), medicine (e.g. Jones (1984)) and molecular biology (e.g.
Stultz, White and Smith (1993)). An excellent modern treatment of time
series analysis based on the state space model is the text by Durbin and
Koopman (2001). We note, in particular, that autoregressive moving average
models with exogenous variables (ARMAX) can be written in state space
form (see e.g. Shumway and Stoffer (2000, Section 4.6)), so anything we
say and do here regarding state space models applies equally to ARMAX
models.
Here, we write the state space model as

xpr1 = Pxy + Tuy + wy, t=0,1,...,n, (9.1)
yt:Atxt—f—Fut—i—vt, t= 1,...,n, (92)

where x; represents the p-dimensional state vector, and y; represents the ¢-
dimensional observation vector. In the state equation (9.1), the initial state
xo has mean pg and variance-covariance matrix g; ® is pxp, T is pxr, and
u; is an r x 1 vector of fixed inputs. In the observation equation (9.2), A; is
gxpandI'is ¢ xr. Here, w; and v; are white noise series (both independent
of x¢), with var(w;) = @Q, var(vy) = R, but we also allow the state noise
and observation noise to be correlated at time t; that is, cov(wy,vy) = S,
and zero otherwise. Note, S is a p x ¢ matrix. Throughout, we assume the
model coefficients and the correlation structure of the model are uniquely
parameterised by a k x 1 parameter vector O; thus, ® = ¢(0), T = 1(0),
Q=Q(0), A =4(0), ' =T(0), R=R(0) and S = 5(O).

We denote the best linear predictor of x;1; given the data {y1,...,y:} as
x|, ,, and denote the covariance matrix of the prediction error, (x441—x%, ),
as Pf.,. The Kalman filter (e.g. Anderson and Moore (1979)) can be used
to obtain the predictors and their covariance matrices successively as new

observations become available. The innovation sequence, {¢; t =1,...,n},
is defined to be the sequence of errors in the best linear prediction of y;
given the data {y1,...,y:—1}. The innovations are

¢ =y — AxiT! = Tuy, t=1,...,n, (9.3)
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where the innovation variance-covariance matrix is given by
¥y = AP AL + R, t=1,...,n. (9.4)

The innovations form of the Kalman filter, for t = 1,...,n, is given by
the following equations with initial conditions x§ = ®ug + Yug and PP =
DYy + Q:

xi = ox+ T + Kiey, (9.5)
Pl = ®P' 4+ Q- K5 K],
K, = (®P7'A+ 9551
In this article, we will work with the standardised innovations

€ = 2;1/26,5, (98)

so we are guaranteed these innovations have, at least, the same first two
moments. In (9.8), Z% /% denotes the unique square root matrix of ¥; defined

by Ei/zZi/Q = ¥;. We now define the (p + q) x 1 vector
¢
— [Xt+1
&= 0]

Combining (9.3) and (9.5) results in a vector first-order equation for & given
by

§o = Fi&—1 + Gug + Hyey, (9.9)
where
[® o [r | Ez?
Ft_ |:At 0:|7 G— |:F:| 5 Ht— E%/Q .

Estimation of the model parameters © is accomplished by Gaussian quasi-
maximum likelihood. The innovations form of the Gaussian likelihood (ig-
noring a constant) is

> [ISi(O)| + &(0)T:(0) e (O)]

t=1

—1In Ly(@) =

N —

Il
DO | =
]+

[In[S:(0)] + e:(0) e (0)] (9.10)

t=1

where Ly (©) denotes the likelihood of © given the data y1,...,y, assuming
normality; note that we have emphasised the dependence of the innovations
on the parameters ©. We stress the fact that it is not necessary for the
data to be Gaussian to consider (9.10) as the criterion function to be used
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for parameter estimation. Furthermore, under certain rare conditions, the
Gaussian quasi-MLE of © when the process is non-Gaussian is asymptoti-
cally optimal; details can be found in Caines (1988, Chapter 8).

9.2 Assessing the finite sample distribution of parameter
estimates

Although, under general conditions (which we assume to hold in this sec-
tion), the MLEs of the parameters of the model, ©, are consistent and
asymptotically normal, time series data are often of short or moderate
length. Several researchers have found evidence that samples must be fairly
large before asymptotic results are applicable (e.g. Dent and Min (1978) and
Ansley and Newbold (1980)). Moreover, it is well known that problems occur
if the parameters are near the boundary of the parameter space. In this
section, we discuss an algorithm for bootstrapping state space models to
assess the finite sample distribution of the model parameters. This algorithm
and its justification, including the non-Gaussian case, along with examples
and simulations, can be found in Stoffer and Wall (1991).

Let © denote the Gaussian quasi-MLE of O, that is, 0= argmaxg Ly (0),
where Ly () is given in (9.10); of course, if the process is Gaussian, O is the
MLE. Let ¢(©) and ¢(0) be the innovation values obtained by running
the filter under ©. Once this has been done, the bootstrap procedure is
accomplished by the following steps:

(i) Construct the standardised innovations
/() =5, *(©)a().

(ii) Sample, with replacement, n times from the set {e1(0), ..., e,(©)} to
obtain {ej,...,e}}, a bootstrap sample of standardised innovations.

(iii) To construct a bootstrap data set {y7,...,y;}, solve (9.9) using e}
in place of e;; that is, solve

& = Ft(@)ffq +G(O)u; + Ht(@)e;fka (9.11)

for t = 1,...,n. The exogenous variables u; and the initial condi-
tions of the Kalman filter remain fixed at their given values, and the
parameter vector is held fixed at ©. Note that a bootstrapped obser-
vation y; is obtained from the final ¢ rows of the (p + ¢) x 1 vector
& Because of startup irregularities, it is sometimes a good idea to
set yi = y; for the first few values of ¢, say t = 1,2,...,%p, where ¢

~

is small, and to sample from {e;,+1(9),.. .,en(©)}. That is, do not
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bootstrap the first few data points; typically setting ¢g to 4 or 5 will
suffice.

(iv) Using the bootstrap data set {y;; ¢t = 1,...,n}, construct a likeli-
hood, Ly+(©), and obtain the MLE of ©, say, o

(v) Repeat steps (ii)—(iv), a large number, B, of times, obtaining a boot-
strapped set of parameter estimates {(:)*, b =1,...,B}. The finite
sample distribution of (© — ©) may be approximated by the distri-
bution of ((:)Z - (:)), forb=1,...,B.

9.2.1 Stochastic regression

An interesting application of the state space model was given in Newbold and
Bos (1985, pp. 61-73). Of the several alternative models they investigated,
we focus on the one specified by their equations (4.7a) and (4.7b). Their
model had one output variable, the nominal interest rate recorded for three-
month treasury bills, y;. The output equation is specified by

Yt = a+ Bz + vy,

where z; is the quarterly inflation rate in the Consumer Price Index, « is a
fixed constant, 3; is a stochastic regression coefficient and v, is white noise
with variance o2. The stochastic regression term, which comprises the state
variable, is specified by a first-order autoregression,

(Bi+1 — b) = o(B — b) + wy,

where b is a constant, and w; is white noise with variance o2. The noise
processes, v; and wy, are assumed to be uncorrelated. Using the notation
of the state space model (9.1) and (9.2), we have in the state equation,
=0, ®=0¢, 0, =1, T = (1 - ¢)b, Q = 02, and in the observation
equation, 4; = 2z, I' = a, R = 02, and S = 0. The parameter vector is
O = (¢, a,b,00,0,).

We consider the first estimation exercise reported in Table 4.3 of Newbold
and Bos. This exercise covers the period from the first quarter of 1953
through the second quarter of 1965, n = 50 observations. We repeat their
analysis so our results can be compared to their results. In addition, we
focus on this analysis because it demonstrates that the bootstrap applied
to the innovation sequence can provide an accurate assessment of the sam-
pling distributions of the parameter estimates when analysing short time
series. Moreover, this analysis demonstrates that a resampling procedure
can provide insight into the validity of the model.

The results of the Newton—-Raphson estimation procedure are listed in



176 David S. Stoffer and Kent D. Wall

Table 9.1. The MLEs obtained in Newbold and Bos (1985) are in agreement
with our values, and differ only in the fourth decimal place; the differences
are attributed to the fact that we use a different numerical optimisation rou-
tine. Included in Table 9.1 are the asymptotic standard errors reported in
Newbold and Bos (1985). Also shown in the Table 1 are the corresponding
standard errors obtained from B = 500 runs of the bootstrap. These stan-
dard errors are simply the square root of zgzl(Az‘b — 0,)2/(B — 1), where
©;, represents the ith parameter, ¢ = 1,...,5, and @Z is the MLE of ©,.

Table 9.1. Comparison of asymptotic standard errors (SE) and
bootstrapped standard errors (B = 500)

asymptotic Newbold & Bos  bootstrap

parameter MLE SE SE SE
10} 0.841 0.200 0.212 0.304
« —-0.771 0.645 0.603 0.645
b 0.858 0.278 0.259 0.277
Ow 0.127 0.092 NA 0.182
oy 1.131 0.142 NA 0.217

The asymptotic standard errors listed in Table 9.1 are typically smaller
than those obtained from the bootstrap. This result is the most pronounced
in the estimates of ¢, o, and o,, where the bootstrapped standard errors are
about 50% larger than the corresponding asymptotic value. Also, asymptotic
theory prescribes the use of normal theory when dealing with the parameter
estimates. The bootstrap, however, allows us to investigate the small sample
distribution of the estimators and, hence, provides more insight into the data
analysis.

For example, Figure 9.1 shows the bootstrap distribution of the estimator
of ¢. This distribution is highly skewed with values concentrated around
0.8, but with a long tail to the left. Some quantiles of the bootstrapped
distribution of ¢ are —0.09 (2.5%), 0.03 (5%), 0.16 (10%), 0.87 (90%), 0.92
(95%), 0.94 (97.5%), and they can be used to obtain confidence intervals.
For example, a 90% confidence interval for ¢ would be approximated by
(0.03, 0.92). This interval is rather wide, and we will interpret this after we
discuss the results of the estimation of o,.

Figure 9.2 shows the bootstrap distribution of the estimator of ,,. The
distribution is concentrated at two locations, one at approximately o =
0.15 and the other at o, = 0. The cases in which o}, ~ 0 correspond to
deterministic state dynamics. When o, = 0 and |¢| < 1, then §; ~ b for
large t, so the approximately 25% of the cases in which 7 ~ 0 suggest a fixed
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Fig. 9.1. Bootstrap distribution, B = 500, of the estimator of ¢.

state, or constant coefficient model. The cases in which o7}, is away from zero
would suggest a truly stochastic regression parameter. To investigate this
matter further, Figure 9.3 shows the joint bootstrapped estimates, (&*, ar),
for nonnegative values of (}5* The joint distribution suggests 7., > 0 corre-
sponds to ;;S\* ~ 0. When ¢ = 0, the state dynamics are given by 3, = b+ wy.
If, in addition, oy, is small relative to b (as it appears to be in this case), the
system is nearly deterministic; that is, 8; ~ b. Considering these results, the
bootstrap analysis leads us to conclude the dynamics of the data are best
described in terms of a fized, rather than stochastic, regression effect.

If, however, we use the same model for the entire data set presented in
Newbold and Bos (1985) (that is, 110 quarters of three-month treasury bills
and inflation rate, covering 1953:1 to 1980:1I), stochastic regression appears
to be appropriate. In this case the estimates using Newton—Raphson with
estimated standard errors (‘asymptotic’ | ‘bootstrap’) are:

~

¢ = 0.896 (0.067 | 0.274), @& = —0.970 (0.475 | 0.538),
b =1.090 (0.158 | 0.221),

6w =0.117 (0.037 | 0.122), &, =1.191 (0.108 | 0.171).
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Fig. 9.2. Bootstrap distribution, B = 500, of the estimator of o,,.

We note that the asymptotic standard error estimates are still too small, and
the bootstrapped distribution of ¢ is still markedly skewed. In particular, a
90% bootstrap confidence interval for ¢ is (0.46, 0.92).

9.2.2 Stochastic volatility

This problem is somewhat different than the previous section in that it is
not a straightforward application of the algorithm. In this example, we con-
sider the stochastic volatility model discussed in Harvey, Ruiz and Shephard
(1994). Let r; denote the return or growth rate of a process of interest. For
example, if s; is the value of a stock at time ¢, the return or relative gain of
the stock is r = In(s¢/s¢—1). Typically, it is the time changing variance of
the returns that is of interest. In the stochastic volatility model, we model
hy = Ino? as an AR(1), that is,

hiy1 = ¢o + Q1hy + wy, (9.12)

where w; is white Gaussian noise with variance o2 ; this comprises the state
equation. The observations are taken to be y; = Inr?, and v, is related to
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Fig. 9.3. Joint bootstrap distribution, B = 500, of the estimators of ¢ and o,,. Only
the values corresponding to ¢* > 0 are shown.

the state via
Yt = oz+ht+vt. (913)

Together, (9.12) and (9.13) make up the stochastic volatility model, where
h: represents the unobserved volatility of the process y;. If v; were Gaussian
white noise, (9.12)—(9.13) would form a Gaussian state space model, and
we could then use standard results to fit the model to data. Unfortunately,
yr = Inr? is rarely normal, so one typically assumes that v; = In 22, where z;
is standard Gaussian white noise. In this case, In z? is distributed as the log
of a chi-squared random variable with one degree of freedom. Kim, Shephard
and Chib (1998) proposed modelling the log of a chi-squared random variable
by a mixture of normals.

Various approaches to the fitting of stochastic volatility models have been
examined; these methods include a wide range of assumptions on the ob-
servational noise process. A good summary of the proposed techniques,
both Bayesian (via MCMC) and non-Bayesian approaches (such as quasi-
maximum likelihood estimation and the EM algorithm), can be found in
Jacquier, Polson and Rossi (1994), and Shephard (1996). Simulation meth-
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ods for classical inference applied to stochastic volatility models are dis-
cussed in Danielsson (1994) and Sandmann and Koopman (1998).

In an effort to keep matters simple, our method (see Shumway and Stoffer
(2000, Section 4.10)) of fitting stochastic volatility models is to retain the
Gaussian state equation, (9.12), but in the observation equation, (9.13), we
consider v; to be white noise, and distributed as a mixture of two normals,
one centred at zero. In particular, we write

ve = (1 = me)ze0 + 201, (9.14)

where 7, is an iid Bernoulli process, Pr{n, = 0} = mg, Pr{n, = 1} = my, with
mo + m = 1, and where 2 ~ iid N(O,a(z)), and 2y ~ iid N(u1, 0%).

The advantage of this model is that it is fairly easy to fit because it uses
normality. The model specified by (9.12)—(9.14), and the corresponding filter
are similar to those presented in Pena and Guttman (1988), who used the
idea to obtain a robust Kalman filter, and, as previously mentioned, Kim,
Shephard and Chib (1998). In addition, this technique is similar to the tech-
nique discussed in Shumway and Stoffer (2000, Section 4.8). In particular,
the filtering equations for this model are:

1
Wiy = o+ othi '+ mKiey, (9.15)
j=0
1
Pl = P 4ol = m KLy, (9.16)
=0
€ = y—a—h (9.17)
en = yr—a—himt— (9.18)
S = P +og, (9.19)
Ya = P40l (9.20)
Ky = <751Ptt_1/2t0, (9.21)
Kn = &1P7Ysa. (9.22)

To complete the filtering, we must be able to assess the probabilities w1 =
Pr(n; = 1‘y1, ooy for t =1,...,n; of course, myp =1 — my1. Let fj(t}t -1)
denote the conditional density of y; given the past y1,...,y;—1, and n, = j
(j =0,1). Then,

_ mfilt|t—1)
mofo(t |t —1) +mfi(t|t—1)

where we assume the distribution 7;, for j = 0,1 has been specified a priori.

Tl (9.23)
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If the investigator has no reason to prefer one state over another the choice
of uniform priors, m; = 1/2, will suffice. Unfortunately, it is computationally
difficult to obtain the exact values of f; (t’t — 1); although we can give an
explicit expression of fj(t{t — 1), the actual computation of the conditional
density is prohibitive. A viable approximation, however, is to choose f; (t|
t — 1) to be the normal density, N(hi_1 + 115, 3y5), for 7 = 0,1 and pg = 0;
see Shumway and Stoffer (2000, Section 4.8) for details.

The innovations filter given in (9.15)—(9.23) can be derived from the
Kalman filter by a simple conditioning argument. For example, to derive
(9.15), we write

E (hesilyr,--ope) = Y E(healyr, - yeme = 3) Pr(me = jlyr, - )

<.
- | M»—l
o

= (¢o + p1hy !t + Kije;) mj
-0

e

1
= ¢0 + ¢1h§_1 + Z"thKtjEtj'
j=0

Estimation of the parameters © = (¢, ¢1, 08, p1,02,02) is accomplished
via MLE based on the likelihood given by

n 1
InLy(©) =) In > m fi(tt—1)], (9.24)
t=1 j=0

where the densities for fj(t‘t — 1) are approximated by the normal densities
previously mentioned.

To perform the bootstrap, we develop a vector first-order equation, as was
done in (9.9). First, using (9.17)—(9.18), and noting that y, = moy: + m1ye,
we may write

Yy =+ hi_l + €0 + T (€41 + p1)- (9.25)
Consider the standardised innovations

etj =Sy, Py, j=0,1, (9.26)

€t0
(ST .
€t1

and define the 2 x 1 vector
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Also, define the 2 x 1 vector

_ h1t5+1:|
&=,

Combining (9.15) and (9.25) results in a vector first-order equation for &
given by

§e = F&—1 + Gy + Hyey, (9.27)
where

p_ |9 0 a, — Po I — WtOKtOEL}({Q thKtlzzl/Q
Tl oo TP b 1/2 1/2
o+ Ty fhl ﬂ't(]zto TI‘tlzﬂ

Hence, the steps in bootstrapping for this case are the same as steps (i)—(v)
previously described, but with (9.11) replaced by the following first-order
equation:

& = F(O)&_1 + Gi(6:7n) + Hi(6;Fn ey, (9.28)

where © = ((Zg, $1,88,&,ﬁ1,3%,32u)’ is the MLE of ©, and 7;; is estimated
via (9.23), replacing f1 (t‘t —1) and fo(t’t — 1) by their respective estimated
normal densities (T = 1 — 7T41).

To examine the efficacy of the bootstrap for the stochastic volatility model,
we generated n = 200 observations from the following stochastic volatility
model:

he = 0.95h;_1 + wy, (9.29)

where w; is white Gaussian noise with variance o2 = 1. The observations
were then generated as

Yt = hi + vy, (9.30)

where the observational white noise process, vy, is distributed as the log of
a chi-squared random variable with one degree of freedom. The density of
v is given by

fy(x):\/%eXp{—%(ex—x)} — 00 < T < 00, (9.31)

and its mean and variance are —1.27 and 72/2, respectively; the density
(9.31) is highly skewed with a long tail on the left. The data are shown in
Figure 9.4. Then, we assumed the true error distribution was unknown to us,
and we fitted the model (9.12)—(9.14) using the Gauss BFGS variable metric
algorithm to maximise the likelihood. The results for the state parameters
are given in Table 9.2 in the columns marked MLE and asymptotic SE. Next,



Resampling in state space models 183

-12

20 40 60 80 100 120 140 160 180 200
t

-16

(@}

Fig. 9.4. Simulated data, n = 200, from the stochastic volatility model (9.29)-
(9.30).

we bootstrapped the data, B = 500 times, using the incorrect model (9.12)—
(9.14) to assess the finite sample standard errors (SE). The results are listed
in Table 2 in the column marked Bootstrap SE. Finally, using the correct
model, (9.29)—(9.30), we simulated 500 processes, estimated the parameters
based on the model (9.12)—(9.14) also via a BFGS variable metric algorithm,
and assessed the SEs of the estimates of the actual state parameters. These
values are listed in Table 9.2 in the column labeled ‘True’ SE.

Table 9.2. Stochastic volatility simulation results

state actual MLE asymptotic bootstrap ‘true’

parameter  value SE SE® SE®
¢ 0.95 0.963 0.032 0.032 0.036
Ow 1 1.042 0.279 0.215 0.252

@ Based on 500 bootstrapped samples. * Based on 500 replications.

In Table 9.2 we notice that the bootstap SE and the asymptotic SE of ¢
are about the same; also, both estimates are slightly smaller than the ‘true’
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value. The interest here, however, is not so much in the SEs, but in the
actual sampling distribution of the estimates. To explore the finite sample
distribution of the estimate of ¢, Figure 9.5 shows the centred bootstrap
histogram: (ggz — QAS), for b = 1,...,500 bootstrapped replications (the bars
are filled with lines of positive slope), the centered ‘true’ histogram: ((}5] — ),
where (Z/;j is the MLE obtained on the jth iteration, for j = 1,...,500 Monte
Carlo replications (the bars are filled with flat lines), and the centred asymp-
totic normal distribution of ((;Aﬁ — ¢) (appropriately scaled for comparison
with the histograms), superimposed on eachother. Clearly, the bootstrap
distribution is closer to the ‘true’ distribution than the estimated asymp-
totic normal distribution; the bootstrap distribution captures the positive
kurtosis (peakedness) and asymmetry of the ‘true’ distribution.

I}
<

3 2 -

7. Frequency

P
L1
H

-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3
Midpoint

Fig. 9.5. Sampling distributions of the estimate of ¢; simulated data example: The
centred bootstrap histogram (lines with positive slope), the centred ‘true’ histogram
(flat lines), and the centred asymptotic normal distribution.

In an example using actual data, we consider the analysis of quarterly
US GNP from 1947(1) to 2002(3), n = 223. The data are seasonally
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Fig. 9.6. US GNP quarterly growth rate.

adjusted and were obtained from the Federal Reserve Bank of St Louis
(http://research.stlouisfed.org/fred/data/gdp/gnpc96). The growth
rate is plotted in Figure 9.6 and appears to be a stable process. Analysis of
the data indicates the growth rate is an MA(2) (for more details of this part
of the analysis, see Shumway and Stoffer (2000, Section 2.8)), however, the
residuals of that fit, which appear to be white, suggest that there is volatility
clustering.

Figure 9.7 shows the log of the squared residuals, say y;, from the MA(2)
fit on the US GNP series. The stochastic volatility model (9.12)-(9.14) was
then fitted to y. Table 9.3 shows the MLEs of the model parameters along
with their asymptotic SEs assuming the model is correct. Also displayed
in Table 9.3 are the means and SEs of B = 500 bootstrapped samples. As
in the simulation, there is some agreement between the asymptotic values
and the bootstrapped values. Based on the previous simulation, we would
be more prone to focus on the actual sampling distributions, rather than
assume normality. For example, Figure 9.8 compares the bootstrap his-
togram and asymptotic normal distribution of $1. In this case, as in the
simulation, the bootstrap distribution exhibits positive kurtosis and skew-
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Fig. 9.7. Log of the squared residuals from an MA(2) fit on GNP growth rate.

ness which is missed by the assumption of asymptotic normality. Based on
the simulation, we would be prone to believe the results of the bootstrap
are fairly accurate.

Table 9.3. Estimates and their asymptotic and bootstrap
standard errors for US GNP example

parameter MLE asymptotic bootstrap bootstrap

SE mean? SE*
oo 0.068 0.274 —0.010 0.353
P1 0.900 0.099 0.864 0.102
Ow 0.378 0.208 0.696 0.375
« —10.524 2.321 —10.792 0.748
1 —2.164 0.567 —1.941 0.416
o1 3.007 0.377 2.891 0.422
0o 0.935 0.198 0.692 0.362

@ Based on 500 bootstrapped samples.
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Fig. 9.8. Bootstrap histogram and asymptotic distribution of <$1 for the US GNP
example.

9.3 Assessing the finite sample distribution of conditional
forecasts

In this section we focus on assessing the conditional forecast accuracy of
time series models using a state space approach and resampling methods.
Our work is motivated by the following considerations. First, the state space
model provides a convenient unifying representation for various models,
including ARMA (p, q) models. Second, the actual practice of forecasting
involves the prediction of a future point based on an observed sample path,
thus conditional forecast error assessment is of most interest. Third, real-life
applications involving time series data are often characterised by short data
sets and lack of distributional information. Asymptotic theory provides little
help here and often there are no compelling reasons to assume Gaussian dis-
tributions apply. Finally, the utility and applicability already demonstrated
by the bootstrap for prediction of AR processes suggests that it has much
to offer in the prediction of other processes.

Early applications of the bootstrap to assess conditional forecast errors
can be found in Findley (1986), Stine (1987), Thombs and Schuchany (1990),



188 David S. Stoffer and Kent D. Wall

Kabaila (1993) and McCullough (1994, 1996). Interest in the evaluation of
confidence intervals for conditional forecast errors has led to methodological
problems because a backward, or reverse-time, set of residuals must be gen-
erated. Findley (1986) first discussed this problem and Breidt, Davis and
Dunsmuir (1992, 1995) offered a solution that is implemented in the work
of McCullough (1994, 1996). To date there is a well-grounded methodology
for AR models and this work has established the utility of the bootstrap.

A similar state of affairs appears not to exist for other time series mod-
els. We suspect this is due to the difficulty with which one can identify
mechanisms required to generate bootstrap data sets, whether forwards or
backwards in time. For AR models this is easily accomplished because the
required initial, or terminal (in the case of conditional forecasts), conditions
are given in terms of the observed series. With other time series models
this may not be the case because the models require solutions of difference
equations involving unobserved disturbances.

The state space model and its related innovations filter offer a way around
this difficulty. It is worthwhile, therefore, to investigate how well this can be
done in practice. In Section 9.2, such a combination was of use in assessing
parameter estimation error, and this naturally leads to the same question be-
ing asked in relation to conditional prediction errors. We find that the boot-
strap is as useful in evaluating conditional forecast errors as it has proven to
be in assessing parameter estimation errors, particularly in a non-Gaussian
environment. Our presentation is based on the work of Wall and Stoffer
(2002).

9.3.1 Generating reverse time datasets

As seen in Section 9.2, the generation of bootstrap data sets in forward time
is easy. Given an initial condition or prior, (9.11) is solved recursively for
t =1,...,n to produce realisations passing through the given initial con-
dition. Such computations are all that is required in obtaining bootstrap
estimates of parameter estimation error statistics or unconditional forecast
error statistics. The generation of bootstrap data sets for assessing condi-
tional forecast errors is not so straightforward because they must be gener-
ated backward and this requires a backward-time state space model.

An early discussion of the problems related to backward-time models in
assessing conditional forecast errors is found in Findley (1986). Further con-
sideration of the problem is found in Breidt, Davis and Dunsmuir (1992,
1995). This literature stresses the need to properly construct a set of
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‘backward’ residuals and Breidt, Davis and Dunsmuir (1992, 1995) provide
an algorithm for this that solves the problem for AR(p) models. A similar
result is needed for state space models, but development of backward-time
representations has not received much attention in the literature. Notable
exceptions are the elegant presentation found in Caines (1988, Chapter 4)
and a derivation in Aoki (1989, Chapter 5). Our work requires an extension
of their results to the time-varying case.

The key system in generating bootstrap data sets is the innovations filter
form, (9.9); recall

& = Fi&1 + Gug + Hyey, (9.9)

where

t
X P 0 T -
£t_ |: yt :|7 Ft_ |:At 0:|7 G_ |:1—w 9 Ht_

We require a backward-time representation of this system. All the prob-
lems highlighted by Findley (1986) and Breidt, Davis and Dunsmuir (1992,
1995) appear here. For example, the first p rows of (9.9) cannot be solved
backwards in time by simply expressing xiil in terms of x! 41 First, ® is

Kn?
5/

not always invertible; e.g., MA(g) models. Second, even when @ is invert-
ible, ®~! has characteristic roots outside the unit circle whenever ® has
its characteristic roots inside the unit circle. This situation is intolerable in
generating reverse time trajectories because of the explosive nature of the
solutions for . In addition, we now have a time-varying system.

These difficulties are overcome by building on the method found in Caines
(1988, pp. 236-7). Special attention must be given to the way in which the
time-varying matrices propagate through the derivations and proper account
must be taken of the effects of the known, or observed input sequence uy.
For ease, we will assume here that u; = 0; the general case is presented in
Wall and Stoffer (2002). Application of the symmetry of minimal splitting
subspaces yields the following reverse-time state space representation for
t=n—1,n-2,...,1:

ry = (I)II'H_l + thi_l — Ctet, (932)

yi = Nyrgp1 — Lixt ™' + Myey, (9.33)
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where
B = V*1—<1>’V;1
c, = (I)‘/t 1/27
D, = I-%; 1/2Kt‘/t+1KtE V2
L = $,'°C| - AVB,,
M, = %,'°D— AViCy,
Ny = AV + 37K
and
Vi = OV + K57 K. (9.34)

The reverse-time state vector is r;. The backward recursion is initialised by
r, =V, 1x""! Details of the derivation are given in Wall and Stoffer (2002).

The above recursion specifies a three-step procedure for the generation of
backward time data sets (written here for u; = 0):

(i) Generate Vi, By, Cy, Dy, Ly, My and N; forwards in time, t = 1,...,n
with initial condition

Vi = P). (9.35)
(ii) For given {ef; 1 <t <n —1}, set xj = 0 and generate {x}f; 1 <t <
n} forwards in time, t = 1,...,n, via

X[ = xF + K%, % (9.36)

(iii) Set r} =1, =V, !x?~! and generate {y;; 1 <t < n} backwards in
time, t =n—1,n—2,...,1, via the reverse-time state space model

r; = ®'rj, + Bix; — Cief, (9.37)

y;: = Ntrt-i-l — LtX;’; + Mtef. (938)

This procedure assumes one already has drawn randomly, with replacement,
from the model estimated standardised residuals to obtain a set of n — 1
residuals denoted {ej; 1 < ¢t < n — 1}. The last residual is kept set at
e; = e, in order to ensure the conditioning requirement is met on £ ; that is,
& = &,. This requirement follows from the autoregressive structure of (9.9).
The creation of an arbitrary number of bootstrap data sets is accomplished
by repeating the above for each set of bootstrap residuals {ej; 1 < ¢t <
n—1; e =e,}.
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Fig. 9.9. Reverse time realizations of the ARMA(2,1) process given in (9.41).

As an example, consider the univariate ARMA(p, q) process given by
Y + a1y + -+ apyi—p = vp +bivg_1 + - - + bgvr—g, (9.39)

where v; is an iid process with variance o2. This process can be represented
in state space form, (9.1)—(9.2), in various ways. For example, let m =
max {p, q}, let x;, be an m-dimensional state vector, and write the state
space coefficient matrices as

000 —an
1 00 0 —am_1

¢ = ;
0 - 100 —ay
0 1 0 —as
L 0 001 -—a |
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T =0 and I' = 0. The state noise process is defined by the w; = gv;, where

g=[bm—am, bm-1—am-1, ..., by—as, by—az, b —a ]/-
(9.40)

If m > p then ay = 0 for ¢ > p, and if m > ¢ then by = 0 for £ > ¢q. The
variance-covariance matrices are given by

Qzaggg’, R:ag, Szagg.

Figure 9.9 presents a sample of 100 reverse-time trajectories for the Gaussian
ARMA(2,1) model

Yt = 1-4yt—1 - 0.85yt_2 + (%7 + 0.67}t_1, (941)

with o, = 0.2 and n = 49. The original, observed sample is plotted with the
bold line.

9.3.2 Computing forecast errors via the bootstrap

At this point we assume we have n observations, yi,...,yn, and we wish
to forecast m time points into the future. In addition, we have the MLEs
of the model parameters O, say @, based on the data. The associated stan-
dardised innovation values are denoted by {e;(©); 1 < ¢t < n}; note, to
avoid any possible confusion, we emphasise the dependence of the values on
the parameters. For b = 1,2,..., B (where B is the number of bootstrap
replications) we execute the following six steps:

(i) Construct a sequence of n + m standardized residuals
{e?(®); 1<t <n+m} (9.42)

via n+m — 1 random draws, with replacement, from the standardised
residuals {e;(©); 1 <t < n}. This sequence is formed as follows: (a)
use n — 1 vectors to form {e?(©); 1 <t < n—1}; (b) fix €2 () =
€,(0); and (c) use the remaining m vectors to form {e?(0); n+1 <
t <n+m}.

(ii) Generate data
{yb@) 1<t<n-1} (9.43)
via the backward state space model (9.37) and (9.38) with © = ©

using the residuals {€?(©); 1 <t <n —1}. Set y©(0) = y.
(iii) Generate data

{y/(©); n+1<t<m+n} (9.44)
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via the forward state space model (9.9) with © = © and with xifl;b =
x!71(0) and using the residuals e2(0), for n+1 <t < n+ m.

(iv) Compute model parameter estimates ©° via MLE using the data
{y2(6); 1<t <n}.

(v) Compute the bootstrap conditional forecasts

{(y2(0"; n+1<t<m+n} (9.45)
via the forward-time state space model (9.9) with © = ©°, and with
Xiil;b =x!"1(@" and el =0forn+1<t<n+m.

(vi) Compute the bootstrap conditional forecast errors via:

dll? = yg)wre(é) - szre(@b); 1<l<m. (9'46)

The extent to which the bootstrap captures the behavior of the actual fore-
cast errors derives from the extent to which these errors mimic the stochastic

process d¢ = yp+0(0) — yn+e(0); 1 <L <m.
As an example, consider the univariate ARMA(1, 1) process given by

ye = 0.7y;—1 + v + 0.10v;_1, (9.47)

where vy = 0.2z and z; is a mixture of 90% N(u = —1/9,0 = 0.15) and
10% N(u = 1,0 = 0.15). To demonstrate the benefits of resampling, we will
assume that we do not know the true distribution of v; and will act as if it
were normal. The model is first order with

& =070 A=[1] and g=[0.80], (9.48)

in the notation of previous example.

In this simulation we use B = 2000 and m = 4. The approximate ‘true’
distribution is then given by the relative frequency histogram of the observed
conditional forecast errors. The results of the simulation are summarised by
two sets of four histograms. One set (Figure 9.10) presents the approximate
‘true’ relative frequency histograms for each forecast lead time, while the
other set (Figure 9.11) presents the relative frequency histograms obtained
from application of the bootstrap. Superimposed on each is the Gaussian
density that follows from application of the asymptotic Gaussian theory.
The simulation uses a short data set with n = 49 to emphasise the efficacy
of the bootstrap when the use of asymptotics is questionable and where bias
is a factor in the forecasts. Prediction intervals follow immediately from the
data summarised in the histograms. Although we choose to present only
the histograms, the percentile, the bias-corrected (BC), and the accelerated
bias-corrected (BC,) method all are applicable for generating confidence
intervals using the generated data (see Efron (1987)).
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Fig. 9.10. ‘True’ forecast histograms for the ARMA(1, 1) process given in (9.47).

Figures 9.10 and 9.11 reveal the value of the bootstrap. Indication of
the mixture distribution is striking in both the ‘true’ and the bootstrap
distributions; the bimodality and asymmetry are clearly evident.

9.3.3 Stochastic regression

We now illustrate the use of the bootstrap in assessing forecast errors in
the data set analysed in Section 2.1. Recall, the treasury bill interest rate is
modelled as being linearly related to quarterly inflation as

Yy = a+ Bz + vy,

where « is a fixed constant, §; is a stochastic regression coefficient and
vy is white noise with variance o2. The stochastic regression term, which
comprises the state variable, is specified by a first-order autoregression,

(B = b) = ¢(Bs—1 — b) + wy,

where b is a constant and w; is white noise with variance 2. The noise
processes, vy and wy, are assumed to be uncorrelated.
The model parameter vector contains five elements, © = (¢, a, b, 0y, 04)’
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Fig. 9.11. Bootstrap forecast histograms for the ARMA(1,1) process given in
(9.47).

and is estimated via Gaussian quasi-maximum likelihood using data from the
first quarter of 1967 through the second quarter of 1979 (49 observations).
The MLEs and their estimated standard errors (in parentheses) were:

~

¢ = 0.898 (0_101), 62 = —0.615 (1.457)7 b=1.195 (0.278),

ow = 0.092 g.049), Tv = 1.287 (0.197).

Among the many forecast error assessment questions that can be asked
concerning this model are ones concerning the properties of the conditional
forecast error distribution assuming that we know the future values of the
inflation rate. In particular, is a Gaussian assumption warranted when future
values of z; are assumed to be known? Such questions may arise within the
context of a ‘rational expectations’ framework wherein economic agents are
assumed so well informed that they ‘know’ the inflation rate. The bootstrap,
coupled with our methodology here, can shed some light on just such a
question as this.

Figure 9.12 depicts the bootstrap results with B = 2000. The upper left
panel presents the dynamic behavior of the quantiles (specifically, 2.5%, 5%,
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Future Data: YHAT(t) Boostrap
Data Set: Newbold.dat Data Set:
NB = 2000 NB = 2000
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Fig. 9.12. Dymanic behaviour of the quantiles of yZ_HZ(@) (upper left panel), the
quantiles of yf, H(@b) (upper right panel), and the quantiles of the bootstrap con-
ditional forecast errors yfh%((:)) —yb (O, for £ =1,2,3,4 (lower left panel). The
y: series (lower right panel) is displayed as a bold line and the envelope of the back-

ward data series as fine lines above and below the observed sample in the stochastic
regression example.

16%, 50%, 84%, 95%, 97.5%) of nyH(@)) and the upper right panel presents
the quantiles of 3 . ,(©P). Given the significant variability in the upper right
panel, it is clear that the variability due to the additive disturbances (upper
left panel) is not the dominant factor in the forecast uncertainty that it is so
often assumed to be. The lower left panel depicts the dynamic behavior of the
quantiles of the bootstrap conditional forecast errors y’ +€(é) -y _M(@b),
for £ = 1,2,3,4. The lower right panel plots the y; series as a bold line
and the envelope of the backward data series as fine lines above and below
the observed sample. We find the backward generated series to be highly
representative of the stochastic properties of the observed series.

Figure 9.13presents histograms of the conditional forecast errors, yfl n Z(é) —
ny_g(G)b), for £ =1,2,3,4, when B = 2000 and Figure 9.14 presents the his-
tograms when B = 10000. Each picture gives an indication of the problems
in assuming that the asymptotic theory applies. Negative bias is indicated
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Fig. 9.13. Histograms of four conditional forecast errors, B = 2000, in the stochastic

regression example.

and t-tests reject zero means for ¢ = 2, 3,4, in both bootstrap experiments.
A Kolmogorov—Smirnov test rejects the asymptotic Gaussian distribution

) for all forecast lead times for both
values of B. It appears little is gained in extending the bootstrap replica-

which are also displayed in the figures

(

appearance of the

smooth’

2000, other than the more °

tions beyond B

histograms.

1Iscussion

9.4 D

The state space model provides a convenient unifying representation for

various time domain models. This article demonstrates the utility of resam-

filter. We have based our presentation primarily on

pling the innovations of time domain models via state space models and the
(innovations)

Kalman

and Wall and Stoffer

1991)

(

the material in two articles, Stoffer and Wall

(2002).

In Stoffer and Wall (1991) we developed a resampling scheme to assess
the finite sample distribution of parameter estimates for general time do-

main models. This algorithm uses the elegance of the state space model in
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Fig. 9.14. Histograms of four conditional forecast errors, B = 10000, in the stochas-

tic regression example.

innovations form to construct a simple resampling scheme. The key point
is that while under general conditions, the MLEs of the model parameters

time series data are often of short

9

are consistent and asymptotically normal

or moderate length so that the use of asymptotics may lead to wrong con-

it is well known that problems occur if the parameters

clusions. Moreover,

are near the boundary of the parameter space. We have provided additional

examples here that emphasise the usefulness of the algorithm. We have also
explained, heuristically, why the resampling scheme is asymptotically correct

under appropriate conditions.

We have also discussed conditional forecast accuracy of time domain mod-
els using a state space approach and resampling methods that were first pre-

series data

2002). Applications involving time

(

are often characterised by short data sets and a lack of distributional infor-

sented in Wall and Stoffer

asymptotic theory provides little help here and frequently there are

mation;

no compelling reasons to assume Gaussian distributions apply. Interest in

the evaluation of confidence intervals for conditional forecast errors in AR

models led to methodological problems because a backward, or reverse-time,

set of residuals must be generated. This problem was eventually solved and
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there is now a well-grounded methodology for AR models. Practitioners were
confined to AR models because the required initial, or terminal (in the case
of conditional forecasts), conditions are given in terms of the observed series.
With other time series models this may not be the case because the models
require solutions of difference equations involving unobserved disturbances.
The state space model and its related innovations filter offered a way around
this difficulty. We have exhibited a reverse-time state space in innovations
form. We have presented additional examples here that demonstrate resam-
pling as useful in evaluating conditional forecast errors as it has proven to
be in assessing parameter estimation errors, particularly in a non-Gaussian
environment. In the Appendix, we explain, heuristically, why resampling
works in large samples.

Appendix

In Section 9.2, resampling techniques were used to determine the finite sample
distributions of the parameter estimates when the use of asymptotics was question-
able. In Section 9.3, we used resampling to assess the finite sample distributions of
the forecast errors. The extent to which resampling the innovations does what it is
supposed to do can be measured in various ways. In the finite sample case, we can
perform simulations — where the true distributions are known — and compare the
bootstrap results with the known results. If the bootstrap works well in simulations,
we may feel confident that the bootstrap will work well in similar situations, but,
of course, we have no guarantee that it works in general. In this way, the examples
in Sections 9.2 and 9.3 help demonstrate the validity of the resampling procedures
discussed in those sections.

Another approach is to ask if the bootstrap will give the correct asymptotic
answer. That is, if we have an infinite amount of data and can resample an infinite
amount of times, do we get the correct asymptotic distribution (typically, we require
asymptotic normality). If the answer is no, we can assume that resampling will not
work with small samples. If the answer is yes, we can only hope that resampling
will work with small samples, but again, we have no guarantee. For state space
models, how well the resampling techniques perform in finite samples hinges on at
least three things. First, the techniques are conditional on the data, so the success
of the resampling depends on how typical the data set is for the particular model.
Second, we assume the model is correct (at least approximately); if the proposed
model is far from the truth, the results of the resampling will also be incorrect.
Finally, assuming the data set is typical and the model is correct, the success of
the resampling depends on how close the empirical distribution of the innovations
is to the actual distribution of the innovations. We are guaranteed such closeness
in large samples if the innovations are stable and mixing in the sense of Gastwirth
and Rubin (1975).

Heuristics for Section 9.2

Stoffer and Wall (1991) established the asymptotic justification of the procedure
presented in Section 9.2 under general conditions (including the case where the



200 David S. Stoffer and Kent D. Wall

process is non-Gaussian). To keep matters simple, we assume here that the state
space model, (9.1)—(9.2) with A; = A, is Gaussian, observable and controllable, and
the eigenvalues of ® are within the unit circle. We denote the true parameters by Oy,

and we assume the dimension of ©y is the dimension of the parameter space. Let ©,,
be the consistent estimator of ©( obtained by maximising the Gaussian innovations
likelihood, Ly (©), given in (9.10). Then, under general conditions (n — co),

Nz (@n - @0) ~ AN [0, Z,,(00) Y],
where Z,(©) is the information matrix given by
Z,(0) =n"'E [-0*In Ly (©)/06 00'].

Precise details and the proof of this result are given in Caines (1988, Chapter 7)
and in Hannan and Deistler (1988, Chapter 4).

Let (:);‘L denote the parameter estimates obtained from the resampling procedure
of Section 9.2. Let B,, be the number of bootstrap replications and, for ease, we take
B,, = n. Then, Stoffer and Wall (1991) established that, under certain regularity
conditions (n — 00),

Jn ((?);; - (?)n) ~ AN [07 I;;((?)n)—l] ,
where Z7(0) is the information matrix given by
I:(0)=n"'E, [—82 In Ly(@)/a@ 8@’] ,

and F, denotes expectation with respect to the empirical distribution of the inno-
vations. It was then shown that

Zu(€0) = Z;(6,) — 0 (9.49)

almost surely, as n — oo; hence, the resampling procedure is asymptotically correct.

It is informative to examine, at least partially, why (9.49) holds. Let Z;, =
Z1a(©) = O0(e}e:)/00,, where e; = €4(0) is the standardised innovation, (9.8),
and 6, is the ath component of ©. Similarly, let Z7, = Z5 (0) = d(e} eF)/d0,,
where ef = e}(©) is the resampled standardised innovation. The (a, b)th element
of In(@o)

0 1S {E(ZiZ) - B(Z) EGZ)} | oo, (9.50)
t=1

whereas the (a,b)th element of Z*(8,,) is
n”! Z {Bu(Z.23) — EA(Zi)Ed(Z3)} | o_s, - (9.51)
The terms in (9.51) are

E.(Z}) *1ZZM and  E.(Z},Z5) =0 ZjaZjp. (9.52)
Jj=1 j=
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Hence, (9.50) contains population moments, whereas (9.51) contains the corre-
sponding sample moments. It should be clear that under appropriate conditions,
(9.50) and (9.51) are asymptotically (n — o) equivalent. Details of these results
can be found in Stoffer and Wall (1991, Appendix).

Heuristics for Section 9.3

As previously, to keep matters simple, we assume the state space model (9.1)—(9.2),
with A; = A, is observable and controllable, and the eigenvalues of ® are within
the unit circle; these assumptions ensure the asymptotic stability of the filter. We
assume that we have N observations, {y,_ni1,-..,¥n} available, and that N is

large. We let © y denote the (assumed consistent as N — oo) Gaussian MLE of O,

and let (:j}kv denote a bootstrap parameter estimate.
For one-step-ahead forecasting the model specifies that the process £, which we
assume is in steady state at time n + 1, is given by

£n+1 = F(@)fn + G(@)un + H(@)6n+17 (953)
where
«t
- ] 050
and

d 0 T Kxl/2
r=[d o) =[] m= 5

K and X represent the steady state gain and innovation variance-covariance matri-
ces, respectively. Recall that {u;} is a fixed and known input process.

For convenience, we have dropped the parameter from the notation when repre-
senting a filtered value that depends on ©. For example, in (9.53) we wrote £ = £(O)
and €; = €(0). The process ¢, is the standardised, steady state innovation sequence
so that E{e;} = 0 and E{ee;} = I,.

The one-step-ahead conditional forecast estimate is given by

Eni1 = F(On)én + G(On)u,, (9.55)

where, in keeping with the notation, we have written En =¢ ((:) ~)- The conditional
forecast estimate is labelled with a tilde. Watanabe (1985) showed that, under the
assumed conditions and notation, X}, ,(On) = xJ,1(0) + 0,(1) (N — o0), and

consequently we write En = £+ 0,(1), noting that the final ¢ elements of En and &
are identical. Hence, the conditional prediction error can be written as
AN = Eni1— s
[F(©) = F(On)]&n + F(©)op(1)
+[G(®) — G(ON)]u, + H(O)eny1. (9.56)

From (9.56) we see the two sources of variation, namely the variation due to estimat-

ing the parameter © by 5) ~, and the variation due to the predicting the innovation
value €,+1 by zero.
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In the conditional bootstrap procedure, we mimic (9.53) and obtain a pseudo
observation

& = F(On)E + G(On)u, + H(Oy)eh 1, (9.57)

where we hold 57, fixed throughout the resampling procedure. Note that because
the filter is in steady state, the data, {yn,—n+t1,--.,¥Yn}, completely determine @N
and consequently En. For finite sample lengths, the data and the initial conditions
determine © ~- As a practical matter, if precise initial conditions are unknown,
one can drop the first few data points from the estimation of © so that changing
the initial state conditions does not change &) N hor §n We remark that while

the data completely determine gn, the reverse is not true; that is, fixing {n in no
way fixes the entire data sequence {y,—N+1,--.,¥n}- For example in the AR(1)

case, fixing &, is equivalent to fixing y, only. In addition, €,,, is a random draw
from the empirical distribution of the standardised, steady state innovations. Under
the mixing conditions of Gastwirth and Rubin (1975), the empirical distribution
of the standardised, steady state innovations converges weakly (N — oo0) to the
standardised, steady state innovation distribution.

To mimic the forecast in (9.55), the bootstrap estimated conditional forecast is
given by

&1 = F(OR)E, + G(OF)un, (9.58)
which yields the bootstrapped conditional forecast error
Ay = G- Gn

= [F(Bn) — F(O))&: + [G(On) — GO, + H(On)ek ;. (9.59)

Comparison of (9.56) and (9.59) shows why, in finite samples, the bootstrap works;
that is, (9.59) is a sample-based imitation of (9.56). Letting N — oo in (9.56),
while holding En fixed, we have that, if Oy —p O, then Ay = H(O)e, where e
is a random vector that is distributed according to the steady state standardised
innovation distribution (= denotes weak convergence). In addition, if conditional
on the data, (:)* —On —p 0, then Ay, = H(O)e as N — oco. Extending these
results to m-step-ahead forecabtb follows eaelly by induction. Stoffer and Wall (1991)
established conditions under which @ -6 N —p 0 as N — oo when the forward
bootstrapped samples are used. It remains to determine the conditions under which
this result holds when the backward bootstrap data are used.
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Abstract

We use high frequency financial data to proxy, via the realised variance, each
day’s financial variability. Based on a semiparametric stochastic volatility
process, a limit theory shows you can represent the proxy as a true under-
lying variability plus some measurement noise with known characteristics.
Hence filtering, smoothing and forecasting ideas can be used to improve our
estimates of variability by exploiting the time series structure of the realised
variances. This can be carried out based on a model or without a model. A
comparison is made between these two methods.

State Space and Unobserved Component Models: Theory and Applications, eds. Andrew
C. Harvey, Siem Jan Koopman and Neil Shephard. Published by Cambridge University
Press. © Cambridge University Press 2004
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10.1 Introduction

Neil Shephard was fortunate to have Jim Durbin as his supervisor and time
series teacher during his first year of graduate studies at the London School
of Economics (LSE) in 1986-7. It was just before Jim retired. Jim was very
interested in state space models, having recently written the Harvey and
Durbin (1986) influential seat-belt case study on structural time series mod-
els.

Ole Barndorff-Nielsen’s main contact with the research work of Jim Durbin
has been with his pathbreaking paper Durbin (1980). Together with the
papers by Cox (1980) and Hinkley (1980), this was of key import for the
discovery of the general form of the p*-formula for the law of the maxi-
mum likelihood estimator and hence the development of the theory that
has flown from that formula (see Barndorff-Nielsen and Cox (1994) and the
survey paper by Skovgaard (2001)).

Jim’s research has had a profound impact on statistics and econometrics.
From modelling, estimating and testing time series models to instrumental
variables and general estimating equations, through to modern distribution
theory, his work has been characterised by energy and inventiveness. He
has an original mind. His teaching at the LSE had a profound impact on the
course of British econometrics for, with Denis Sargan, he revolutionised the
technical standards expected of their students. The current high position of
British econometrics is a legacy we largely owe to Denis and Jim.

This paper touches on a number of Jim’s interests. It uses continuous time
methods, discusses some asymptotic distributional theory and eventually
builds towards what might be called a structural time series model.

We use high frequency financial data to proxy each day’s financial vari-
ability. A limit theory shows you can represent the proxy as a signal, true
underlying variability, plus some measurement noise with known character-
istics. Hence time series filtering, smoothing and forecasting ideas can be
used to improve our estimates of variability by exploiting the time series
structure of the data.

In Section 10.2 we review the asymptotic distribution theory of realised
variance, linking it to stochastic volatility and quadratic variation. Section
10.3 uses the distribution theory to derive an optimal filtering, smoothing
and forecasting method for the signal in volatility models, the so-called in-
tegrated variance. We show that this can be implemented in a model free
way or based on a parametric model. In Section 10.4 we discuss how to
operationalise the model free approach, while Section 10.5 discusses the cor-
responding model based approach. In Section 10.6 we draw our conclusions.
The Appendix contains a proof of a theorem we state in Section 10.3.
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10.2 Every day is different: historical measures of variability
10.2.1 The continuous time framework

This paper looks at measuring and forecasting the level of variability of
asset prices in a financial market. This theory assumes a flexible stochastic
volatility (SV) model for log-prices y* which follow

t
Y (t) = a*(t) +/ 2 (w)dw(u), t>0, (10.1)

0
where o has locally bounded variation paths and 7 is a strictly positive

1/2 and o* are assumed to be
1/2

process which is cadlag. The processes T
stochastically independent of the standard Brownian motion w. We call 7
the instantaneous or spot volatility, T the corresponding variance and o the
drift process. Also we define

the integrated variance. Throughout we will assume the following condition
holds with probability 1:

(C) Forall e >0 7*(t) < oo exists and a* has the property that for § — 0
—3/4 %/ - ok . _
677 max o7 (j8) — o ((7 — D)| = o(1), (10.2)

where M is a positive integer and M§ = t.

Condition (C) implies that the a* process is continuous and so is pre-
dictable, while fg 71/2(u)dw(u) is a continuous local martingale. Hence y*
is a rather flexible continuous semimartingale. Assumption (C) also allows
the volatility to have, for example, deterministic diurnal effects, jumps, long
memory, no unconditional mean or to be non-stationary.

Over an interval of time of length & > 0, which we think of concretely as
a day, returns on the ith day are defined as

yi =y* (hi) —y* {(i — 1) h}, i=1,2,...,T, (10.3)
which implies that
yilo, 7 ~ N(oy, 1), where o«; =a*(th) —a*{(i—1)h},
while
7, =71"(h) — 7" {(i — 1) h}.

Here 7; is called the actual variance and «; is the actual mean. Reviews of
the literature on the SV topic are given in Taylor (1994), Shephard (1996)
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and Ghysels, Harvey and Renault (1996), while statistical and probabilistic

aspects are studied in detail in Barndorff-Nielsen and Shephard (2001).
The focus of this paper will eventually be on filtering, smoothing and

forecasting 7;. For shorthand, we call filtering and smoothing ‘measuring.’

10.2.2 Realised vartance

Our econometric approach is motivated by the advent of complete records
of quotes or transaction prices for many financial assets. Theoretical and
empirical work suggests that the use of such high frequency data is both
informative and simplifying for it brings us closer to the theoretical models
based on continuous time. However, market microstructure effects (e.g. dis-
creteness of prices, bid/ask bounce, irregular trading etc.) mean that there is
a mismatch between asset pricing theory based on semimartingales and the
data at very fine time intervals. This implies that we cannot simply rely on
empirical computations based on literally infinitesimal returns. In practice
we will use a large but not infinite number of high frequency returns in our
empirical work.

We suppose there are M intra-h observations during each A > 0 time
period. Our approach is to think of M as large and increasing. Then high
frequency observations will be defined as

Yii=y" ((i —1)h+ %) —y* <(i —1)h+ %) , (10.4)

the jth intra-A return for the ith period (e.g. if /i is a day, M = 288, then
this is the jth five minute return on the ith day). This is illustrated in Figure
10.1 which displays y*(¢) at five minute intervals for the first five days of the
Olsen dollar/DM series. It starts on 1st December 1986 and ignores weekend
breaks. This series is constructed every five minutes by the Olsen group from
bid and ask quotes which appeared on the Reuters screen (see Dacorogna,
Gencay, Miiller, Olsen and Pictet (2001) for details). We have set it up so
that y*(0) = 0. Figure 10.1(b) displays the returns when M = 1, which
correspond to daily price movements. (¢) uses M = 8 and shows three hour
returns. Finally (d) displays the case where M = 48, where we are using
thirty minute returns.

The basis of our paper is to first work through the historical summary of
variability, which can be thought of as estimators of past actual volatility
7;. These are built using the M intra-h observations. The focus is on the
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Fig. 10.1. Log-price and returns at different frequencies for the first five days of the
Olsen data: (a) log-price y*(t) plotted every five minutes with y*(0) = 0; (b) daily
returns with M = 1; (c¢) three hour returns with M = 8; (d) thirty minute returns
with M = 48.

realised variance

M
Widi =D v (10.5)
=

Notice this estimator is entirely self-contained, that is, it only uses data from

1 Sums of squared returns are often called realised volatility in econometrics, while we use the
name realised variance for that term and realised volatility for the corresponding square root.
The use of volatility to denote standard deviations rather than variances is standard in financial
economics. We have chosen to follow this nomenclature rather than the one more familiar
in econometrics. Confidence intervals for the realised volatility follow by square rooting the
confidence intervals for the realised variance.
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the ith time period to estimate 7;. Its cousin realised volatility,

has been used in financial economics for many years by, for example, Schwert
(1989), Taylor and Xu (1997), Christensen and Prabhala (1998), Andersen,
Bollerslev, Diebold and Labys (2001) and Andersen, Bollerslev, Diebold and
Ebens (2001). However, until recently little theory was known about realised
variance outside the Brownian motion case. See the incisive review by
Andersen, Bollerslev and Diebold (2003). Some other pieces on this work
we would like to highlight are Meddahi (2002) and Andersen, Bollerslev and
Meddahi (2004), although many other interesting papers exist which are
discussed by Andersen, Bollerslev and Diebold (2003).

10.2.3 Properties of realised variance

It is very well known that the theory of quadratic variation (e.g. Jacod and
Shiryaev (1987, p. 55), Protter (1990) and Back (1991)) implies that

[yXJL, g Tiy
as M — oo. This does not depend upon? the exact form of o* or 7.
This consistency result is illustrated in Figure 10.2 which displays a sim-
ulated sample path of integrated variance 7; from an Ornstein—Uhlenbeck
(OU) process given by the solution to

dr(t) = =A7r(t)dt + dz (),

where z is a subordinator (a process with independent, stationary and
nonnegative increments). In this example we construct the process so that
7(t) has a I'(4, 8) stationary distribution, A = —log (0.99) and h = 1. Also
drawn are the sample path of the realised variances Z]A/i 1 yJQZ (depicted using
crosses), where

y*(8) = BT (1) + /0 /2 () ()

and 8 = 0.5. The realised variances are computed using a variety of values

of M. We see that as M increases the size of Z]]Vi 1 yjz-’i — 7; falls, illustrating

the consistency of Zj\i VY5

In a recent paper Barndorff-Nielsen and Shephard (2002a), subsequently

for 7; even though (3 is not zero.

2 Indeed, the probability limit of realised variance is known under the even weaker assumption,
that the price process is a semimartingale.
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(d) M = 288.

extended in Barndorff-Nielsen and Shephard (2003, 2004), have strengthened
the above result considerably. The main result is that:

Theorem 10.1 Under assumption (C) for the SV model in (10.1), for any
positive h and M — oo

/M [ * 1o i
y ]z T ih
h ( M ) gN(O, 1), where Ti[z] :/ 7-2(u)du. (10.6)
/27_i[2] (i—1)h
O

We call 72 and Ti[Z] the spot and actual quarticity, respectively. Of course

the problem with this theory is that

T

2]

(2

is unknown. This is tackled by using
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the fact that
M
M 2
DN
=1

An implication of this is that we can use the feasible limit theory
Wil — i

/2N M4
3 Zj:l Y5

due to Barndorff-Nielsen and Shephard (2002a).
Of course in practice it may make sense to transform the above limit

£ N(0,1), (10.7)

theorem to impose, a priori, positivity on the approximating distribution.
In particular it seems natural to work with the logarithmic transformation
of the realised variance ratio so that (see Barndorff-Nielsen and Shephard
(2002b))

VAR {log i — o™i} £ g gy o
27—2‘[2]/ (1) \/(2/3 [Z/?\Af) Zgj\il y;'l,i

The following remarks can be made about these results.

. Z]]Vil yJQz converges to fhh(ii_l) 7(u)du at rate /M.

e The limit theorem is unaffected by the form of the drift process a*, the
smoothness assumption (C) is sufficient that its effect becomes negligible.

e Knowledge of the form of the volatility dynamics is not required in order
to use this theory.

e The fourth moment of returns need not exist for the asymptotic normal-

log [yy,]; — log 7 £ N(0.1).

ity to hold. In such heavy tailed situations, the stochastic denominator
i) (Zf_l)hTQ (u)du loses its unconditional mean.

e The volatility process 7 can be nonstationary, exhibit long memory or
include intra-day effects.

o ZJM; 1 y]2Z - ,?(2_1)7(u)du has a mixed Gaussian limit implying that
marginally it will have heavier tails than a normal.

e The magnitude of the error Z;‘il y?z — f;?(li,l) 7(u)du is likely to be large
in times of high volatility.

10.3 Time series of realised variances
10.3.1 Motivation

So far we have analysed the asymptotics of Z?il yJQZ as M — oo for a single
1. In this section we will explicitly analyse a long time series of realised
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variances, trying to use the time series structure to construct more efficient
estimators and forecasts of 7;. This analysis will be based an assumption
that integrated variance is covariance stationary. This is a much stronger
assumption than the ones we have previously employed. To start out we

log exchange rate
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Fig. 10.3. Long time series of the daily movements in the dollar against the DM
and yen: (a) the level of the log exchange rates compared to the rate at 1 De-
cember 1986; (b) realised volatility each day computed using M = 144 for the
DM series; (c) realised volatility each day computed using M = 144 for the yen
series.

have drawn Figure 10.3 which displays information on the Olsen data on
the DM and yen against the US dollar. Figure 10.3(a) shows the movement
of the log-prices from 1 December 1986 for ten years, with the log-prices
transformed to be zero at the start of the sample. This is the same series as
Figure 10.1(a) but now the graph is on a very long time scale. Figure 10.3(b)

shows the daily realised volatility 1/2]{1 y]2 , drawn against 4, the day, for
the DM series. It is computed using M = 144, corresponding to ten minute

returns. It is quite a ragged series but with periods of increased volatility.
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A similar picture emerges from the corresponding realised volatility for the
yen given in Figure 10.3(c).
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Fig. 10.4. Autocorrelations of realised variances using a long time series of the
movements in the dollar against the DM and yen: (a) M = 1 case, which corresponds
to daily returns; (b) M = 8 case; (¢) M = 72.

10.3.2 Asymptotics

For each exchange rate we have computed realised variances each day. We
can then regard the derived series as a daily time series

M M M

2 2 2
E Yi1s E Yj2s--es E Y51
Jj=1 j=1 Jj=1

This new series is of length 7', the number of days in the sample.
The correlograms for the daily time series of realised volatilities of these
quantities are displayed in Figure 10.4 for a variety of values of M. Throughout
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250 lags are used in these figures which correspond to measuring correlations
over a one year period. Figure 10.4(a) shows the results for M = 1. In this
case the realised variances are simply squared daily returns. The correlo-
gram has the well-known slow decay but starting at quite a low level. Figure
10.4(b) shows the effect of increasing M slightly to 8, now we are computing
the realised quantities using 150 minute returns. Figure 10.4(c) shows the
corresponding results for M = 72, which uses 20 minute returns. All the au-
tocorrelations are boosted as M increases from 8, however, the broad story
is the same. A clear observation is that the autocorrelations are becoming
less jagged with the increase in M.

Having observed some of the empirical features of the realised variances
we will now set out a theoretical framework for the study of the time series
of realised variances.

We define sequences of realised and actual variances for the sth day to
the pth day

/!

M M M
* 2 2 2 1
Wirls:p = E Yi s E Yl s E Yip and  Tep = (Te, Tst1s- -1 Tp) 5
Jj=1 Jj=1 Jj=1

where we recall that 7; = fg(iiil) 7(u)du. The asymptotic theory of realised
variance implies that

% ([y}k\/I]S:p - Tsrp) 5 N {07 2diag (Ts[:2p>} )

where Tim = hh(ii,l) 72(u)du.

10.3.3 Linear estimators

Although estimating 7,5, by [y},]s;p has attractions, the variance of the
error is typically quite large even when M is high. More precise estima-
tors could be obtained by pooling neighbouring time series observations for
realised variances tend to be highly correlated through time. This pooling
will typically reduce the variance of the estimator, but will induce a bias.

To set up a formal framework for this discussion, abstractly write A as a
matrix of nonstochastic weights. Then

% (Alyhlep — ATap) |75 5 N {o, 2 Adiag (Ts[?g) A’} .

Now consider the statistic

@ =cE (TS:p) + A[?/}kw]S:p'
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We assume that the realised variances constitute a covariance stationary
process, which means that

E (7op) = (E (1),

where + = (1,1,...,1)". Notice the stationarity is at the daily level, it does
not need that the continuous time process 7 is stationary.
The population weighted least squares estimator of 7., sets

c=T—-A)

and

A = Cov(Tsp, Wirlsp) [Cov ([Wir)sp)]

= Cov (Tayp) [Cov ([Whf)sp)]
2hE (TF]) B

= Cov (7sp) | Cov (Tep) + i I

This follows as Cov (Ts:p, [Yhsls:p — Ts:p) = 0 and

E {diag (TS[?;)} —E (TF]) I

Notice that as M — 0o so A — I and Tsip LR Ts:p. Unconditionally 7y, has
a variance of

(2h/M)E (TS[?;,) AA + (I — A) Cov (14) (I — A').

At the end of this section we will study conditions under which A is
guaranteed to be nonnegative.

10.3.4 Implementation

In practice A has to be estimated from the data. Broadly this can be carried
out in two ways:

(i) estimating A by using empirical averages from the data;

(ii) implying A from an estimated parametric model.
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10.3.5 Positivity

Before going on to discuss the above issues of implementation we will take
a moment to give conditions under which all the elements of

2hE (Ti[2]> -

A = Cov (Ts;p) Cov (Ts:p) + M I

are non-negative. Such matrices are said to be totally nonnegative. The
following example shows that A is not necessarily totally nonnegative.

Example 10.1 Suppose, |a| < 1 and we write u; = [y},]; — 7. Then

1
Cov(Ts:s+1) = < a (11 ) . Cov([ynslsis+1) = Cov(Ts.st1) + I'Var(u;),
and so
4o 1 Var(u;) + 1 — a? aVar(u;)
B {Var(u,) + ].}2 — a2 aV&I‘(’Ui) Var(ui) +1—a?

Hence all weights are non-negative iff a > 0.

The next theorem gives conditions on Cov(7s,) to ensure total non-
negativity of A.

Theorem 10.2 Assume that Cov(7sy) is positive semi-definite. Then the
necessary and sufficient condition for all the elements of A to be nonnega-
tive for all values of o > 0 is that Cov(7s;) ™" has nonpositive off-diagonal
elements.

Proof. Given in the Appendix.
The condition that Cov(7s,) ! has to have non-positive off-diagonal ele-
ments has the following straightforward statistical interpretation.

Remark 10.1 Suppose X is a positive definite covariance matrix. We write
the 4, j element of X! as 2. Then

\ 1‘1721‘.77.7
is the partial correlation between y; and y;. That is, it is the ordinary cor-

relation between y; and y; conditioning on all the other elements of y (see,
for example, Cox and Wermuth 1996, p. 69)).
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10.4 Model free approach

Here we will discuss estimating A by using empirical averages from the data,
delaying until the next section a discussion of a model based method.

If we have a large sample from a stationary process of realised variances
and the daily process is ergodic then we have that

i= J=

as T and M go to infinity. Likewise Cov ([y},]s:;p) can be estimated by aver-
ages of the time series of realised variances. Hence

A = Cov (7s:p) [Cov ([?J?\/l]ssp)]il

can be replaced by

n o () 2h T 37!

i- {COV (Wirlen) — B (+7) 20 [} [Cov (uidsn)]
which is a feasible weighting matrix. This will imply ¢ = (I — E) ¢ and

Top = CE () + Alyir]sp-

This is a feasible, model free, optimal linear estimator of 7 5., based on [y} s:p-

10.4.1 Illustration

Table 10.1 contains the estimated weights for a single actual variance using
a single realised variance sequence, so s = p = i, for the DM and Yen series.
This is based on the entire time series sample of nearly 2500 days.

Table 10.1. Estimated weights for 7;, the regression estimator of T; which
uses only [yi/]i and an intercept. Results for the DM and yen series
against the dollar. File: daily_timeseries.ox

DM Yen

1 0.182 0.817 0.229 0.770
8 0.449 0.550 0.513 0.486
72 0.778 0.221 0.789 0.210
288 0.877 0.122 0.906 0.093

We can see the results do not vary very much with the series being used.
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In particular, for M = 8 the estimator of 7; for the DM series would be
1 X
7i = 0.550— Zl[y;‘w]j + 0.449[y% ;. (10.8)
J:

Thus for small values of M the regression estimator puts a moderate weight
on the realised variance and more on the unconditional mean of the vari-
ances. As M increases this situation reverses, but even for large values of M
the unconditional mean is still quite highly weighted. From now on we will
solely focus on the DM series to make the exposition more compact.

In the dynamic case the results are more complicated to present. Here we
start by considering estimating three actual variances using three contiguous
realised variances — one lag, one lead and the contemporaneous realised
variance. Thus

s:p=(i—1,4,i+1),

and so A will be a 3 x 3 matrix and ¢ a 3 x 1 vector. In the case of M = 8
we have that

2.07  —0.358 —0.258

1
{Cov([y}h]l;g)}*lzw —-0.358 210 —0.358 |,
—0.258 —0.358  2.07
while
0.418 0.100 0.072 0.408
A= 0100 0.409 0.100 |, = 0.388
0.072 0.100 0.418 0.408

Thus the second row of A implies the smoothed estimator of 7; is

T
f * * * 1 *
7i = 0.100[y3Ji-1 + 0.409[y3Ji + 0.100[y}Ji+1 + 0388 > s
j=1

The corresponding result for M = 72 is

0.712 0.105 0.053 0.128
A= 0.105 0.684 0.105 |, c=| 0.105
0.0563 0.105 0.712 0.128

This shows that the weighting on the diagonal elements of A is much
higher, while the size of ¢ has fallen by a factor of around 4. In both cases
a lot of weight is put on neighbouring values of the realised variance and on
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Fig. 10.5. Estimated weight vector for estimating 7; using [y%;]i—a,[Uis)i=3,-- -,
[y3]i+a drawn against lag length. It is computed using the dollar against the DM.
It shows that as M increases the weight on [y},]; increases. Corresponding to these
results is ¢, which moves from 0.548, 0.222, 0.0553, 0.026 as M increases through 1,
8, 72 to 288.

the intercept, although the weight on [y},]; is not very much smaller than
in the univariate case.

The corresponding filtered estimator (which seems a natural competitor
to using the raw realised variance [y},];) is obtained by using the last row
of the A matrix. Then we have, for M = 8§,

7 = 0.072[y)sli—2 + 0.100[y}/)i—1 + 0.418[yj,]; + 0. 40

||Mﬂ

Here we see the usual decay in the weight as we go further back in time.
Figure 10.5 shows the middle row of A for the case of estimating 7; using

nine realised variances, four lags and four leads together with [y},];. It dis-

plays the weights as a function of M indicating how quickly the weights focus
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on [yis]i as M increases. The legend of the figure also gives the value of the
weight put on the unconditional mean of the realised variance. For M = 72
it is 0.0553, which is much lower than in the trivariate case of 0.105 and
univariate case of 0.221.

Figure 10.6 shows a time series of realised variances for a number of values
of M together with the corresponding estimator 7; based on nine observa-
tions, four leads, the current value and four lags. The smoothed estimator
seems to deliver sensible answers, with the results being less sensitive to
large values of the realised variances, in particular for small M.
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Fig. 10.6. The estimated 7; using realised variance and weighted version of
[Ys)imas[Yisli=ss - - -5 [Yhs]i+a computed using the dollar against the DM; (a) M = 1;
(b) M =8; (c) M = 144; and (d) M = 288.

Table 10.2 reports, using the DM data,

1 T
1S W~ el
T2
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which is an empirical approximation to the mean square error of the realised
variance estimator, using [ysgg]i as a good proxy for 7;. (The model based
estimators would turn out to deliver even more accurate estimators, but this
could be interpreted as biasing the results towards the model based approach
and so here we use the raw realised variance.) The table shows a rapid decline
in the mean square error with M. It also shows the corresponding results
for the estimators based on just a regression on a constant and [y},];, and
7;, which uses [y3,li—a, [Vis)i=3, - - [Whlits: [Yhsliva. The results reflect the
fact that these adjusted estimators are much more efficient than the realised
variance, although the difference between using the time series dynamics
and the simple regression estimator is modest.

Table 10.2. Mean square error of the realised variance and the regression
estimator and the time series estimators 7;, which are based on [y}/]i—4,
Wirli=3s - [Yns)i+3:[Wasliva. These are computed using M = 1, 8 and 72.
The true value is taken as [y3]i for 288.

M DM yen

i (1= A)E(m)+ Alyyli i wili (1= A)E(m)+ Alyyli Ti
1 0.822 0.175 0.145 1.16 0.198 0.168
8 0.207 0.0989 0.0769 0.186 0.117 0.0985
72 0.0377 0.0345 0.0317 0.0424 0.0406 0.0378

10.4.2 Forecasting

Suppose we are interesting in forecasting 7,11 based on the time series of
realised variances [y},]s:p. Throughout we assume that the integrated and
realised variances are second order stationary. The best linear forecast is

given by
Torilsp = CE (Tp41) + Alyi]sip,
where
c=1—-A
and
A = Cov(mpir, [Wislsp) [Cov ([yhslsp)] ™

= Cov ([yilp+1: Wirlsip) [Cov ([yhrsp)] -

This is a somewhat surprising result for A can be computed without refer-
ence to the details of the asymptotic theory of error. It just falls out from
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the asymptotic relationship between the realised variances, which can be
empirically determined. Hence Tmp is feasible. However, as M — oo this
is not consistent. Instead

A — Cov (Tp1, Tsp) [Cov (Ts;p)]_l ,

and so

— p

Totilsp — CE (Tpy1) + {COV (Tp+1, Ts:p) [Cov (Ts;p)]fl} To:p-

Extensions to multistep ahead predictions are straightforward. Importantly
the above forecasting framework means that the one-step ahead predictions
are generated by a p— s+ 1 order autoregression plus intercept model, where
the intercept follows a particularly simple constraint so that the weights
on the lagged coefficients plus the intercept add to 1. Unconstrained auto-
regressive forecasting in the context of realised variances has been carried
out by Andersen, Bollerslev, Diebold and Labys (2003).

The simplest interesting example of the above approach is where s = p.
Then we are forecasting one-step ahead based on a single realised variance.
This produces

Tpt1p = E (Tp11) + Cor ([Yhrlp+1, Walp) {lyarlp — E (7p1) ) -

In practice we replace expectations by averages and correlations by empirical
correlations. Table 10.3 provides empirical estimators of A and ¢ for the DM
and yen series for a variety of values of M.

Table 10.3. Estimated weights for m, the regression estimator of Tp41
which uses only [y, and an intercept. Results for the DM and yen series
against the dollar.

DM yen
A ¢ A ¢
1 0.083 0.917 0.117 0.883
8 0.197 0.803 0.254 0.746
72 0471 0.529 0.428 0.572
288 0.540 0.460 0.517 0.483

We can see again that the results do not vary very much with the series
being used. In particular, for M = 8 then the estimator of 7; for the DM
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series would be

—

T
1 * *
Tp+ilp = 0803? E 1[1’41\/[]]‘ + 0.197 [y p-
j:

Thus the forecast shrinks much more to the mean than does the correspond-
ing smoother given in (10.8).

Table 10.4 provides the weights when we use six lags of realised variances
to forecast 7,11. It shows again that quite a lot of weight is placed on the
constant ¢, while the most recent realised variance is also highly weighted.
This results from the fact that the autocorrelation function of the realised
variances initially declines very rapidly, followed by a slower decay rate at
higher lag lengths.

Table 10.4. Estimated weights for one-step ahead forecast of integrated
variance Tpi1

Q)

M yyle—s  Widp-a Wade—3  Wile—2 [Wadp-1 Wade

1 0.040 0.014 0.028 0.053 0.034 0.073 0.753
8 0.074 0.046 0.074 0.089 0.083 0.138  0.493
144 0.089 0.067 0.080 0.031 0.134 0.321 0.273
288  0.050 0.093 0.051 0.038 0.111 0.397  0.256

10.4.3 Log based theory

A similar style of argument could have been used based on the log realised
variances. Here we will write

log[yirlspy = (logyisls, - - -, loglyalp)’
and
log 7sp = (log 7, ..., log 7).

The pooled estimator has the asymptotic distribution (see Barndorff-Nielsen
and Shephard (2002c))

M *
\l f (A log[yM]S:p —A log 7—s:p) |Ts[22])a Ts:p
() 00
£ N{0,24E 0 :

c. O A/ 9
0 0 7'[2]/ (7’2)
p P
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which would allow us to choose A as a least squares estimator of log .,
repeating the above argument. Weighting based on the log realised vari-
ances has the advantage that the Monte Carlo evidence suggests that the
asymptotics for the log realised variance is accurate with the errors being
approximately homoskedastic which suggests the weighting will be more
effective.

The important result that we need to use is that

Z M/?)h)zj 13/]1 ﬁ)E(TZ[Q])
2 )

(Z] 2 Z) 2 T
and hence
lﬁp = cE (log Tszp) + A 10%[.@7\/[]8:2?-
Of course
1 « p
7 2 loglyil = E(log ),
i=1

hence we are left with just determining ¢ and A. If we assume that the
realised variances are a covariance stationary process then the weighted least
squares statistic of log 7., sets

= —-A4)

and
-1

2hE( ”/7)

A = |[Cov(logTs.
ov (log 7g.p) + i

Il Cov(logTsp)

= [Cov (log[y}kw}szp)]*1 Cov (log 7s:p) -
Of course for this statistic
l@p — log Ts:p

as M — oo, as expected.

This style of approach extends to the multivariate case where the focus
is on estimating the actual covariance matrix (see Barndorff-Nielsen and
Shephard (2004)). Then it makes sense to use these regression approaches
based on the logs of the realised variances and the Fisher transformation of
the realised correlation. The asymptotic theory of the realised covariation
allows this approach to be feasible without specifying a parametric model
for the spot covariance matrix.
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10.5 Model based approach

10.5.1 General discussion and example

Suppose we write (when they exist) &, w? and 7, respectively, as the mean,
variance and the autocorrelation function of the continuous time stationary
variance process 7. Here we recall the discussion of Barndorff-Nielsen and
Shephard (2002a) on estimating and forecasting 7; based upon a parametric
models for 7 and the time series of realised variances. Let us write u; =
[yns]i — Ti, then the asymptotic theory tells us that for large M the u; are
approximately uncorrelated with

Var (\/Muz) — 212 (w2 + {2)

as M — oo. Thus the second order properties of [y3,]; can be approximated.
In particular E ([y3,]:) = h§ + o(1) and for s > 0

Var ([yarli) 2M~'h? (W 4 €%) + Var(r) + o(1),
Cov([ymli Warlives) = Cov(m, Tits) + o(1),
Cov([ynli, ) = Var(r) +o(1),
Cov([yarlisTivs) = Cov(m, Tiys) +o(1).

Var(r;) and Cov(7;, 7;+s) were given for all covariance stationary processes
in Barndorff-Nielsen and Shephard (2001). In particular

Var (1;) = 2w2r**(h) and Cov{ri, Tits} = w2<>r**(hs), (10.9)
where
Or*(s) =r*™(s+ h) —2r™(s) + r**(s — h) (10.10)

and

r**(t):/o r*(u)du where r*(t):/o r(u)du. (10.11)

Thus, for a given model for the covariance stationary process 7 we can
compute the approximate second order properties of the time series of [y},];
and 7;.

The above theory implies we can calculate asymptotically approximate
best linear filtered, smoothed and forecast values of 7; using standard re-
gression theory. This has been independently and concurrently studied by
Andersen, Bollerslev and Meddahi (2004) for some diffusion based models
for 7. Their results are similar to those we present here.

Suppose we wish to estimate 7y, using [y};/]s:;p- Then the best linear
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estimator is
Top = (I —A)E(T)+ Alyyi
= A{lymlsp — R} + REe,

where

A = {COV([?JXAS:IJ)}_I Cov (Tsips [Yaslsip)
= {Cov (7sp) + 2M1B% (W? +€2) I} Cov (75y) -
The simplest special case of this is where s = p = i, that is, we use a

single realised variance to estimate actual variance. Then the theory above
suggests the efficient linear estimator is constructed using the scalar

A=)+ MR 4 @A) e, (1042

which implies 7, > 0. Meddahi (2002) studied this particular regression,
which we write as 7; and call a Meddahi regression. It is always a consis-
tent estimator of 7;, but is more efficient than realised variance under the
covariance stationarity assumptions.

In practice it is helpful to use the structure of the Cov (7s.p) in order to
carry out the required matrix inverse of Cov([y},]s:p)-

10.5.2 Special case

Suppose 7 has the autocorrelation function r(t) = exp(—A |¢|). This implies
that

E(r;) = R, Var (7;) = 2w?\ 72 (e_’\h -1+ Ah) ,
and
Cor{ri, Tips} = de MDD g=12 ., (10.13)
where

(1 _ ef)\h)Q

d—
2(e7 M — 14 Ah)

€ [0,1].

In this case, in particular, the Meddahi regression has

~

A= {A72 (e =14 20) + MR (1+ €2/u?) }_1 A2 (e =14 An)

The above structure implies 7; has the autocorrelation function of an
ARMA(1,1) model

Ti= ¢ +ui +0ui_, d=e
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The parameter 6 was found numerically in Barndorff-Nielsen and Shephard
(2001); however, it can be determined analytically as indicated by Meddahi
(2002). In particular, write

¢ =T — ¢Ti—1 = ui + Ou;—1,
then
Var (¢;) = (1 + ¢2) Var(r;) — 26Cov (74, Ti—1)
and

Cov(ci,eia) = (1+¢%) Cov(ri,7i1) — ¢Var(r;) — $Cov(ri, 7i—2)
= Cov(t;, 1i—1) — ¢Var(7;)
= Var(r;) {Cor(r, 7i_1) — ¢} .

Note that Cor(7;,7;_1) > ¢ as e —e™M > 2)\h. Write

. . B — 2
Cov(eiciz1) [0%] then 0= LEVIZIE gy gy

P " Var (i) 2p1

This argument extends to the case of a superposition where
J
r(t) =) wjexp(=A;|t]),
j=1

then 7; can be represented as the sum of J uncorrelated ARMA(1,1) pro-
cesses, with {wj, \;} determining the corresponding autoregressive and
moving average roots {¢;,6;}. This is important in practice as financial
volatility tends to have components which have a great deal of memory in
them.

In calculating 7,,, Barndorff-Nielsen and Shephard (2001) conveniently
placed [y},]i into a linear state space representation so the filtering, smooth-
ing and forecasting can be carried out using the Kalman filter (see, for
example, Harvey (1989) and Durbin and Koopman (2001), Chapter 1)). In
particular writing ay; = (1; — h€) and u; = /2M ~1h2 (w? + €2)vy;, then

ii = RE+(1 0) oy + i,
Y SR A o ) . (10.14)
Qi1 — <0 0>az+<o_ge>vzy

where v; is a zero mean, unit variance, white noise sequence uncorrelated
with w;, which has a variance of 2M ~1h? (w2 + & 2). The parameters ¢, 8 and
o2 represent the autoregressive root, the moving average root and the vari-
ance of the innovation to the ARMA(1, 1) representation of the 7; process.



Measuring and forecasting financial variability 229

The extension to the superposition case is straightforward. In particular, in
the case where J = 2 this becomes

[y}"\/[]z = hf-i—(l 0 1 O)ai—i-ui,

¢1 1 0 0 051 0
‘ 0 0 0 O ' 051601 0 '
Qi1 = 0 0 ¢ 1 Q; + 0 - Vi,
0 0 0 O 0 05902

where again v; is a zero mean, unit variance, white noise sequence.

Table 10.5. Ezact mean square error (steady state) of the estimators of
actual volatility. The first two estimators are model based (smoother and
one-step ahead predictor) and the third is [y3,];. These measures are
calculated for different values of w? = Var(7(t)) and X, keeping & = E(7(t))
fixed at 0.5. File: ssf_-mse. oz

M £=05¢w2=8 £=05,¢w2=2

e " =099  Smooth Predict  [y3/]: Smooth  Predict  [y3,]:

1 0.0134 0.0226 0.624 0.0342 0.0625 0.998
12 0.00383 0.00792  0.0520 0.00945 0.0211 0.0833
48 0.00183 0.00430 0.0130 0.00440 0.0116 0.0208
288 0.000660  0.00206 ~ 0.00217  0.00149  0.00600  0.00347
e "M =09 Smooth  Predict  [y}]i Smooth  Predict  [y},]:

1 0.0345 0.0456 0.620 0.0954 0.148 0.982
12 0.0109 0.0233 0.0520 0.0259 0.0697 0.0832
48 0.00488 0.0150 0.0130 0.0108 0.0467 0.0208
288 0.00144 0.00966  0.00217  0.00280  0.0338 0.00347

Table 10.5 reports the mean square error of the model based one-step
ahead predictor and smoother of actual variance, as well as the correspond-
ing result for [y},];. The results in the left hand block of the table correspond
to the model which was simulated in Figure 10.2, while the other block rep-
resents other choices of the ratio of ¢ to w?. The exercise is repeated for two
values of .

The main conclusion from the results in Table 10.5 is that model based
approaches can potentially lead to very significant reductions in mean square
error, with the reductions being highest for persistent (low value of \) vari-
ance processes with high values of £w™2. Even for moderately large values of
M the model based predictor can be more accurate than realised variance,
sometimes by a considerable amount. This is an important result from a
forecasting viewpoint. However, when there is not much persistence and M
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is very large, this result is reversed and realised variance can be moderately
more accurate. The smoother is always substantially more accurate than
realised variance, even when M is very large and there is not much memory
in variance.

Estimating the parameters of continuous time stochastic volatility models
is known to be difficult due to our inability to compute the appropriate like-
lihood function. This has prompted the development of a sizable collection
of methods to deal with this problem (e.g. Kim, Shephard and Chib (1998)
and Gallant, Hsieh and Tauchen (1997)). Barndorff-Nielsen and Shephard
(2002a) used quasi-likelihood estimation methods based on the time series
of realised variance. The quasi-likelihood is constructed using the output of
the Kalman filter. It is suboptimal for it does not exploit the non-Gaussian
nature of the variance dynamics, but it provides a consistent and asymptot-
ically normal set of estimators. Monte Carlo results reported in Barndorff-
Nielsen and Shephard (2002a) indicate that the finite sample behaviour of
this approach is quite good. Further, the estimation takes only a few seconds
on a modern computer.

10.5.3 Empirical illustration

To illustrate some of these results we have fitted a set of superposition
based models to the realised variance time series constructed from the five-
minute US/DM exchange rate return data discussed above. Here we use the
quasi-likelihood method to estimate the parameters of the model — &, w?,
A, ..., Ay and wy,...,ws. We do this for a variety of values of M, starting
with M = 6, which corresponds to working with four-hour returns. The
resulting parameter estimates are given in Table 10.6. For the moment we
will focus on this case.

The fitted parameters suggests a dramatic shift in the fitted model as we
go from J =1 to J = 2 or 3. The more flexible models allow for a factor
which has quite a large degree of memory, as well as a more rapidly decaying
component or two. A simple measure of fit of the model is the Box—Pierce
statistic, which shows a large jump from a massive 302 when J = 1, down
to a more acceptable number for a superposition model.

To provide a more detailed assessment of the fit of the model we have
drawn a series of graphs in Figure 10.7 based on M = 8 and M = 144.
Figure 10.7(a) shows the computed realised variance [y},], together with
the corresponding smoothed estimate (based on J = 3) of actual variance
using the model. These are based on the M = 8 case. We can see that
realised variance is much more jagged than the smoothed quantity. These
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Table 10.6. Fit of the superposition of J wvolatility processes for an SV
model based on realised variance computed using M = 6, M = 18 and
M = 144. We do not record wy as this is 1 minus the sum of the other
weights. Estimation method: quasi-likelihood using output from a Kalman
filter. BP denotes Box—Pierce statistic, based on 20 lags, which is a test of
serial dependence in the scaled residuals. File: ssf_empirical. oz

M J I3 w? A1 A2 A3 w1 w2 quasi-L BP
6 3 0.4783 0.376 0.0370 1.61 246 0.212 0.180 —113,258 11.2
6 2 0.4785 0.310 0.0383 3.76 0.262 —113,261 11.3
6 1 0.4907 0.358 1.37 —117,397 302
18 3 0.460 0.373 0.0145 0.0587 3.27 0.0560 0.190 —101,864 26.4
18 2 0.460 0.533 0.0448 4.17 0.170 —101,876  26.5
18 1 0.465 0.497 1.83 —107,076 443
144 3 0.508 4.79 0.0331 0.973 268 0.0183  0.0180 —68,377 15.3
144 2 0.509 0.461 0.0429 3.74 0.212 —68,586 23.3
144 1 0.513 0.374 1.44 —76,953 765

are quite close to the semiparametric estimator given in Figure 10.6. Figure
10.7(b) shows the corresponding autocorrelation function for the realised
variance series together with the corresponding empirical correlogram. We
see from this figure that when J = 1 we are entirely unable to fit the
data, as its autocorrelation function starts at around 0.6 and then decays to
zero in a couple of days. A superposition of two processes is much better,
picking up the longer-range dependence in the data. The superposition of
two and three processes gives very similar fits, indeed in the graph they are
indistinguishable.

We next ask how these results vary as M increases. We reanalyse the
situation when M = 144, which corresponds to working with ten-minute
returns. Figures 10.7(c) and (d) give the corresponding results. Broadly the
smoother has not produced very different results, while the J = 3 case now
gives a slightly different fit to the Acf than the J = 2. The latter result is of
importance, for as M increases the correlogram becomes more informative,
allowing us to discriminate between different models more easily.

10.5.4 Comparison

We can compare the fit of the smoothers from the model free and model
based approaches. In Figure 10.8 we display, using crosses, the time series of
the model free smoother, based on four leads and four lags. This is drawn,
for a variety of values of M, as the square root of the estimate, so it is
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Fig. 10.7. Results from M = 8 and M = 144 using: (a) M = 8, first 50 observations
of [y3/]; and a smoother; (b) M =8, Acf of [y},], and the fitted version for various
values of J; (c) M = 144, first 50 observations of [y},], and a smoother; (d) M =
144, Acf of [y3,], and the fitted version for various values of J.

estimating the square root of integrated variance. The corresponding model
based approach is drawn using a line and it shows a close connection with
the model free estimator. Table 10.7 gives the correlations between the two
estimators as a function of M and the number of leads and lags in the model
free approach. As the number of leads and lags increases the connection
between the two estimators becomes stronger. Likewise, as M increase the
two estimators become more closely correlated.

10.6 Conclusion

In this paper we have shown how we can use a time series of realised variances
to measure and forecast integrated variances. These high frequency financial
data statistics allow either model based or model free approaches to the
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Fig. 10.8. Shows a comparison of the model free smoother based on four leads and
lags and the model based approach. We show the estimators for the first 600 days
in the sample, using a variety of values of M: (a) M = 6; (b) M = 48; (¢) M =

144; (d) M = 288.

Table 10.7. Correlations between the model free and model based smoothers
based on the dollar/DM data. We vary M and the number of leads and

lags.
M RV 1lead, 1lag 4 leads, 4 lags
6 0.702 0.849 0.929
48 0.903 0.924 0.932
144 0.961 0.985 0.989
288 0.984 0.997 0.998

problem. We have spent some time comparing the two smoothed estimators,

which tend to be quite similar when M is large and we have employed quite

a few leads and lags.
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Appendix: Proof of theorem 10.2

We split the proof into two sections, dealing with the diagonal and non-
diagonal elements of the matrix

A=X+ol)'X.

Here X is positive semi-definite and o > 0.
(a) Diagonal elements of A

Since X and I commute then A is positive semi-definite, implying that A
has nonnegative diagonal for all X.

To be more explicit write X = VAV, where I = VV' and A is diagonal.
From

A={VA+oD VY ' VAV =V {(A tol)™ A} Vv,

it is seen that A is symmetric and positive definite since (A4 ol) ' A is
diagonal with nonnegative diagonal elements.
(b) Off-diagonal elements of A

Rewrite

A=(X+o) ' X=T+oXx N =gI+Xx)"",  n=1/0.

It suffices to consider off-diagonal elements of
N=@ml+x1)".
The proof follows by induction. We use subscripts to denote the size of
matrices, and superscripts to denote the elements of the inverse of a matrix.
Dimension 2. Tt holds that Ny ' = N2#/det(N2), where

# 77_1_)(22 _X12
Ny = _x21 77+X11 :

Therefore the off-diagonal element is nonnegative, Na2 > 0, for all o if and
only if X2 < 0.

Dimension k + 1. Simultaneous permutation of the ith and jth columns
and the ith and jth rows preserves the positive semi-definiteness of the
matrix. Thus we can look at an arbitrary off-diagonal element to establish
this result. Thus, look at the upper right element of Ny, . This is given as

X2,1 77+ X2’2 . X2’k

k
NLAT (—1) det | :
ktl det(Nyy1) Xkl xk2 o XRR
Xk+L1 xk+1,2 S Gkt
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Expanding the latter determinant along the last row it follows that

k
1k iy A , ,
NI =) — )P XRLI (1) N det (N,
k+1 det(Ng+1) j:l( ) =) * )
k
dEt(Nk) k41.7 a7l
= (1) ) S kL L
( )det(Nk_H) ]Z; k

By induction it holds that Ng’j > 0 for all j, and therefore a sufficient

condition for Ngffl > 0 is that X**+17 <0 for all j < k.

To prove necessity note that N,i’j det(Ny) is a polynomial in 1 of order
k—1if j =1 and of order k — 2 if j £ 1. Thus for large n

det(Nk)

NI g
) Geten)

k+1,1 nr1L1
k+1 X Ny,

so if IV ,i_ffr Lis non-negative for large 1 then X*+11 must be nonpositive.

This completes the proof.
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Abstract

This paper provides a simulation-based approach to filtering and sequen-
tial parameter learning for stochastic volatility models. We develop a fast
simulation-based approach using the practical filter of Polson, Stroud and
Miiller (2002). We compare our approach to sequential parameter learning
and filtering with an auxiliary particle filtering algorithm based on Storvik
(2002). For simulated data, there is close agreement between the two meth-
ods. For data on the S&P 500 market stock index from 1984-90, our
algorithm agrees closely with a full MCMC analysis, whereas the auxiliary
particle filter degenerates.
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11.1 Introduction

Filtering and sequential parameter learning for stochastic volatility (SV)
have many applications in financial decision making. SV models are com-
monly used in financial applications as their dynamics are flexible enough to
model observed asset and derivative prices. However, many applied financial
decision making problems are sequential in nature such as portfolio selec-
tion (e.g. Johannes, Polson and Stroud (2002b)) and option pricing. These
applications require filtered estimates of spot volatility and sequential
parameter estimates to account for estimation risk. In this paper, we provide
a simulation-based approach for volatility state filtering that also incor-
porates sequential parameter learning. The methodology is based on the
practical filter of Polson, Stroud and Miller (2002). Unlike previous
simulation-based filtering methods, for example Kim, Shephard and Chib
(1998) in the SV context, our algorithm incorporates sequential parameter
learning within Markov chain Monte Carlo (MCMC).

Many authors have considered the problem of simulation-based filtering
with known static parameters. A common approach uses particle filtering
methods; see for example Gordon, Salmond and Smith (1993), Liu and
Chen (1998), Carpenter, Clifford and Fearnhead (1999), Pitt and Shephard
(1999b), or Doucet, Godsill and Andrieu (2000) for an excellent review of
the subject. Liu and West (2001) provided an algorithm for joint state and
parameter learning. Storvik (2002) provided an auxiliary particle filtering
method that deals with sequential state and parameter learning. Other
approaches include Chopin (2002) for static models, and Gilks and Berzuini
(2001) and Fearnhead (2002) who provided useful approaches using MCMC,
sufficient statistics and particle filters. For comparison purposes in our appli-
cations we use an auxiliary particle filter (APF) based on Pitt and Shephard
(1999b) and Storvik (2002).

The goal of our analysis is to provide inference in sequential fashion about
an unobserved state x; given data yi.; at each time ¢, fort =1,...,7, in a
nonlinear, non-Gaussian state space model. In this paper we use the generic
notation y1.; to denote the vector (y1, ..., y:). Our approach takes advantage
of the mixture representation of the joint distribution of the states x; and
parameters 6 given yi.,

p(x¢,0|y1:4) = /p(xt79X0:tk7YI:t)p(XO:tk}’l:t)dxﬂctk-

The practical filter of Polson, Stroud and Miiller (2002) is a simulation-
based filtering and sequential parameter learning algorithm. This approach
has a number of computational advantages when parameter learning is also
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incorporated. The main advantage is that it does not degenerate as par-
ticle filtering methods can, see also Johannes, Polson and Stroud (2002a).
Section 11.2 describes our approach to filtering and sequential parameter
learning using the practical filter.

To illustrate our methodology, we use simulated data and daily data
from the S&P 500. For the simulated data, we find that our methodol-
ogy is comparable with the method of Storvik (2002), which builds on the
APF, for both filtering and sequential parameter learning. However, for the
S&P 500 data, we find that the APF degenerates for sequential parameter
learning. This is partly due to the fact that the model is misspecified for these
data. More specifically, the APF degenerates when sequentially estimating
the volatility of volatility parameter. The practical filter avoids degenera-
cies and also compares favorably with a full MCMC analysis. However, for
the volatility of volatility parameter, the practical filter does have some
difficulties capturing the full posterior uncertainty.

The rest of the paper is outlined as follows. Section 11.2 describes the basic
filtering problem and how the practical filter works. Section 11.3 describes
the stochastic volatility model and shows how to implement the practical and
particle filters for state and sequential parameter learning. An application
to the S&P 500 is provided with the focus of providing a computationally
fast algorithm. Finally, Section 11.4 concludes.

11.2 Practical filtering

The basic filtering problem for dynamic state space models requires that
posterior distributions be recomputed at each time point. Let y; denote the
observation vector at time ¢, let x; denote the state vector, 6 the parameters,
and Xg¢ = (Xgy...,X¢), Ysit = (¥s,.-.,yt) the block of states and obser-
vations, respectively, from time s up to time ¢. We need to compute the
joint conditional posterior distribution p(x¢, 0|y1.t). Filtering and sequential
parameter learning are achieved by calculating the marginal state filtering
distribution p(x¢|y1.t) and the sequence of marginal parameter posteriors
P(Q‘YM)

We now describe the practical filter which provides a sequential simulation-
based approach to estimating these distributions. The key idea is to express
the filtering distribution p(x¢,0|y1.¢) as a mixture of lag-filtering distribu-
tions. More specifically, we can write

p(xe,0ly1:4) = /P(Xt,9!Xo:t—k,Y1:t)P(X0;t—kIY1:t)dX0;t—k-
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Here p(xy,0|x0.t—k,y1:¢+) is the lag-filtering distribution of the state and
parameter vector given knowledge of xg.;_xr and data yi.;. The use of a
block of k£ data points and updating has also been exploited in the particle
filtering approach. Pitt and Shephard (2001) showed how to use it for the
auxiliary particle filter. See also Clapp and Godsill (1999) and Godsill and
Clapp (2001). Chopin (2002) provided a batch importance sampling proce-
dure that extends to the parameter learning case and uses ideas in Gilks
and Berzuini (2001).

Our algorithm proceeds in two stages. First, due to the sequential nature
of the problem, we already have draws of the states Xé?t), i from p(xo.¢—k|y1:¢)-
Second, we use these to provide samples from the curent filtering distribu-
tion p(x¢, 0|y1.+) by simulating from the filtering distribution

b (Xt—k—‘rl:t) G‘Xé‘?t)_k) Y1:t) .

Samples from this distribution can be obtained by iteratively simulating
from the complete conditionals

p (Xt—k+1;t|97xgg)k,Yt—k+1:t> ) (11.1)
b (Hlxt—kﬁ-ltbxé‘?g,k,yl:t) . (112)

Notice that, due to the Markovian property of the states, the fixed-lag
smoothing distribution, (11.1), depends on the history only through xig)k.

Hence, we need only know the last stored state variable ng_)k to simulate

from this conditional distribution. On the other hand, this is unfortunately
not true for the parameter vector 6. Here we need the full history x((ft)_ i to
be able to draw from its conditional. However, a number of authors have
pointed out that sufficient statistics, which are typically available, greatly
simplify the problem (e.g. Storvik (2002), Fearnhead (2002) and Polson,

Stroud and Miiller (2002)). In such cases, one can exploit a sufficient statis-

(g_)k -9 < (9) (9) (9)

tic s, Xt s yl:t—k) instead of saving the entire histories x;,_, and

y&?t)_ .- This then simplifies the parameter draw (11.2) as

p (9!Xt—k+1;t7 ng)k, Yt—k+1:t> )

which implies that the computational cost for the # update is fixed over time.
Now our key assumption is that sequential draws xgi)k from the marginal

posterior p(x¢—x|y1.+) can reasonably be approximated by draws from

p(X¢—k|y1:t—1), hence our use of (xg‘(i)k, sg)k) in the conditioning above.

Finally, to ensure a fast filtering algorithm, we need to efficiently simulate
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X¢—k+1:¢+ from the fixed-lag smoothing distribution (11.1). This can be dealt
with using a number of implementations. First, we have standard MCMC
smoothing methods for state space models, for example Carlin, Polson and
Stoffer (1992b). Moreover, in many instances with a careful choice of ad-
ditional latent variables these can be implemented using the fast forward-
filtering backward-sampling (FFBS) algorithm; see Carter and Kohn (1994),
Frithwirth-Schnatter (1994c) and Shephard (1994) for conditionally Gaussian
models, and Shephard and Pitt (1997) for non-Gaussian measurement
models.

We now describe the practical filtering algorithm for state and sequential
parameter learning for conditionally Gaussian models. Nonlinear or non-
Gaussian models can be implemented by replacing the FFBS step with
single-state updating or sub-blocking (see, Carlin, Polson and Stoffer (1992b)
and Shephard and Pitt (1997), respectively).

Algorithm Filtering with sequential parameter learning
Initialisation: For g = 1,...,G: generate 89 ~ p(8).
Burn-in: Fort =1,... k:
For g = 1,...,G: initialise §° = (9.
For:=1,...,1I:
Generate xf):t ~ p(x0:4|0" 1, y1t)-
Generate 0" ~ p(0|x{.4, Y1:t)-
Set (xég),9(9)> = (X(I),HI).
Sequential updating: Fort=k+1,...,T:
For g = 1,...,G: initialise §° = (9.
Fori=1,...,1I:

Generate Xi_k_t,_l;t ~ p(thkH:t’Xg)k, 91’71, Vi-kt1:t)
Generate 6% ~ p(G\Xé?t)_k,Xf‘:,kﬂ:t,}’l:t)

Set (Xg)kﬂv 0(9)> = (x{_j41,0") and leave x((ft)_k unchanged.

The speed and accuracy of the algorithm depends on the choice of the
three parameters (G, I, k). First, the Monte Carlo sample size G relates to
the desired accuracy for state and parameter estimation. In our stochastic
volatility model, we find that G = 250 is sufficient. The number of MCMC
iterations for fixed-lag smoothing is specified by I. In the stochastic volatil-
ity example we can use FFBS for the states and we can get a direct draw of
the states given the parameters and hence I = 1 in this case. However, we
also need to update the parameters given the states. With a small number
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of data points a larger value of I is necessary; however, as the data arive
this can be reduced as the previous parameter draw is already nearly a draw
from the desired stationary distribution. The use of a reasonable burn-in
period can also alleviate the problem with the choice of I. Finally, the choice
of the lag length k& depends on the memory of the process. For example, for a
stationary AR(1) state process, the corelation decays geometrically in k. In
many cases, a small value of k is sufficient; for example, we find that in the
stochastic volatility model k = 50 usually suffices.

11.3 Filtering for stochastic volatility models

To illustrate our methodology we use a standard daily stock index return
dataset from the Standard and Poor’s S&P 500 market index from 1984-90.
The stock market crash of October 1987 provides a negative return in excess
of 20%. This can lead to filtered parameter estimates changing abruptly and
provides a useful testing ground for the practical and particle filters. We
now develop a fast practical filtering method and we compare this with the
sequential particle filtering approach of Storvik (2002).

In the standard univariate log-stochastic volatility model (e.g. Jacquier,
Polson and Rossi (1994), Ghysels, Harvey and Renault (1996)), the returns
y; and log-volatility states x; follow a state space model of the form

yr = exp(wi/2)e,
xy = a4+ Pri_1+on

with initial log-volatility xg ~ N (mq, Cp). The parameter vector 6 consists
of the volatility mean reversion parameters 1) = («, ) and the volatility of
volatility o. Here we assume the erors ¢ and 7; are independent A(0,1)
white noise sequences, although it is possible to include a cross corelation

or leverage effect (e.g. Jacquier, Polson and Rossi (2003)).

We now describe how to implement the practical filter and the auxiliary
particle filtering methods of Storvik (2002) for SV models. Previous work
which has used particle filters on SV includes Kim, Shephard and Chib
(1998), Pitt Shephard (1999b, 2001), but these papers only considered the
problem of filtering the volatility with known parameters and not the case
of sequential parameter learning.

11.3.1 Implementing the practical filter

In order to implement the practical filter we need to determine a fast algo-
rithm for fixed-lag smoothing for the states. To do this, we transform the
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observations to y; = logy? and use the approximating mixture model of
Kim, Shephard and Chib (1998):

* *
Y = Ty,

Ty = o+ Bxi_1+on,

where €} is a discrete mixture of seven normals with known parameters and
weights. To perform fixed-lag smoothing for x.; = (xs, ..., z;), we introduce
a set of discrete mixture indicators zgsy = (zs,...,2:) with z € {1,...,7},
and update the states and indicators in a two-block Gibbs sampler. First, we
generate the states x given the indicators z using the FFBS algorithm. Then
we generate the indicators given the states using independent multinomial
draws.

For the parameters 6 = (i,0?), the sufficient statistic structure S(-)
is straightforward to determine. We assume a conjugate prior, p(f) =
p(¥|0?) p(o?), where 1h|o? ~ N (b, Ay *o?) and 0 ~ ZG(ag, by ), which leads
to closed-form posterior distributions at each time ¢,

¢’02,X0:tay1:t NN(’(;Z)taA;lo-Q) and 02|X0:t7y1:t NIg(atabt)-

The sufficient statistics for  are s; = {1, A¢, at, b}, and the lag-k updating
recursions are given by ¢y = AN (A jp + H'X), Ay = Ay + H'H,
ar = a;—j + 0.5k, and by = by, + 0.5V g Ar— e + xX'x — 1 Apthy), where
X = (xt—k—i-la ey l't)/, H= (Ht—k'—i-la ey Ht), and Ht = (1, l‘tfl)/.

The SV practical filtering algorithm then iterates between three blocks:

States: P(Xp— k10 Xtk Be—kit 106, 0, Ye—kt1:¢),
Indicators: p(zt—k+1:t|xt—k+1:ta Yt—k+1;t),
Parameters: p(O]St—k, Xt—k+1:t)-

This cycle is repeated I times for each sample path, g =1,...,G.

Our filtering approach also allows us to periodically refresh the states and
parameters, if needed. More specifically, a full update of the state trajectories
and parameters (X((ft),ﬁ(g)),g = 1,...,G, can be performed every T* time
steps. This improves the parameter learning problem dramatically although
it slows down the algorithm. However, typically a few iterations are suffi-
cient to obtain convergence to the smoothing distribution p(xo.¢, z1:¢, 0|y1:)
due to our fast MCMC smoother. A similar approach has been used to
improve particle filters using periodic MCMC moves (Doucet, Godsill and
Andrieu 2000). However, this approach is more costly for particle filters
since the number of particles, N, is typically much larger than the G paths
required for our approach.
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11.3.2 Awziliary particle filtering with parameter learning

To compare our methodology to the particle filter we also implement the
parameter learning algorithm of Storvik (2002). This is a sequential
importance sampling procedure that assumes an initial set of IV particles
(x0:4—1,0) ~ p(x0:t—1,0]y1:4—1). Letting s;_; denote the posterior sufficient
statistics that are updated at each time step, the algorithm then draws

0 ~ p(f|si—1) and x; ~ p(x¢|x¢—1,6)

and reweights (xq.¢, ) proportionally to the likelihood p(y|x¢,8).

For the SV model, we implement an APF version of the Storvik algorithm
using the sampling/importance resampling-based auxiliary proposal of Pitt
and Shephard (1999b), Section 3.2). Given an initial particle set, the APF
first selects particles with high ‘likelihood’, and propagates those forward
to the next time step. In our implementation, we define the selection prob-
abilities as A/ o¢ p(ye|ul), where ! = af + f7a7_, is the estimate of z; for
particle j. For each selected particle k;, we sample (a:i ,07) from the dynamic
prior p(azt,ﬂla:gftfl,ylzt). We then reweight the particles by the likelihood
p(yt]x{ ) to obtain a sample from the posterior. The APF algorithm for joint
state and parameter learning is given below.

Algorithm Auxiliary particle filter with parameter learning
Initialisation: For j =1,..., N:

Generate :1:6 ~ p(xg), and set s% = s0.

Initialise weights to w) = N1,
Sequential updating: For t =1,...,T"

Compute first-stage weights, )\g x p(yt|,u{), forj=1,...,N.
Sample the index k; with probabilities A, for j =1,..., N.
For j=1,...,N:

Generate 67 ~ p(@\sfil).

Generate z] ~ p(:ct]a;fil, 7).

Update s/ = S(:c{,sfil), and set xJ = (67,2, s)).
Compute the second-stage weights, w] = wf 5 p(yelad) /A
Normalise weights, w! = w! / Zf\i L wi.
Compute effective sample size Neg = 1/ Ef\i 1 (wi)Q.
If Neg < 0.8N, resample fci with probability wf , and set wf =N"L
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To improve efficiency of the algorithm, we use stratified sampling for
the multinomial and resampling steps above (see, for example, Carpenter,

Clifford and Fearnhead (1999)).
We now turn to our two applications.

11.3.3 Applications

We use the two filtering and sequential parameter learning algorithms, and
compare the methods with estimates determined via full MCMC estimation.
The two algorithms use the following specifications, chosen to make the
running times similar:

(i) Storvik’s algorithm with N = 100000 particles.
(ii) Practical filter with G = 250, 1 = 50 and k = 50.

Figure 11.1 displays the filtered volatility and sequential parameter learn-
ing plots for both algorithms on a simulated dataset. A time series of length
500 is generated using the parameter values

6 = (a,f,0%) = (—0.0084,0.98,0.04).

For both filtering algorithms, an initial prior of zg ~ N(0,1) is used along
with the conjugate prior p(#) described in Section 11.3.1 with hyperparam-
eters 1o = (0,0.95)", Ag = diag(10,100), ag = 2.25 and by = 0.0625. This
implies a mildly informative prior which should give no advantage to either
method. To implement the practical filter, refreshing is used every T* = 125
time steps. For comparison purposes, we also run a full MCMC smooth-
ing algorithm at each time point. The thick lines denote the full MCMC
quantiles and the thin lines denote those from the two filters. As may be
expected, there is close agreement between the practical filter and the true
MCMUC results for both the states x; and the parameters 8 in this simulated
example. The auxiliary particle filter also performs quite well.

For daily data on the S&P 500, a different picture emerges. Figure 11.2
displays the filtered volatility and sequential parameter learning plots for
both algorithms on the S&P 500 dataset. The priors used are the same
as those in the simulation study. The 5, 50 and 95 percentiles are plotted
along with the ‘true’ estimates obtained from a full MCMC analysis. For
the practical filter, refreshing is used every T™* = 250 time steps. The main
difference in the results comes in estimating the volatility of volatility pa-
rameter o sequentially, and the differences are more pronounced at earlier
time points. The advantage of practical filtering is that there are no de-
generacies and at the end of the sample there is close agreement with the
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Fig. 11.1. SV model, simulated data. Filtered 5, 50, 95 percentiles. Left: Storvik’s
algorithm with NV = 100000 particles. Right: Practical filter with G = 250,1 =
50,k = 50. Thin lines are used to denote the filtering quantiles, and thick lines
denote the quantiles from a full MCMC analysis.

full MCMC estimates after the Crash of 1987. The practical filter does a
reasonably good job of tracking the shift in the filtered estimates of o and
eventually the quantiles match those obtained from the full analysis.

While the particle filter provides reliable inference about the state volatil-
ity vector similar to the practical filter, the difference lies in the sequential
parameter estimates. The main problem with the particle filter is that it has
great difficulty in handling the jump in ¢ during the stock market crash of
October 1987. The sequential parameter posterior for o nearly degenerates
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Fig. 11.2. SV model, S&P 500 data. Filtered 5, 50, 95 percentiles. Left: Storvik’s
algorithm with N = 100000 particles. Right: Practical filter with G = 250,1 =
50,k = 50. Thin lines are used to denote the filtering quantiles, and thick lines
denote the quantiles from a full MCMC analysis.

immediately after the crash as there are not enough particles to capture
the appropriate posterior uncertainty in o after the crash. Eventually it de-
generates onto a value near the ‘true’ value learned from the full MCMC
analysis but it totally misrepresents the appropriate posterior uncertainty.
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11.4 Conclusions

In this paper we develop a sequential simulation-based methodology for
filtering and sequential parameter learning in SV models. The method is
easy to implement as it requires only simple modification of the smoothing
algorithm. While filtering methods such as particle filtering can uncover
states with known static parameters they have difficulty in also providing
sequential parameter estimates. It is also not uncommon for these models
to degenerate whereas our approach will not.

On a simulated dataset, we found that the filter of Storvik (2002) per-
formed on a par with our methodology. For the S&P 500 daily stock return
data, however, the auxiliary particle filter degenerates and has particular
difficulty in estimating the volatility of volatility. Our procedure also avoids
degeneracies but in dealing with the outlying crash it tends to oversmooth
the uncertainty in our estimates for o relative to a brute-force MCMC
approach. This is also partly due to the fact that the learning parameters
break the simple Markov property of updating and long-range dependence
can reduce the accuracy of the particle filter approximation. We hope to
study this further and provide other updating schemes.
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On RegComponent time series models and their
applications

William R. Bell
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Abstract

We use the term ‘RegComponent’ model to refer to a regression model whose
errors follow an ARIMA component time series model. This is a generali-
sation of ‘RegARIMA’ models for which the error term follows a standard
ARIMA model. Specific forms of RegComponent models (e.g., ‘structural
models’) have been used for some time in connection with modelling sea-
sonal time series and for model-based seasonal adjustment, but this pa-
per takes a broader view of RegComponent models. We discuss a general
form for RegComponent models along with some theoretical considerations
in their treatment regarding likelihood evaluation, likelihood maximisation,
forecasting and signal extraction. We also illustrate the use of RegCompo-
nent models on some less familiar applications. These include: (i) modelling
and seasonal adjustment of time series observed with sampling error; (ii) use
of regression models with stochastically time-varying regression parameters
and error terms that follow ARIMA or ARIMA component models; and (iii)
using components present only occasionally to allow for seasonal or other
types of heteroskedasticity. The examples presented illustrate both some
of the general model capabilities and some of the capabilities of the US
Census Bureau’s REGCMPNT computer program, which handles general
RegComponent models.

State Space and Unobserved Component Models: Theory and Applications, eds. Andrew
C. Harvey, Siem Jan Koopman and Neil Shephard. Published by Cambridge University
Press. © Cambridge University Press 2004
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12.1 Introduction

This paper explores the use of RegComponent time series models. We use the
term ‘RegComponent’ model to refer to a time series model with a regres-
sion mean function and an error term that follows an ARIMA component
time series model. This is a generalisation of ‘RegARIMA’ models for which
the error term follows a standard ARIMA (autoregressive-integrated-moving
average) time series model (Box and Jenkins 1976). This paper provides an
overview of RegComponent models and illustrates their use with three exam-
ples. The examples also illustrate capabilities of the REGCMPNT computer
program developed by the time series staff of the US Census Bureau. This
program was designed to do Gaussian maximum likelihood (ML) estimation
and signal extraction for models of the general RegComponent form pre-
sented here.

RegComponent models of particular forms have been considered else-
where, including Harvey (1989) and Durbin and Koopman (2001). These
references consider so-called ‘structural’ time series models, and also con-
sider inclusion of regression terms in the models. Structural models have seen
considerable investigation for applications to seasonal time series, for which
separate models are specified for the seasonal, trend and irregular compo-
nents. The models used for the components can be specified in ARIMA
form, though in some cases they are not initially formulated in ARIMA
form.

In this paper we take a broader view of RegComponent models. The paper
is essentially in two parts. In the first part, Section 12.2 discusses the gen-
eral form of RegComponent models, and notes how some specific models,
particularly the structural models, fit into this general form. We also note
how RegComponent models can be put in state space form. Section 12.3
then discusses some theoretical considerations for RegComponent models
regarding likelihood evaluation, likelihood maximisation, forecasting, and
signal extraction. Section 12.3 presents these results as matrix expressions,
though this is not to advocate that the computations actually be done this
way. It is generally more convenient and more efficient to treat the RegCom-
ponent model in state space form and do computations using the Kalman
filter and a suitable smoother. The REGCMPNT program, in fact, uses the
state space approach. The matrix expressions, however, are useful for show-
ing what is actually being computed, something that is often fairly obscure
from discussions of recursive algorithms.

The second part of the paper, Sections 12.4, 12.5 and 12.6, presents the
examples. Section 12.4 discusses how RegComponent models ideally can
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and should be used to account for sampling error when modelling time series
from a repeated survey whose estimates are subject to significant amounts
of sampling error. These considerations are illustrated by examining model-
based seasonal adjustment allowing for sampling error in a time series of
estimates of retail sales of drinking places from the US Monthly Retail
Trade Survey. Section 12.5 then shows how a RegComponent model can
accommodate stochastically time-varying regression parameters, illustrating
this capability through its application to estimate time-varying trading-day
effects in a monthly time series of retail sales of US department stores.
Finally, Section 12.6 shows how a RegComponent model can allow for ad-
ditional variability (noise) in some observations of a time series, illustrating
the potential importance of this via modelling of a time series of regional US
housing starts, a series for which extra variability in some winter months is
appropriate.

A recurring theme in the three examples is that in such cases as these the
use of a component model structure is essential to modelling the variation
of interest; that is, a conventional RegARIMA model cannot account for
the types of time series variation being modelled. Furthermore, the type of
component model structure needed in all three examples is quite different
from that of the structural time series models that have been so extensively
studied.

12.2 RegComponent models

The general form of the RegComponent models considered here is

m
ye =18+ Y hivzis. (12.1)
=1

In (12.1)

1y is the observed time series with observations at time points t =
1,...,n.

xt = (214, ..., 2p¢) is an r x 1 row vector of known regression variables
at time ¢ and [ is the corresponding vector of (fixed) regression
parameters.

hit for ¢ = 1,...,m are series of known constants that we call ‘scale
factors.” Often h;; = 1 for all 4 and ¢.

zi¢ for i =1,...,m are independent unobserved component series fol-

lowing ARIMA models.
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A general notation for the ARIMA models for the z; is
¢i(B)6;(B)zit = 6i(B)eit, (12.2)

where ¢;(B), 6;(B) and 6;(B) are the AR, differencing and MA operators,
which are polynomials in the backshift operator B (Bzy = z;1—1). We write

¢Z<B) =1- ¢11B - ¢’i,pini7

where p; is the order of ¢;(B), and similarly for 6;(B) and 6;(B). These
polynomials can be multiplicative, as in seasonal models. The §;(B) typi-
cally have all their zeros on the unit circle, though we will not impose this
restriction. We do require the ¢;(B) to have all their zeros outside the unit
circle, and the 0;(B) to have all their zeros on or outside the unit circle. The
eir are iid N(0,02) (white noise) innovations, independent of one another
(which implies cov(e, €j¢) = 0 unless i = j and ¢ = t). In the examples
it will generally be more convenient to write out the specific models being
used for that example than to relate the model to the general notation of
(12.2).

Our use of the term ‘differencing operators’ for the ¢;(B) is rather loose.
While &;(B) can be a nonseasonal difference of some order ((1 — B)? for
some d > 0), or a seasonal difference such as 1 — B2, it could also be a more
general operator with unit roots, such as the (monthly) seasonal summation
operator, 1 + B + --- + B, We can also let the coefficients in &;(B) be
parameters to be estimated, in which case the location of the zeros of 6;(B)
ultimately depends on these estimated parameters. For signal extraction
we require that 6;(B) and 6;(B) for ¢ # j have no common unit roots or
common explosive roots (zeros inside the unit circle), as dealing with such
common roots in signal extraction presents problems (Bell 1984, 1991, Kohn
and Ansley 1987). Such common roots do not present problems for model
estimation or forecasting calculations, however.

We can easily see how the general RegComponent model (12.1) includes
several important special cases. If m = 1 and hy; = 1 for all ¢ then (12.1) is
the standard RegARIMA model. If m = 3 and h;; = 1 for all £ and for all
1 =1,2,3, and if the unobserved components z;; follow any of the seasonal,
trend and irregular component models presented in Harvey (1989) or Durbin
and Koopman (2001), then (12.1) is one of the structural time series models
considered there (with regression terms). In particular, the basic structural
model or BSM (Harvey 1989) is written (here shown without regression
terms)

ye = St + T; + I, (12.3)
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where the unobserved components z1; = Sy, z9: = T3 and z3; = I; follow the
models (for a monthly time series)

(1+B+--+BMS, = ey,
(1-B)*Ty = (1—nB)ey, (12.4)
It = €3t

where €14, €9; and e3; are independent white noise series with variances 0’%,

o3 and o3. The model formulation for T; in Harvey (1989) is not directly in
ARIMA form, but can be expressed in the ARIMA(0,2,1) form shown with
the constraint > 0. The general RegComponent form does not impose such
a constraint, though if the constraint is violated by the fitted RegComponent
model, this can only lead to an improved fit relative to the model with the
constraint.

Gersch and Kitagawa (1983) and Kitagawa and Gersch (1984) proposed
models similar to (12.4) but dropping the (1 — nB) factor (that is, setting
17 = 0). They also considered different orders of differencing in the model for
T} and the addition of a stationary autoregressive component to the model.

Harvey (1989) proposed two modifications of the BSM that differ from
(12.4) only in their models for the seasonal component, S;. Bell (1993) noted
that these two alternative models for S; can be written in ARIMA compo-
nent form as follows:

6
TRIG-6: S, = Sy, 8;(B)Sjr = (1 - a;B)ej, (12.5)
j=1
and
TRIG-1: TRIG-6 with the restriction s? = --- = K2, (12.6)

which is discussed below. Details of the TRIG-6 and TRIG-1 models are
given in Tables 12.1 and 12.2. The ‘differencing’ operators ¢;(B) each cor-
respond to a factor of 1 + B + --- 4+ B!l at a different seasonal frequency
Nj=2mj/12 (j =1,...,6). Thus,

6
[[6§B)=1+B+---+B".
j=1

In (12.6) the /@? denote the innovation variances in Harvey’s formulation
of the model for the S;;. These determine the innovation variances 0']2 =
var(ej;) in (12.5) through the relations k2 = 02 and 2/@? =(1+ a?)a?- for

j=1,...,5. (Note: Bell (1993) incorrectly neglects to mention the relation
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k2 = 02, but the results given there were obtained using this relation
and are correct.) From the «; values in Table 12.1, the TRIG-1 restric-
tion Ii% = ... = ﬁ% restricts the 0]2 as follows: 032- = 1.50% for j = 1,5;

032 = (1++/3/2)0 =~ 1.86602 for j = 2,4; and 02 = 202.

Table 12.1. ARIMA representations for the individual TRIG-6 seasonal

components
(1-3B+B*S1, = [1—(v/3/3)Blex (A = 7/6)
(1-B+B*»)Sy = [1—(2—+/3)Blex (A =7/3)
(1 + BQ>Sgt = €3¢ B ()\3 = 7T/2)
(1+B+B%Sy = [1+((2-+3)Blew (A4 =27/3)
(1++3B+ B?)Ss; = [1+ (v/3/3)Bles: (A5 = 57/6)
(14 B)Sst = cet (Ae =)

Bell (1993) also obtained the ARIMA representation for the TRIG-1
model for S; by applying U(B) = 1+ B+ ---+ B! to the TRIG-6 equation
(12.5), giving

6
U(B)S, = 3 [U(B)/8;(B))(1 — a;B)ej.

Jj=1

The right hand side of this equation is the sum of six independent MA(10)
processes, which is itself then an MA(10) process. Using the TRIG-1 re-
strictions implied for the 0]2-, the autocovariances through lag 10 of U(B)S;
can be obtained up to a constant of proportionality. The resulting autoco-
variance generating function for U(B)S; can then be factored to give the
MA(10) representation given in Table 12.2. The unknown constant of pro-
portionality is absorbed into the innovation variance o2, which is the one

seasonal parameter to be estimated in the TRIG-1 model.

Table 12.2. ARIMA representation of the TRIG-1 seasonal component

(1+B+---+BNS,=(1-a1B—---—a;pB%¢ ¢ ~iid N(0,02)

op = —0.737378  az = —0.627978 a3 = —0.430368 a4 = —0.360770
as = —0.219736  ag = —0.180929 ary = —0.088488 «ag = —0.071423
ag = —0.020306 a9 = —0.016083

If for some i the hy in (12.1) are observed values of regression variables,
then (12.1) is a model with stochastically time-varying regression param-
eters, these time-varying parameters being the z;; that correspond to the
h;s that are regression variables. One example is the following seasonal
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component model proposed by Hannan 1970:

5
2kt 2kt
Sy Z [cos <71r_2> Bt + sin <71r_2> ’th] + cos (mt) Bet, (12.7)

k=1

where

(1=B)Bw = epy ~iid N(0,03), k=1,...,6,
(1- By = e ~iid N(0,02), k=1,...,5

with the eg1; and ego; series all independent of one another, though for each
k the pair €14 and €x9; have a common variance Uz. Though not immediately
obvious, Bell (1993) noted that (12.7) is actually equivalent to the TRIG-6
model (12.5) under Gaussian assumptions (or in terms of second moments).
Proietti (2000, p. 250) noted this connection for the case where the o7 in
(12.7) are all equal. Note that the form in (12.7) uses the cosine and sine
functions as scale factors (hy) that are trigonometric regression variables
with the G and vy stochastically time-varying regression parameters. The
form in (12.5) avoids the scale factors (all are 1) but has somewhat more
complicated ARIMA models for the components.

The structural models just discussed are relatively well-known examples
of RegComponent models. As noted in the Introduction, Sections 12.4-12.6
of this paper focus on some less-well-known examples. In the remainder
of this section we show how RegComponent models can be put in state
space form. This allows us to use the Kalman filter for likelihood evaluation
and forecasting and a corresponding smoother for signal extraction. Section
12.3 gives matrix expressions that show what these calculations actually
compute.

To put the general RegComponent model (12.1) in state space form we
start with the state space representations of the ARIMA components z;
following (12.2), which are

Zit = [1,0,...,0]047;15, (128)
o = Fioyi1 + gicir. (12.9)

The state vector ay; for z; following the ARIMA(p;, d;, ¢;) model (12.2) can
be defined in various ways. Akaike (1978) suggested one version. Here we
use the following definition (Kohn and Ansley 1986, p. 754):

Qi 1t =  Zity

/rl qZ
ikt = E‘Pijzi,t—l—s-k—j_ E Oij€it—14k—j, k=2,...,fi,
=k k-1
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where
0i(B)=1—puB — - —;,B" = ¢;(B)6;(B)

is the product of the AR and differencing operators for component i (and
we define 3 7", = 0 if & > m). For this definition of the state vector we
have

wip 1
wiz2 0 1
E = and gi = [1,—92'1,...,—91'7101._1],,
: 1
L vii 00 - 0

where the state vector dimension f; = max(r;,q; + 1), and we define ij =0
for j > r; and 6;; = 0 for j > ¢;. Note that var(g;e;;) = 0299’

Since the first element of ay; is z;;, the observation equation (12.8) simply
picks out the first element of a;. It is easy to see that the state space
representation of h;;z; is obtained by replacing the observation equation
(12.8) by

hitzit = [hit, 0, ..., 0]age

and keeping the same state equation (12.9). We then can see that the state
space representation of the model for y, — x}3 is

Yt — x;ﬂ = [hlt, 0, . .70, th, 0, .. .0, hmta 0, ey O]Oét,
ar = Foyp1+ &1,
where the state vector ay = [a],, &, ..., al,,]" is obtained by stacking the
m state vectors for ziy, ..., zpme. Similarly & = [}, ...,&,,;]) is the stacked

vector of the &; = g€, and F' is a block diagonal matrix with the F; as
the diagonal blocks. Since the €;s are independent of one another so are the
&its, thus & has a block diagonal covariance matrix with diagonal blocks
given by the var(&;+) = 02g;g..

One can also put the regression parameters [ in the state vector a; and
thus obtain a complete state space representation of the model for y;. Durbin
and Koopman (2001, pp. 122-3) discuss both this approach and the approach
of treating ( separately in the Kalman filter. In Section 12.4.2 we give matrix
results for the approach of treating § separately.

Initialisation of the Kalman filter is an important consideration for treat-
ing RegComponent models in state space form. Since y; — x}0 is assumed
to have mean zero (z}3 being the regression mean of y;), the unconditional
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mean of the initial state vector is zero. The appropriate initial variance for
stationary models uses the unconditional variance of the initial state vector.
Akaike (1978) discussed this for stationary ARMA models for his choice of
state space representation (see also Jones (1980)). For nonstationary models
that involve differencing, the variance initialisations of Ansley and Kohn
(1985), Bell and Hillmer (1991), de Jong (1991) and Koopman (1997) are
appropriate, each providing a somewhat different way to calculate the same
thing. Any of these initialisations, together with the Kalman filter and a
corresponding smoother, provides a way to compute the same results as the
matrix expressions shown in the next section. The REGCMPNT program
uses the initialisation of Bell and Hillmer (1991).

12.3 Some theoretical considerations

The most efficient way to handle calculations with RegComponent models is
to use the state space form with the Kalman filter (for likelihood evaluation
and forecasting) and a suitable smoothing algorithm (for signal extraction).
The REGCMPNT program takes this approach, using a fixed point smoother
of reduced dimension (Anderson and Moore 1979) for signal extraction. As
use of the Kalman filter and smoothers for ARIMA component models has
been well covered in numerous references, such as Harvey (1989) and Durbin
and Koopman (2001), we shall not repeat this material here. Instead, in
this section we present results given as matrix expressions to discuss likeli-
hood evaluation, likelihood maximisation, forecasting, and signal extraction
with RegComponent models. Many of these results are taken from Bell and
Hillmer (1988). Durbin and Koopman (2001, pp. 95-8) gave matrix expres-
sions for estimation of the stacked state vectors and the innovations for all
time points t.

The forecasts and signal extraction estimators shown are obtained by di-
rect application of the ‘transformation approach’ of Ansley and Kohn (1985).
The transformation approach estimators have minimum mean squared error
(MMSE) among linear estimators that eliminate from the estimation error
the effects of the nonstationary initial conditions. These estimators are
MMSE among all linear estimators under Assumption A of Bell (1984)
regarding these initial conditions. The forecasts are consistent with the fore-
casting approach proposed for ARIMA models in Box and Jenkins (1976).
As noted earlier, the forecasts and signal extraction estimators are also what
would be obtained from the Kalman filter and an associated smoother with
one of the initialisations discussed at the end of Section 12.2.

While the matrix expressions that follow do not generally provide the best
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approach for doing the computations, they have four advantages. First, the
matrix expressions show what is being computed, something that is fairly
obscure from discussions of recursive filtering and smoothing algorithms.
Second, the matrix expressions are easily programmed in mathematical pro-
gramming languages, which makes the approach useful for checking results
obtained when programming more efficient calculations via the Kalman filter
and an associated smoother. Third, the matrix expressions give the complete
covariance matrix of the forecasting and signal extraction errors for all time
points. The standard Kalman filter and smoother calculations give error
variances only for individual time points, and additional calculations are
required to obtain error covariances between different time points (Durbin
and Koopman 2001, pp. 77-81). Finally, the matrix expressions apply to
models that cannot be put in state space form (e.g., long memory models),
though we shall not illustrate this capability here.

For simplicity in the discussion of the following subsections we drop the
scale factors from the model (12.1), that is, we assume h; = 1 for all ¢ and
all 7. Scale factors are difficult to treat in general terms with the matrix
approach when they apply to components that require differencing (6;(B) #
1). For concreteness we show results for the general two-component model

ye =z 8+ S + N (12.10)

though extensions to more than two components are straightforward. The
components Sy and N; can be thought of as ‘signal’ and ‘noise,” though
they could also represent ‘seasonal’ and ‘nonseasonal.” We use the following
notation for the ARIMA forms of the component models:

¢s(B)és(B)S; = 0s(B)by, (12.11)
¢n(B)on(B)Ny = On(B)cy, (12.12)

where b, and c¢; are independent white noise series with zero means and
variances o7 and o2

It is worth noting that when the scale factors h; in (12.1) all equal 1, as
in (12.10), the stochastic term ;" z;; has an ARIMA representation, so
that (12.10) can be expressed as a RegARIMA model. Harvey (1989) refers
to this as the ‘reduced form.” Conversely, many seasonal ARIMA models
can be decomposed into ARIMA component form (Burman 1980, Hillmer
and Tiao 1982). Despite this connection it will usually be more convenient
to work with the model in whichever form it was originally specified, as the
parameters of the alternative form will generally be subject to nonlinear
constraints, something particularly inconvenient for model estimation.
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12.3.1 Gaussian likelihood evaluation for RegComponent models

The likelihood based on observations y = (y1,...,y,)" is defined as the joint
density of the differenced data. Box and Jenkins (1976) took this approach
for ARIMA models, which is consistent with the transformation approach
of Ansley and Kohn (1985). We shall assume that 6g(B) and 6y (B) have
no common factors so that the differencing operator for ¥, is

§(B)=1— 6B —---—64B% = 65(B)6n(B).

As noted earlier, the assumption of no common factors in 6g(B) and én(B)
is not necessary for model estimation or forecasting, but is important for
signal extraction.

Let the differenced observed and component series be

Wt = (S(B)yt, Uy = (Ss(B)St and VU = (SN(B)Nt
Note that u; and v; follow the stationary ARMA models

¢s(B)uy = 0s(B)by, (12.13)
on(B)yy = On(B)c. (12.14)

Note also that

wy = 65(B)én(B) (2184 S + Ny)
= [6(B)z1]B + 6N (B)us + 65(B)v;. (12.15)

We see that the regression mean function of wy is [6(B)zy]s3, that is, it
depends on the differenced regression variables

§(B)x} = [6(B)x1s, . .., 6(B)xr).
We let S = (S1,...,5,), N = (Ny,...,N,) and define the vectors

of differenced series w = (wgt1,...,wn), U = (Uggt1,.-.,up) and v =
(Vdy+1,---,Un). By analogy with (12.15) we can write
w= (AX)S+ Anu+ Agv, (12.16)

where A, Ay and Ag are differencing matrices corresponding to 6(B), dn(B)
and 8g(B), respectively. For example

e |
by - =& 1

For (12.16) A, Ay and Ag must all be defined to have n — d rows. (Note
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that we then cannot take AyAg, though if we instead defined Ag to have
n — dg rows, we could take this product which would then yield A.) Finally,
we let ¥, = var(w), ¥, = var(u), and ¥, = var(v), so from (12.16)

Y = ANS, Al + AgE, Al (12.17)

The Gaussian likelihood function is the multivariate normal density of
w. Let XA = AX. The log-likelihood ¢ is (apart from the constant —[(n —

d)/2]log(2m)):
(= —1log|Sy| — L (w— XaB) I, (w— XaB). (12.18)

The log-likelihood (12.18) depends in an obvious way on the regression pa-
rameters (3, and also depends on the parameters ¢g;, 05, ag, ¢nj, Onj and o2
of (12.11) and (12.12) through the covariance matrix 3, via its dependence
on the component covariance matrices ¥, and ¥, in (12.17). Autocovari-
ances of the differenced components u; and vy for given parameter values
in their ARMA models (12.13) and (12.14) can be computed by the algo-
rithms of McLeod (1975) (see also McLeod (1977)) or Tunnicliffe-Wilson
(1979). This determines ¥,, and ¥, and ¥, then follows from (12.17). Al-
ternatively, we can note that A NEHA’N is the covariance matrix of n — d
observations from the time series (g; = 6n(B)uy, which follows the nonin-
vertible ARMA model

¢s(B)Cst = 6n(B)0s(B)by.

We can compute autocovariances for this model to obtain AyxX,A’. We
can similarly compute Ag¥,A.

We can use the algorithm in the Appendix to compute (12.18). Specifi-
cally, if ¥,, = LDL' is the unit Cholesky decomposition of %,,, then (12.18)
becomes

n

R 1 )
(=—5 > log(ds) - 5 > &/ds, (12.19)

t=d+1 t=d+1

where
= (edt1s-- 6n) =L Hw—XaB) =L 'A(y — XB) (12.20)

and the d; are the diagonal elements of D. Though not immediately obvious,
the &; obtained from (12.20) are actually the Kalman filter innovations and
the d; the corresponding innovation variances. Harvey (1989, p. 131) and
Durbin and Koopman (2001, pp. 14-15 and p. 97) noted this fact. The
Kalman filter essentially provides an efficient way to compute the inverse
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Cholesky decomposition of a covariance matrix. While the Kalman filter
is generally more efficient numerically for ARIMA component models, the
Cholesky decomposition approach is more general and has a role for models
that cannot be put in state space form (so that the Kalman filter cannot be
used).

12.3.2 Likelihood maximization for RegComponent models

The log-likelihood function, whether in the form (12.18) or (12.19), can be
maximised by a nonlinear optimisation routine. In this subsection we dis-
cuss some alternative options in regard to how this is done. The alternative
options relate to how we handle the regression parameters 3, the innovation
variances and constraints on the parameters.

In regard to (3, for given values of the parameters of the ARMA models
(12.13) and (12.14), which we generically denote by 7, it follows from stan-
dard least squares results that the log-likelihood (12.18) is maximised by the
generalised least squares (GLS) estimate:

Bn) = (XAS,'XA) T XASs w = (X'A'S,'AX) T X/A'S ) Ay,
(12.21)
For simplicity of notation we write just ¥,, though we could write ¥,,(n)
to more explicitly indicate the dependence of ¥, on 7. In addition, the

asymptotic variance-covariance matrix of the MLE of (3, given by (12.21)
evaluated at the MLE 7 of n, is

1

var (8) = (Xa¥;'Xa) ' = (XA'S;'AX) T (12.22)

Following the algorithm in the Appendix, with ¥,, = LDL’ as in the previous
section, and defining

X =D 121 1x, = D2 1AX
and
w=D"Y2L 7w =D7V2L Ay,

we can write (12.21) and (12.22) in terms of results of ordinary least squares

regression of w on X:
foy = (¥X) X7
var (3) = (XX)7
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Kohn and Ansley (1985) essentially noted this result for models without
differencing.

The result (12.21) raises two alternative possibilities for likelihood max-
imisation. One is to substitute B(n) back into the log-likelihood function
(12.18), giving the log-likelihood concentrated over [3:

o) = —31og (S0l — 3 (w— Xabn)) 55! (w— Xabln) . (12.23)

We can then maximise £.(n) over n to get the MLE 7}, and as noted 3(#}) then
gives the MLE of 8. The second approach, which we call iterative generalised
least squares (IGLS), alternatively maximises the log-likelihood (12.18) or
(12.19) over 7 for given 3, and then maximises it over (3 for given 7 using the
GLS result (12.21). The IGLS procedure can be started with some initial
values for either n or 3, such as setting the initial § to values obtained from
the OLS regression of w on XAa.

Otto, Bell and Burman (1987), in a small study, compared the perfor-
mance of these two alternative approaches to likelihood maximisation against
simply including § in the nonlinear optimisation with n. Though this study
was for RegARIMA models, the conclusions can be expected to hold more
generally. They found that including 8 in the nonlinear optimisation was
grossly inferior to the other two approaches, while the IGLS approach and
a variant of the concentrated likelihood approach gave more comparable
performance. It was pointed out by G. Tunnicliffe-Wilson (personal com-
munication) that the variant of the concentrated likelihood approach that
performed well is actually equivalent to an IGLS approach that only per-
forms one iteration over n for each different value of 3. That is, for each
given (3 this approach does not iterate over n to convergence (maximising
¢ over 7 for that 3). Instead, we take just one nonlinear step to improve
the value of 7 before recalculating #. A more straightforward approach
to maximising ¢.(n) gave significantly worse performance than IGLS. This
observation shows the IGLS approach to be rather more general than it first
appears, and also points out that the real question in tuning the optimi-
sation is how refined to make the optimisation of ¢(n,3) over n for given
B before recalculating 3?7 The two extreme choices are to optimise ¢(n, 3)
over 1 to convergence for each given § (the IGLS approach), or to only
take one nonlinear step in 7 for each given 3 (the successful variant of the
concentrated likelihood approach).

Another optimisation choice concerns how one handles the innovation
variances ag and o2 assuming that neither is fixed, that is, both are to
be estimated. (See later discussion for handling of fixed variances.) We
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can convert the parameterisation from (o7, 02) to (02, 7%02) for 72 > 0 and
estimate o and the variance ratio 72 = 02 /0. This changes the expression
(12.17) for 3, to

S = 025, = o (ANiuAgv + T2AS§1,A[§) , (12.24)

where iw = 01;221” and flu = 0'1;2Eu do not depend on 05, and iv = 06_221,
does not depend on o?2. Substituting for ¥,, from (12.24) into (12.18) and
setting to zero the derivative of ¢ with respect to ag gives

2/ 1 S
CHUBE p— (w—XaB)' 3," (w—Xaf), (12.25)
where n* denotes n without o2. Substituting (12.25) back into (12.18) gives
the log-likelihood concentrated over 02, which apart from constants is
. n—d 9,k 1 ~
L) = "5 log(6Rn) — 5 log|u

n—d. .y o= |V0=d)
= - et 5]

2

Letting p = [$y|Y/2(=9 > 0 we note from (12.18)—(12.20) and (12.25) that

» n—d 2 -
L) = —— log(np_d > s?/dt>, (12.26)

t=d+1

where the & and d; are obtained using the Cholesky decomposition of f]w =
LDL'. Thus, analogous to (12.20), £ = L™ (w — Xa/3). We see from (12.26)
that maximising f2(n*) is equivalent to minimising the sum of squares

n o 2
> <P5t/di/2> :
t=d+1
This turns the optimisation problem into a nonlinear least squares problem
so that nonlinear least squares software can be used. The REGCMPNT
program does this and uses the Minpack software of More, Garbow and
Hillstrom (1980).

The REGCMPNT program allows one or more of the n parameters to
be fixed, something useful for modelling time series with sampling error as
discussed in Section 12.4. If one of the variances, say o2, is fixed then we
cannot concentrate out 02 as just described. We must instead maximise the
log-likelihood (12.18) over all free (not fixed) parameters. However, we can
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express (12.19) as

2
1 n
(=—5 + Y et/dy (12.27)

t=d+1

> log(di)

t=d+1

as long as

n
> log(ds) = log S| >0,
t=d+1
which holds if |¥,,| > 1. Since ¥, depends on the scale of the data, this con-
dition can always be satisfied by rescaling the data as necessary. Therefore,
(12.27) again turns the optimisation problem into a least squares problem.

In maximising the log-likelihood ¢ or ¢, the parameters of (12.11) and
(12.12) are subject to various constraints: the AR operators must have all
their zeros outside the unit circle, the MA operators must have all their zeros
on or outside the unit circle, and the innovation variances o? and o2 (and
the variance ratio 72 for £3) must be nonnegative. The constraints on the AR
and MA parameters can be enforced by appropriately shrinking the step in
the nonlinear search whenever the search attempts a step that would violate
these constraints. REGCMPNT enforces the nonnegativity constraints on
the variances by doing the nonlinear search over the standard deviations oy
and o.. The standard deviations are allowed to go negative in the nonlinear
search but upon convergence are squared to get the MLESs of the variances.
This causes no problems since the log-likelihood as a function of o3, < 0 is
a mirror image of that for o, > 0, and also 9¢/0o}, = (8€ / 802) 20} is zero
at o, = 0 (and similarly for o.). When a variance is concentrated out so o
is used REGCMPNT maximises the concentrated likelihood over 7 rather
than 72.

One final point concerns model identifiability — ensuring that the like-
lihood function is not constant over certain combinations of parameters.
Hotta (1989) discussed conditions for model identifiability in stationary
ARMA component models, and Harvey (1989, pp. 205-9) discussed such
conditions for structural models. The situation becomes more complex when
the models may include scale factors, or have some parameters held fixed as
being known a priori. For example, while two white noise components in a
model are not identified if both their variances are unknown, they are both
identified if either of their variances is known. They are also identified if
the components are multiplied by different sets of scale factors. Because the
flexibility of models allowed by the REGCMPNT program complicates the
identifiability issue, the program makes no checks of model identifiability,
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but leaves it up to the program user to avoid specifying models that are not
identified.

12.3.3 Forecasting in RegComponent models

Forecasting in nonstationary RegComponent models can be performed by
forecasting the differenced series from the differenced data and then trans-
lating these results into forecasts of the original series y:. To be more specific,
let yr, wy, Xy and XAy denote vectors and matrices, respectively, of values
of y¢, wy, ¢ and §(B)x; for some forecast period t = n+1,...,n+ K. Denote
the covariance matrix of the extended differenced series as

“[5)-[5 %]
wy Ypw Xgp ]
Then, if the model parameters 7 and 3 were known, the forecast of w; from
standard linear projection results would be given by

iy = XapB+ ZpuZy! (w— Xab). (12.28)

In practice we substitute the MLEs of 7 (to determine ¥y, and X,,) and /3
into (12.28). We can use the algorithm in the Appendix to compute

Sy (w— XaB)

in (12.28). To translate @y into forecasts of y; we can simply use the recursive
relation

G = 60101+ +60qhi—g + Wy, t=n-+1,....,n+K, (12.29)

where ; = y; for 1 < j < n. If there is no differencing then (12.29) simply
says gy = Ws.

The covariance matrix of the forecast errors wy —; is, again from stan-
dard linear projection results (assuming the model parameters are known),

Var(wf — Qf}f) =X — waz];lzwf. (12.30)

We can use the algorithm in the Appendix to compute Ewaalef in
(12.30). To translate these results into the covariance matrix of the forecast
errors ys — s we define a (K +d) x (K +d) nonsingular matrix A s as follows:
- | -

Ap=| =60 = &1 1
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We then have, noting (12.29)

Yn+1—-d Yn+1-d
Ay : = : : (12.31)
Yn Yn
9s Wy

The analogous relation holds, of course, if we replace gy and wy by y; and
wy. Noting the structure of Ay (lower triangular with I; in the upper left
hand d x d corner) its partitioned inverse can be written as

At = [ /{2 CEJK } : (12.32)
The form of Ax and Cf is given in Bell (1984, Section 2). In particular,
1
Ck = 5:1 1 . ;
k-1 - & 1

where &, is the coefficient of B¥ in the expansion of

§(By ' =1+&6B+&B* + -
From (12.31) and (12.32) we see that

yr = Ay + Cruwy, (12.33)
ir = Axy'+ Cray, (12.34)

where ¥ = (ynt1-d,--.,yn)’, so that
yr — yr = Cr(wp —wy). (12.35)
Hence
var (yy — §7) = Cgvar(wy — wy)Cl, (12.36)

where var(wy — wy) is given by (12.30).
To account for the error in estimating 3, but still assuming that 7 is
known, we let

W= XapB+ XSyt (w—XAB) (12.37)

be the vector of forecasts of w; obtained using the estimated regression
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parameters B from (12.21). Then the corresponding forecasts of y; can be
written as for (12.34):

g = Ay’ + Cry. (12.38)
We now write the forecast error in ¢y as the sum of two parts:
yr — 95 = (yr — 95) + (G5 — Gp)- (12.39)
From (12.34) and (12.38) we see that
Uf — Jr = Cr(wp — wy). (12.40)
By the optimality of 7y we know that y; — ¢ is orthogonal to the differenced
data w, while from (12.28), (12.37) and (12.40) 9y — gy is a linear function
of w. Hence, the two parts in (12.39) are orthogonal and
var(yy — gr) = var(yy — 9s) + var(gy — 9y)-
Furthermore, from (12.28) and (12.37)
Wy —ip = Xap(B—B) — SpuSy Xa(B - B).

If we let P, = Ewa;1 be the matrix for projecting wy on w we can write

this as
by — iy = (Xay — PuXa) (6 P)- (12.41)
Putting together (12.36), (12.40) and (12.41) we compute the covariance
matrix of (12.39) as
var(yy — gs)
= C’Kvar(wf — LZJf)C;( + C’Kvar(ﬁ)f — QIJf)C}(
~ /
= Ckg {Var(wf — wf) + (XAf — PyXa)var(8 — ) (XAf — PwXA)} C}(.
(12.42)

Note that to compute P, XA we apply the forecasting calculations for w to
each column of X ¢. The general approach leading to (12.42) was suggested
by Kohn and Ansley (1985).

Also note that analogous to (12.33) we could write X, = A Xt +Cr XAy
and can thus see that, analogous to (12.35),

X — PyX = Ck (Xas — PuXa),

where Py X projects X; on X column by column in the same way that
we forecast yy from y. This result applies whether we do the direct matrix
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calculations or the same thing using the Kalman filter. Therefore, we can
alternatively write (12.42) as

var(yy — giy) = var(yy — 9y) + (Xy — P, X) var(8 — B) (X — P,X)',
(12.43)

where var(yy — ¢r) is given by (12.36) and var(8 — 3) by (12.22).

12.3.4 Signal extraction for RegComponent models

Bell and Hillmer (1988) gave matrix results for finite sample signal extraction
for nonstationary RegComponent models. We only summarise their results
here. (Kohn and Ansley (1987) discussed finite sample nonstationary sig-
nal extraction from a general perspective, not focusing on particular model
forms.) The focus in this section is on models for which one or more of the
components is nonstationary requiring differencing (6;(B) # 1.) Signal ex-
traction results for stationary models follow from standard linear projection
(Gaussian conditional expectation) results. They are an easy special case of
the results presented here.

The simplest nonstationary results obtain for the case when only one of
the components requires differencing. Suppose S; is nonstationary and Ny
is stationary (6n(B) = 1). (Actually, for this case we can let V; be non-
stationary in certain ways, such as having nonconstant scale factors so that
its variances change over time, as long as Ny does not require differencing.)
Then the signal extraction estimate of the vector S is obtained by projecting
N on the differenced data w and subtracting this estimate of N from the
data y. Allowing for the regression effects this gives

S = (y—XB) —cov(N,w)E5 (w — Xap)
= (y—XB) - SyAgS (w— Xaf), (12.44)

w

where the last relation is obtained using (12.16), noting that when N; does
not require differencing we have v = N in (12.16). The vector of signal
extraction errors is S — S = N — N, and its covariance matrix is

var(S — §) = Sy — SyALSIIAGS . (12.45)

We can use the algorithm in the Appendix to compute (12.44) and (12.45).
The results above assume ( is known. As with forecasting, we substitute B
for 5 in (12.44). Accounting for uncertainty about 3 in the signal extraction
error variances is discussed briefly at the end of this section.

When both components are nonstationary requiring differencing the
results become more complicated. We assume the ‘differencing’ operators
6s(B) and 65 (B) have no common factors, otherwise explicit assumptions
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are needed about initial conditions (Bell 1984, 1991, Kohn and Ansley 1987).
To estimate the vector S we first develop estimates of the vector u of dif-
ferences of S, then develop estimates of the starting values for S; using the
transformation approach of Ansley and Kohn (1985), and then combine the
two pieces to develop the signal extraction estimates of the remaining S;.

In signal extraction, it is most convenient to let the starting values occur
at the beginning of the series (in contrast to forecasting, where we placed
the ‘starting values’ y! at the end of the series). The results, however, are
actually invariant to the location of the ‘starting values’ (Bell and Hillmer
1991). For S; we need dg starting values, which we label S, = (S1, ..., Sq4)"
The starting values for N; are N, = (Ny,..., Ng, ). Let z; = y; — 2} 0. From
Bell (1984) the starting values for z;, z. = (z1,...,2q), are related to S,
and N, by

S* i~ =
Ze = [Hl HQ] |: N :| + CﬂL(d) + Cg'l}(d), (12.46)
where u(gy = (Udgt1;--->ua) and vgy = (Vay+1,---,va) are the elements of

the vectors u and v up to time point d. The matrices H; (d x dg) and C;
(d x dy), and similarly Hy (d x dy) and Cy (d x dg), are obtained from the
differencing operators 65(B) and 6 (B), respectively, via analogous relations
to (12.31) and (12.32). That is, if we define a d x d matrix AS,d from 6g(B)
so that

[ L4 | Odgxdy ] S,
S
X .1 _5 -6 1 Sds+1
Ag g : = S,dg 5,1 :
Sq .
L —0s.dg —0s1 1 S
J— [ S*
= |

then H; and Cy are, respectively, the first dg and last dy columns of Agb:

~ ~ 1, 0
Agh=[m &) = [ ds Ddsxdy | 12.47

Sid b Asay  Csdy ( )
where (12.47) defines Aggqy and Cggy (see (12.32) and the surrounding

discussion). We analogously define Hy and Co from 6y (B). Note that o))
augments Cg 4, with dg rows of zeros, and that Co would include dy rows
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of zeros. More explicitly

OdstN
- 1
G = 51 1 ’
£, d—dg—1 €1 1]
OdNXdS i
- 1
¢y = EN1 1 ’
L ENd—dy—1 - En1 1
where
6s(B)Y ' =14 (1B 4+ €59B* 4 - -
and

SN(B) ' =14+ En1B+ EnoB? +--- .

Bell (1984) noted that the matrix [H; Hs] is nonsingular. Letting G =
[Hy H)™!, we see from (12.46) that

S* = =
|: N, :| =G (Z* - C1U(d) - Cgv(d)) . (12.48)

The transformation approach estimates of S, and N, are obtained by
estimating v and v from the differenced data w and then substituting the
elements of these vectors up to ¢t = d for u(y) and vy in (12.48). The signal
extraction estimates of u and v based on w are

ZuA/]\fEfL_ul(w - XAB)? (1249)
= N,AY N (w— Xap). (12.50)

>

S

These can be computed using the algorithm in the Appendix. We then have
the transformation approach estimates of S, and N,:

S* ~N oA ~N A
[ N* :| =G (Z* - 01U(d) - Cg’l)(d)) . (12.51)

With the results from (12.49) and (12.51) we can compute the remaining
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estimates S; for t =dg +1,...,n recursively via
St = 851511 + -+ + 65,45 St—dg + Uy (12.52)

Bell and Hillmer (1988) gave expressions for var(S — §), but these are
somewhat complicated when there is more than one component requiring
differencing. They also show how to account for error in estimating the
regression parameters in the covariance matrix calculations, and in doing
so consider the complication that we may want to add part or all of the
estimated regression effects X ﬁ together with S. For example, in a seasonal
adjustment application we may add estimated trading-day regression effects
to the estimated stochastic seasonal to get the estimated combined seasonal-
trading-day component.

12.4 Example: seasonal adjustment of a time series with
sampling error

Many economic time series are estimates from repeated sample surveys and,
as such, are subject to sampling error. It is worth keeping in mind that
the sampling error component of such time series is real and not just a
modelling construct. This contrasts with the seasonal, trend and irregular
components in seasonal adjustment, which are typically artificial constructs
used for modelling or interpretation. There are several very good reasons for
explicitly accounting for the sampling error component of time series from
repeated surveys:

(i) Sampling error can be a very important source of variation in time
series, particularly in very disaggregated time series.

(ii) Sampling error can have unusual time series properties not well cap-
tured by applying conventional time series models to the observed
series. This includes variances that change significantly over time due
to: (a) dependence of sampling variances on the level of the series,
(b) sample size changes, or (c) more major survey redesigns. Another
possible complication is unusual patterns of autocorrelation due to
sample overlap at unusual lags or to independent redrawings of the
sample that result in a break in autocorrelation at some point.

(iii) Theoretical considerations about how the series should behave (e.g.,
from economic theory) surely apply to the underlying true series and
do not take into account the sampling error. Failure to account for the
sampling error component when fitting the model may compromise
attempts to test theory with the observed time series data. For
example, Bell and Wilcox (1993) showed how attempts to validate
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economic theories of consumption with data on retail sales could be
adversely affected by sampling error in the estimates of retail sales.

Scott and Smith (1974) and Scott, Smith and Jones (1977) proposed using
time series signal extraction techniques to improve estimates from repeated
sample surveys. These ideas were somewhat ahead of theoretical techniques
and computational results for RegComponent models. More recently, this
approach has been taken up by a number of researchers at or working with
statistical agencies. Relevant papers include Binder and Dick (1989, 1990),
Bell and Hillmer (1990), Pfeffermann (1991), Tiller (1992), and Harvey and
Chung (2000). Seasonal adjustment accounting for a sampling error compo-
nent has seen somewhat less attention, though Wolter and Monsour (1981),
Pfeffermann (1994) and Bell and Kramer (1999) all considered accounting
for sampling error in attempts to derive variances for seasonal adjustments
obtained with X-11 filters. Bell and Otto (1992) and Bell and Pugh (1990)
gave examples of model-based seasonal adjustment allowing for a sampling
error component in the models. Another such example is presented next.

We examine here a monthly time series of estimates of US retail sales of
drinking places from September 1977 to October 1989. The series is plotted
in Figure 12.1(a). The estimates derive from the US monthly retail trade
survey, but, unlike the published estimates, the estimates used here were
not benchmarked to estimates from the corresponding annual retail trade
survey. We use the unbenchmarked series for illustration since the properties
of the sampling error are simpler in the unbenchmarked series. Bell and
Hillmer (1990) developed a model for this series, composed of models for the
underlying true series and the sampling error component. They focused on
use of the model to investigate possible improvements in the estimates from
signal extraction. The series was also analysed by Bell and Wilcox (1993)
who kept the same sampling error model, but used an airline model for the
true series. Here we use the Bell and Wilcox model. Letting y; represent the
logarithms of the survey estimates, Y; the corresponding true population
quantities and e; the sampling error in y; as an estimate of Y;, the model
has y: = Y; 4+ e; with component models

(1- B)(1 - B?) (Y — &) = (1 - B)(1 — 008", (12.53)
and

(1—0.75B)(1 — 0.66B%)(1 — 0.71B2)e; = (1 +0.13B)¢;,
o2 = 093x107%, (12.54)

[
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where b; and ¢; are mutually independent Gaussian white noise series with
variances ab and o2. The parameter values for the sampling error model
are shown in (12.54) to emphasise that they are estimated separately using
estimated autocovariances of the sampling errors and then held fixed when
the RegComponent model is fitted to the series y; to estimate 3, 01, 612 and
ag. The factor (1 —0.75B) in the model for the sampling error e;, however,
arises from the composite estimation procedure used to produce the survey
estimates (see Bell and Hillmer (1989)), that is, the 0.75 is known and not
an estimated model parameter. Also, because the retail trade survey sample
was redrawn independently in September 1977, January 1982 and January
1987, the sampling errors from the three different samples are uncorrelated.
This means that the covariance matrix of the vector e is block diagonal
with three blocks corresponding to the three independent samples, and with
a covariance matrix within each diagonal block corresponding to the model
for e; in (12.54). Bell and Hillmer (1989) noted how iterations of the Kalman
filter and smoother can be modified at the times of the covariance breaks
in e; to handle these appropriately. It should be noted that the form of the
model for e; was developed for the survey design that was in effect during
the time frame of the series analysed. The retail trade survey has since
been redesigned (Cantwell and Black 1998) and the sampling error model in
(12.54) would no longer be appropriate.

Something worth noting about (12.54) is the high value (0.71) of the
seasonal AR parameter. This implies substantial seasonal autocorrelation in
the sampling error, which we will see strongly affects seasonal adjustment
results if the sampling error is not accounted for.

The term z;5 in (12.53) is used to model trading-day effects as in Bell
and Hillmer 1983, though a length-of-month effect is also included in xy.
(The next section notes that we could instead account for length-of-month
effects by dividing the original estimates by the length-of-month variable.
We include it as a regressor here for comparability with the results of
Bell and Wilcox (1993).) ML estimates of the parameters of (12.53) from
REGCMPNT, leaving out ﬁ for brevity, are 91 0.23, 912 = (.88, and
o = 3.97 x 10~ 4. Given this estimated model, we can decompose Y; into
seasonal and nonseasonal components as in Burman (1980) and Hillmer and
Tiao (1982). Thus we have

Yy = Yi+te
= (#8+ Si+ Ny) +ey. (12.55)

REGCMPNT also provides signal extraction estimates and their variances
for the components of (12.55) as discussed in Section 12.3.4 (calculating
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Fig. 12.1. US retail sales of drinking places July 1977 to October 1989: (a) origi-
nal series (not benchmarked), (b) estimated nonseasonals, (¢) seasonally adjusted
series, (d) estimated seasonal factors, (e) CV of estimated nonseasonals, (f) CV of
estimated seasonal factors. In (b)—(f) the solid lines are for models with a sampling
error component and the dashed lines are for models without.

these results via a Kalman smoother rather than from the matrix expres-
sions of Section 12.3.4). These signal extraction estimates are plotted in
Figures 12.1(b)—(d) and are discussed subsequently. Since logarithms were
taken of the original time series the signal extraction point estimates of the
components of (12.55) are exponentiated before being plotted. This puts the
estimates of V; on the original scale of the time series, and estimates of Sy
show up as multiplicative seasonal factors that vary around 1.0. Signal ex-
traction standard deviations for the decomposition (12.55) of the log survey
estimates can be interpreted as approximate coefficients of variation (CVs)
for the multiplicative components on the original scale. The CVs are plotted
in Figures 12.1(e)—(f).
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For comparison Figures 12.1(b)—(f) also show signal extraction results
when the airline model with trading-day effects as in (12.53) is used for
the series y; rather than for the component Y;, that is, when we ignore
the sampling error component e;. The parameter estimates when ﬁttlng
this model are then (again omitting ﬁ) 6, = 0. 29, 15 = 0. 56, and 62 =
6.37 x 10~*. Using this model we decompose ¥; into two components as

v =S+ Ny (12.56)

Omitting the sampling error component of course affects the properties of
the model and the decomposition, so that S; and N; of (12.56) are different
from Sy and N; of (12.55). Notice in particular how the estimate of 612 drops
from 0.88 for the model with the sampling error component to 0.56 for the
model without the sampling error component. The value of 65 reflects the
stability of the seasonal component implied by the model decomposition:
values of 615 closer to 1 correspond to more stable seasonal components,
with 012 = 1 implying a fixed seasonal, that is, a component that follows a
deterministic seasonal pattern (Bell 1987).

Figure 12.1(b) shows signal extraction estimates of exp(/N;) from (12.55)
and exp(NNV;) from (12.56). We see more variation over time in the estimates
of exp(IV;) (the dashed curve) because N; and S; have to absorb the sampling
error component from (12.55). Figure 12.1(c), in contrast, shows estimates
of the two seasonally adjusted series: exp(y; — x}8 — S;) from (12.55) and
exp(y; — 3 — S;) from (12.56). Note that the former leaves all the sampling
error in the adjusted series, while the latter indirectly removes some of the
sampling error to the extent it is absorbed by the estimate of S;. As a result,
the seasonally adjusted series from (12.55) (solid line) shows somewhat larger
fluctuations over time than that from (12.56) (dashed line). Figure 12.1(d)
shows the estimates of the seasonal factors, exp(S;) from (12.55) and exp(S;)
from (12.56), and this shows more clearly what is going on. The model
(12.55) assumes that the component exp(S;) evolves gradually over time due
to its large estimate of f1 = 0.88. In contrast, the model (12.56) assumes
that the component exp(S't) varies much more rapidly over time due to
its smaller estimate of ém = 0.56. This behavior is reflected in the signal
extraction estimates. Effectively, the estimates of exp(S;) from (12.56) pick
up some rapidly varying seasonality from the sampling error in the series
that is missing from the estimates of exp(.St).

Figure 12.1(e) shows standard deviations for the signal extraction esti-
mates of Ny and N;, which, as noted above, are also approximate CVs of
the exponentiated estimates plotted in Figure 12.1(b). The standard devia-
tions computed for N; are much lower than those for N; reflecting the fact
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that estimating and removing all the sampling error (in estimating /V;) has
a cost in terms of variance of the estimates. Notice also the pattern in the
standard deviations for Ny caused by the breaks in autocorrelation of e;
in January 1982 and January 1987, which correspond (nearly) to the two
minimum points on the solid curve. (The standard deviation for December
1986 is actually very slightly lower than that for January 1987.) Keep in
mind that both sets of signal extraction variances are computed assuming
the respective models used are true. While models are never exactly true,
we know the airline model applied directly to y; for use in (12.56) fails to
properly account for the sampling error in the series. Even if it manages
to approximate to some extent the variation due to the sampling error, it
clearly has no means of modelling the effects of the autocovariance breaks
in the sampling error.

Figure 12.1(f) shows standard deviations for the signal extraction esti-
mates of S; and St, which are also standard deviations of the seasonally
adjusted series. The signal extraction standard deviations for S; (dashed
line) are actually the same as those for N; in Figure 12.1(e), since in a two-
component decomposition the adjusted series and estimated nonseasonal are
the same. (We are ignoring, in both Figure 12.1(e) and (f), for simplicity
of illustration, variance contributions from estimating 3.) The dashed lines
in Figures 12.1(e) and (f) appear different because the vertical scale is so
different. In the dashed line of Figure 12.1(f) we see the characteristic pat-
tern of seasonal adjustment standard deviations that rise near either end
of the series and show a seasonal pattern in between. Again, these assume
the airline model without sampling error is actually correct, and thus do
not appropriately reflect the influence of the sampling error. The standard
deviations for the estimates of S; (solid curve), in contrast, are lower than
those from the dashed curve near the ends of the series but higher in the
middle. This reflects the greater stability of the seasonal component from
(12.55), which results in less difference between the centre and ends of the
series in the solid curve than in the dashed curve. Also, the autocovari-
ance breaks in the sampling error component here generate some irregu-
larities in the seasonal pattern of the signal extraction standard deviations
for S;.

The main point of these results is that application of the airline model, or
any standard ARIMA or ARIMA component model for that matter, directly
to the series y; cannot capture certain aspects of the sampling error variation
in this series. While opinions could differ as to the most appropriate model
for the true series Y; and sampling error component e; for this series, if the
true model for e; is at all like the model (12.54) used here, standard ARIMA
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or ARIMA component models that ignore the sampling error component will
do a poor job of modeling this source of variation.

12.5 Example: modeling time-varying trading-day effects

Trading-day effects (Bell and Hillmer 1983) reflect variations in a monthly
flow time series (sales, shipments, etc.) due to the changing composition of
months with respect to the numbers of times each day of the week occurs in
the month. Fixed trading-day regression effects were included in the model
for retail sales of drinking places used in the previous section. In detail, the
trading-day model used was as follows:

6
TD; = > BT, (12.57)
=1

where, for month ¢, T1; is the number of Mondays minus the number of Sun-
days, ..., Tg: is the number of Saturdays minus the number of Sundays. From
Bell and Hillmer (1983) the [3; represent the deviations of the Monday, .. .,
Saturday effects from the average daily effect. The corresponding deviation
of the Sunday effect from the average daily effect is By = —(B1+-- -+ 56). It
is also important to augment (12.57) to account for length-of-month effects.
In the example of the previous section we did this by including as an ad-
ditional regressor m; = number of days in month ¢. Here we instead divide
the series by m; (before taking logarithms). This latter approach to handling
length-of-month effects is the default option in the trading-day model of the
X-12-ARIMA seasonal adjustment program, and is generally preferred for
modelling logged series. (Findley, Monsell, Bell, Otto and Chen (1998, pp.
132-4 and 142) noted that X-12 actually divides by a deseasonalised and
detrended version of my, but for models with seasonal differencing division
by m; is equivalent.)

A relevant question regarding trading-day effects is whether they remain
constant over time? This is very pertinent for retail sales time series in which
trading-day effects presumably depend on consumers’ shopping patterns and
on the hours that retail stores are open, two things that have changed over
time in the USA. Seasonal adjustment practitioners sometimes deal with this
issue by restricting the length of the series to which the trading-day model is
fit. In this section we investigate possible time variation in trading-day effects
in the time series of retail sales of US department stores from January 1967
to December 1993, which is shown in the first plot of Figure 12.2. To allow for
time variation in the trading-day effects we generalise (12.57) by converting
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the fixed effects 3; to stochastic components following random walk models:
6
TD; = ZﬁitTitv 1-B)by=€er t=1,...,6, (12.58)
i=1

where the €; are mutually independent white noise series with variances
o2. As noted in Section 12.2 this sort of model can be accommodated in a
RegComponent model by letting the regression variables T;; be scale factors
for the ARIMA components ;.
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Fig. 12.2. US retail sales of department stores, January 1967 to December 1993.
Original series and estimates of time-varying trading-day coefficients.

Let 4 denote the series obtained by taking logarithms of the retail depart-
ment store sales after dividing the figures by the length of month. Apart from
the time-varying trading day effects, the model we use includes an Easter
effect as in Bell and Hillmer (1983) with a ten-day window, and an airline
model for the remainder:

(1-B)(1 — B¥) (y; — TD; — aEy) = (1 — 61 B)(1 — 619B%)ay,  (12.59)
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where E} is the Easter effect variable and « the associated parameter, and
a; is white noise with variance o2. For comparison we shall fit (12.59) both
with TD; following the fixed effects model (12.57) and the time-varying
coefficients model (12.58). Although the retail sales of department stores
figures are estimates from the monthly retail trade survey that also yielded
the estimates of retail sales of drinking places modelled earlier, the model
(12.59) contains no sampling error component. This is because essentially
all the major department stores in the US are included in the sample, hence
the estimates contain essentially no sampling error. (As with all surveys the
estimates do contain nonsampling errors, but limited information on these
does not permit modelling them.)

ML fitting of (12.59) with TD, following (12.58) gives & = 0.032, 6; =
0.49, 615 = 0.52, and 62 = 0.00039. Note the large estimated Easter effect of
over 3%. When the model is fitted with the fixed trading-day effects model
(12.57), the estimates of these four parameters are about the same. It is
worth noting that estimating the model with time-varying trading-day is
more difficult than estimating the model with fixed trading-day, taking con-
siderably more iterations to converge (48 versus 7), due to the large number
of variance components. We turn now to the estimates of the trading-day
effects.

Table 12.3. Trading-day estimation for US retail sales of department
stores. Note that B7 is minus the sum of the other siz trading-day
coefficients. For the fixed effects model (12.58) PB7 is —0.0150.

) 1 (Mon.) 2 (Tues.) 3 (Wed.) 4 (Thurs.) 5 (Fri.) 6 (Sat.)
G; eq. (12.58) 0.00042  0.00038 0 0 0.00046  0.00025
2n0-55; 0.015 0.014 0 0 0.017 0.009
Bi eq. (12.57) —0.0044  0.0022 —0.0073  0.0068 0.0079  0.0099

Table 12.3 shows estimation results for both the fixed and time-varying
trading-day effect models. The estimated fixed effect coefficients ﬁAl show
moderate negative effects for Monday and Wednesday, a small positive effect
for Tuesday, moderate positive effects for Thursday and Friday, a somewhat
larger positive effect for Saturday, and a large negative effect for Sunday
(37 = —0.015). Only the Tuesday coefficient is statistically insignificant at
the 0.05 level. The estimated standard deviations, &;, of the innovations €;
from (12.58) reflect how much month-to-month variation is allowed in the
time-varying coefficients §;;. Those for Wednesday and Thursday are zero, so



On RegComponent time series models and their applications 279

the estimated model (12.58) allows no time variation in these coefficients. All
the other 6; look small, but the month-to-month variation in the coefficients
should be small. Translating these to estimates of the standard deviations
of the change over the entire series, which from the random walk model in
(12.58) is [n62]"5, gives an indication of the amount of potential variation in
the coefficients over the full length of the series. Considering 2n%56; as the
half width of a 95% confidence interval for the change in the coefficients, we
see that apart from Wednesday and Thursday these range from 0.9% to 1.7%,
indicating a potential for practically significant change in the coefficients
over the course of the series.

Figure 12.2 plots the signal extraction estimates of the time-varying trading-
day coefficients (;;. The estimated fixed coefficients are also plotted as
horizontal dotted lines, and the horizontal axis at zero is shown as a solid
line. The plots of the estimated Wednesday and Thursday coefficients are
omitted since they are constant over time and very close to the estimates
from the fixed effects model. The coefficient plots shown have the same verti-
cal axes except that for Sunday, which is shifted down relative to the others.
All have the same vertical axis range (about 0.03), however, which allows
comparisons across all plots of the amount of change in the estimated coeffi-
cients over time. The plots for Tuesday and Friday show decreases over time
in the trading-day coefficients of about 1%, and the plot for Monday shows
a decrease of about 0.7%. At the end of the series the estimates suggest
Monday, Tuesday and Wednesday had small or moderate negative impacts
on sales, while Thursday and Friday had small positive impacts. The es-
timated Saturday coefficients reflect somewhat larger positive impacts on
sales (about 1% on average), with relatively little time variation, increasing
about 0.3% over the series. The big story from these plots, though, is the
large change over time in the estimated Sunday coefficients, which increase
about 2.5% over the series. At the start of the series the estimated Sunday
effect is negative and considerably larger in magnitude than the effect for
any of the other days, but by the end of the series the estimated Sunday
effect, while still negative, is relatively small.

Note that the estimated fixed effect coefficients appear near the middle of
the path of the estimated time-varying coefficients. Signal extraction stan-
dard deviations for the estimated 3;; are about 0.0025 near the middle and
0.0035 near the ends of the series. Corresponding 95% confidence intervals
around the @t nearly all include the corresponding estimated fixed coeffi-
cients except for Sunday near the ends of the series. Still, given the plausi-
bility of change over time in the daily effects, the patterns of the estimates
shown in Figure 12.2 are intriguing.
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12.6 Example: modelling seasonal heteroskedasticity in a housing
starts time series

We consider the time series of monthly total housing starts for the north-
east region of the US from August 1972 to March 1989. Standard ARIMA
modelling suggested the airline model for logarithms of the series. Letting
yr denote the logged series, the fitted model is

(1—B)(1 — B2?)y, = (1-0.64B)(1 — 0.58B"%)a;, 62 =0.050. (12.60)

However, outlier detection with this model in the X-12-ARIMA program
(Findley, Monsell, Bell, Otto and Chen 1998), which uses a modification of
the approach described in Chang, Tiao and Chen (1988), suggested several
possible additive outliers (AOs) in January and February. Table 12.4 shows
the outliers detected via AO detection with a critical value of 3.0. Note that
all the outliers detected are in January and February, and many are quite
large — both in statistical significance as measured by the AO t¢-statistics,
and in practical significance as measured by the estimated AO effects, which
are the estimated regression coefficients of the AO indicator variables. Since
logs were taken of the series, the coefficients can be exponentiated to see
their estimated multiplicative effects on the untransformed series. These
multiplicative effects range from 0.35 for February 1978 to 1.82 for January
1989. The large number of outliers detected in January and February suggest
that there may be extra variability in these months, which could be due to
occasional effects of unusually bad or unusually good weather on construc-
tion activity.

Table 12.4. Additive outlier detection for total housing starts, northeast
region of the US, 8/72-8/89 — Automatically identified additive outliers
(critical value = 3.0)

time point AO effect AO t-statistic

Feb. 1975 0.44 3.08
Jan. 1977 —0.68 —4.65
Feb. 1977 —0.51 —3.46
Jan. 1978 —0.64 —4.40
Feb. 1978 —1.05 —7.17
Feb. 1980 —0.77 —5.36
Feb. 1981 —0.61 —4.27
Jan. 1982 —0.52 —3.68
Jan. 1989 0.60 4.16

To model extra variability in January and February we augment (12.60)
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as follows, with parameter estimates from the fitted model shown:

Yyt = 21+ hotzat
(1-B)(1-B%)z; = (1-0.54B)(1—1.00B2)b;,  (12.61)
o = ¢, 6°=012, 67 =0.023,

where b; and ¢; are mutually independent white noise series, and where

by — 1 t ~ January or February
271 0 all other months

This use of the scale factors hg; in (12.61) allows the additional additive
white noise ¢; to affect the series only in January and February.

Notice that 67 is less than half 62, showing how much the variance
estimate in (12.60) is affected by the winter months. The large value of
62, though not directly comparable with the estimated innovations vari-
ances 62 and 62 of the airline models, clearly shows the importance of the
additional variance in January and February. Notice also how the estimate
of the seasonal moving average parameter increases from (.58 for model
(12.60) to 1.00 for model (12.61), the latter estimate implying fixed season-
ality in the series (Bell 1987). Thus, when we allow for the additional noise
in the winter months the seasonality in the series appears fixed. Although
the REGCMPNT program does not perform AO detection, examination
of standardised residuals from (12.61) shows no extreme values, suggesting
outliers may not be a problem for (12.61). Finally, a comparison of Akaike
information criterion (AIC) values for the two models yields a very large
difference of approximately 50 in favor of (12.61), confirming the value of
allowing for the additional winter variance.

Appendix: Computations with the Cholesky decomposition

The following algorithm, based on use of the Cholesky decomposition, can
be used for several of the computations discussed in this paper.

Algorithm: Let ¥ be a positive definite n x n covariance matrix with
Cholesky decomposition ¥ = LL/, where L is lower triangular. To com-
pute AX !B, where A and B are vectors or matrices conformable with 71,
we can proceed as follows:

1. Solve LRy = B for R; = L™'B.

2. Solve LRy = A’ for Ry = L7 1A’
3. Compute AYX !B = RyR;.
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Note that if A = B’ then Ry = Ry, we can skip Step 2, and AX"'1B = R\ R;.
Note also that

log(det (X)) = 2 Z log(#;)

where the ¢;; are the diagonal elements of L.
Another approach that is more suitable for some applications is to replace
Steps 2 and 3 by

2(a) Solve L'R3 = Ry for R3 = (L)' Ry.
3(a) Compute AX"!B = ARj3.

Note that in Steps 1 and 2 we solve lower triangular systems of linear
equations, and in Step 2(a) we solve an upper triangular system. Efficient
implementation of these algorithms requires computer routines for comput-
ing the Cholesky decomposition and for solving triangular systems of linear
equations.

We could instead use the unit Cholesky decomposition, that is, ¥ = LDL’,
where D = diag(dy,...,d,) and L = D~'/2L is lower triangular with ones
on its diagonal. We can substitute L for L in Steps 1 and 2 above, but Step 3
then becomes AX !B = R,D™!Ry. Note that then

log(det(X Z log(d

If ¥ is a band matrix we can use the more efficient band Cholesky
decomposition and corresponding linear equation solving routines. To use
this approach with ARIMA component models (without scale factors) we
can extend the ideas of Ansley (1979) by taking ¢(B)w;, which follows a mov-
ing average model and so has a band covariance matrix. Here ¢(B) is the
autoregressive operator from the model for z; in the context of Section 12.3,
6(B) = ¢5(B)on (B).

Computer routines for the regular and band Cholesky decomposition, and
corresponding routines for solving triangular systems of linear equations, are
available from the Linpack package (Dongarra, Moler, Bunch and Stewart
1979), and also from its successor package LAPACK (Anderson et al., 1992).
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13.1 Introduction

The first version of SsfPack! appeared in 1998 and was developed further
during the years that the last author was working with Jim Durbin on their
2001 textbook on state space methods. The fact that SsfPack functions
are now a part of the S-PLUS software is partly due to Jim Durbin. He
convinced Doug Martin that SsfPack would be very beneficial to S-PLUS.
Indeed the persuasive arguments of Jim Durbin has initiated the develop-
ment of SsfPack functions for S-PLUS as part of the S+FinMetrics module.
It is therefore an honour for us, the developers of SsfPack for S+FinMetrics,
to contribute to this volume with the presentation of various applications in
economics and finance that require the use of SsfPack for S+FinMetrics in
empirical research.

State space modelling in economics and finance has become widespread
over the last decade. Textbook treatments of state space models are given in
Harvey (1989, 1993), Hamilton (1994), West and Harrison (1997), Kim and
Nelson (1999), Shumway and Stoffer (2000), Durbin and Koopman (2001)
and Chan (2002). However, until recently there has not been much flexible
software for the statistical analysis of general models in state space form.
A modern set of state space modelling tools are available in SsfPack which
is a suite of C routines for carrying out computations involving the statisti-
cal analysis of univariate and multivariate models in state space form. The
routines allow for a variety of state space forms from simple time invari-
ant models to complicated time varying models. Functions are available to
put standard models like autoregressive moving average and spline models in
state space form. General routines are available for filtering, smoothing, sim-
ulation smoothing, likelihood evaluation, forecasting and signal extraction.
Full details of the statistical analysis are provided in Durbin and Koopman
(2001), and the reader is referred to the papers by Koopman, Shephard and
Doornik (1999, 2001) for technical details on the algorithms used in the
SsfPack functions.

The SsfPack 2.3 routines are implemented in Ox and the SsfPack 3.0
routines are in Insightful’s new S-PLUS module S+FinMetrics?. The imple-
mentation of the SsfPack functions in 0x is described in Koopman, Shephard
and Doornik (1999). Its implementation in S+FinMetrics is described in

1 Information about SsfPack can be found at http://www.ssfpack.com

2 0x is an object-oriented matrix programming language developed by Doornik (1999); more infor-
mation is available at http://www.nuff.ox.ac.uk/users/doornik. S+FinMetrics is an S-PLUS
module for the analysis of economic and financial time series. It was conceived by the first
two authors and Doug Martin, and developed at Insightful Corporation. Its use and func-
tionality is described in detail in Zivot and Wang (2003); more information is available at
http://www.insightful.com/products/default.asp
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Zivot and Wang (2003, Chapter 14). This paper gives a selected overview of
state space modelling with some economic and financial applications utilis-
ing the S+FinMetrics/SsfPack functions.

This article is organised as follows. Section 13.2 deals with: (i) the general
state space model and its specific SsfPack state space representation, (ii)
descriptions of some functions for putting common time series models into
state space form and (iii) the process of simulating observations from a given
state space model. Section 13.3 summarises the main algorithms used for
the analysis of state space models. These include the Kalman filter, smooth-
ing and forecasting. Further, the estimation of the unknown parameters in
a state space model is described. The remaining part of the paper presents
several applications of state space modelling in economics and finance. These
include recursive estimation of the capital asset pricing model (CAPM) with
fixed and time varying parameters (Section 13.4), maximum likelihood esti-
mation of autoregressive moving average models and unobserved component
models together with trend-cycle decompositions based on these models
including the Beveridge—Nelson decomposition (Section 13.5), estimation of
a stochastic volatility (SV) model using Monte Carlo simulation techniques
(Section 13.6) and the estimation and analysis of a simple affine term struc-
ture model (Section 13.7).

13.2 Linear state space representation

Many dynamic time series models in economics and finance may be rep-
resented in state space form. Some common examples are autoregressive
moving average (ARMA) models, time varying regression models, dynamic
linear models with unobserved components, discrete versions of continuous
time diffusion processes, SV models, nonparametric and spline regressions.
The linear Gaussian state space model is represented as the system of equa-
tions

oy = de+Trop+Hem,, (131)
0,5 = ct—i—Ztat, (132)
Yy = 0t+Gt5ta (133)

where o y1, m; and 0; are m x 1, r x 1 and N x 1 vectors respectively,
t=1,...,n and

a;~N(a,P), m,~iid N(,L), & ~iid N(0,Iy),  (13.4)

with the assumption that Fle;n;] = 0. The initial mean vector a and initial
variance matrix P are fixed and known but that can be generalised. The
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state vector o contains unobserved stochastic processes and unknown fixed
effects and the transition equation (13.1) describes the evolution of the state
vector over time using a first-order Markov structure. The measurement
equation (13.3) describes the vector of observations y; in terms of the state
vector a; through the signal 8; and a vector of disturbances ;. It is assumed
that the innovations in the transition equation and the innovations in the
measurement equation are independent, but this assumption can be relaxed.
The time varying deterministic matrices Ty, Z,, H;, G, are called system
matrices and are usually sparse selection matrices. The vectors d; and c;
contain fixed components and may be used to incorporate known effects or
known patterns into the model; otherwise they are equal to zero.
The state space model (13.1)—(13.3) may be compactly expressed as

< a}t:rl > = 6t+<I>tat+ut, (135)
t
a; ~ N(a,P), u ~iid N(0,€,), (13.6)
where
A" (T
6t_<ct )’ ‘I%—(Zt)
and

_ ( Hiny _(HH, O
e = < Gtéft ) ’ Qt - < 0 GtGi '

The initial value parameters are summarised in the (m + 1) X m matrix

2:(5). (13.7)

For multivariate models, that is, N > 1, it is assumed that the N x N
matrix G¢Gj is diagonal. This restriction can be circumvented by including
the disturbance vector ¢; in the state vector oy.

13.2.1 Initial conditions

The variance matrix P of the initial state vector o is assumed to be of the
form

P =P, + kP, (13.8)

where P, and P, are symmetric m X m matrices with ranks k., and k.,
respectively, and k represents the diffuse prior that is typically taken as a
large scalar value, say, 107. The matrix P, captures the covariance structure
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of the stationary components in the initial state vector, and the matrix P,
is used to specify the initial variance matrix for nonstationary components
and fixed unknown effects. When the ith diagonal element of P, is nega-
tive, the corresponding ith column and row of P, are assumed to be zero,
and the corresponding row and column of P, will be taken into consider-
ation. Further, the algorithms implement an ‘exact diffuse prior’ approach
as described in Durbin and Koopman (2001, Chapter 5) and, with more
algorithmic detail, in Koopman, Shephard and Doornik (2001).

13.2.2 State space representation in S+FinMetrics/SsfPack

State space models in S+FinMetrics/SsfPack utilise the compact repre-
sentation (13.5) with initial value information (13.7). The following two
examples describe its functionality.

Example 13.1 State space representation of the local level model
Consider the simple local level model for the stochastic evolution of the
logarithm of an asset price y;

a1 =ar+n, o ~iid N(0,07), (13.9)
yi=ai+ef, e ~iid N(0,02), (13.10)
a1~ N(a,P),  Eleinf]=0. (13.11)

In this model, the observed value y; is the sum of the unobservables a; and
e;. The level a; is the state variable and represents the underlying signal.
The transition equation (13.9) shows that the state evolves according to a
random walk . The component ¢} represents random deviations (noise) from
the signal that are assumed to be independent from the innovations to «y.
The strength of the signal relative to the noise is measured by g = 072] /o2

The state space form (13.5) of the local level model has time invariant
parameters

6:<8>, @:(1), QZ(?%) (13.12)

with errors o,n; = n; and o.e; = €;. Since the state variable oy is I(1),
the unconditional distribution of the initial state c; does not have a finite
variance®. In this case, it is customary to set a = E[a1] = 0 and P =
var(a) = k in (13.11) with kK — oo to reflect that no prior information is
available. Using (13.8), the initial variance is specified with a = 0, P, = 0

3 The short-hand notation I(1) is for a nonstationary variable that needs to be differenced once
to become stationary, see Hamilton (1994) for further details.
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and Ps, = 1. Therefore, the initial state matrix (13.7) for the local level

O ’ :

where —1 implies that Py, = 1.

> sigma.e = 1
> sigma.n = 0.5
>al =0
>P1 =-1
> ssf.1l.list = list(mPhi=as.matrix(c(1,1)),
+ mOmega=diag(c(sigma.n"2,sigma.e~2)),
+ mSigma=as.matrix(c(P1,al)))
> ssf.11.1list
$mPhi : $mOmega: $mSigma:
[,1] (.11 [,2] [,1]

[1,1 1 [1,] 0.25 0 [1,] -1
2,1 1 [2,] 0.00 1 [2,] 0

> ssf.11l = CheckSsf(ssf.1l.list)

> class(ssf.11)

[1] nggf"

> names(ssf.11)

[1] "mDelta" "mPhi" "mOmega" "mSigma" "mJPhi"
[6] IImJDmegall lImJDeltall llmxll n CT" n CX"

[11] neyn neggt

> ssf.11l
$mPhi: $mOmega: $mSigma: $mDelta:
[,1] [,1]1 [,2] [,1] [,1]
(1,11 [1,] 0.25 0 [1,] -1 [1,]1 0
[2,] 1 (2,1 0.00 1 [2,] 0 [2,] 0
$mJPhi: $mJIOmega: $mJIDelta:
[11 0 T[11 0 [1] ©O

$mX: $cT: $cX: $c¥: $cSt:
(1] 0 [1] o0 [1] o [1] 1 [1]1 1
attr(, "class"):

[1] nggf"

Listing 13.1. Local level model in SsfPack.

In S+FinMetrics/SsfPack, a state space model is specified by creating
either a list variable with components giving the minimum components nec-
essary for describing a particular state space form or by creating an ‘ssf’
object. To illustrate, consider Listing 13.1 where a list variable is created that
contains the state space parameters in (13.12)-(13.13), with o,, = 0.5 and
0. = 1. In the list variable ssf.11.1ist, the component names match the
state space form parameters in (13.5) and (13.7). This naming convention,
summarised in Table 13.1, must be used for the specification of any valid
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Table 13.1. SsfPack state space form list components

state space parameter list component name

mDelta
mPhi

mOmega
mSigma

MO B>

state space model. An ‘ssf’ object may be created from the list variable
ssf.11.1list using the function CheckSsf as done in Listing 13.1. The func-
tion CheckSsf takes a list variable with a minimum state space form, coerces
the components to matrix objects and returns the full parameterisation of a
state space model used in many of the S+FinMetrics/SsfPack state space
modelling functions.

Example 13.2 State space representation of a time varying parameter
regression model

Consider a CAPM with time varying intercept and slope
g =+ Buaae + v, v ~iid N(0,07),
a1 =ar+&, & ~iid N(0,0%), (13.14)
Bri+1 = Bt + s, s ~iid N(0,02),
where y; denotes the return on an asset in excess of the risk free rate, and
x ¢ denotes the excess return on a market index. In this model, both the
abnormal excess return o; and asset risk 3y are allowed to vary over time

following a random walk specification. Let o = (o, Bare), x¢ = (1, zare)’s
H, = diag(o¢, 0¢)’ and G¢ = 0,,. Then the state space form (13.5) of (13.14)

is
a1\ (DI H;m
( Yi >_<X2)at+<Gt€t>
and has parameters

2
I, %
(I)t et , R Q et 0

Since a4 is I(1) the initial state vector aq requires an infinite variance so
it is customary to set a =0 and P = kI with kK — oo. Using (13.8), the

0
0 (13.15)

o8, o

oy
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initial variance is specified with P, = 0 and P, = I5. Therefore, the initial
state matrix (13.7) for the time varying CAPM has the form

The state space parameter matrix ®; in (13.15) has a time varying system
element Z;= xj. In S+FinMetrics/SsfPack, the specification of this time
varying element in ®,; requires an index matrix Jp and a data matrix X
to which the indices in J¢ refer. The index matrix J¢ must have the same
dimension as ®;. The elements of J¢ are all set to —1 except the elements for
which the corresponding elements of ®; are time varying. The nonnegative
index value indicates the column of the data matrix X which contains the
time varying values.* For example, in the time varying CAPM, the index
matrix Jo has the form

-1 -1
Jo=| -1 -1
1 2

The specification of the state space form for the time varying CAPM re-
quires values for the variances 02, o? and o2 as well as a data matrix X whose
rows correspond with Z; = x; = (1,7ry7,). For example, let O'g = (0.01)2,
02 = (0.05)® and o2 = (0.1)? and construct the data matrix X using the
excess return data in the S+FinMetrics ‘timeSeries’ excessReturns.ts.
The state space form is then created as in Listing 13.2. Notice in the speci-
fication of ®; the values associated with x} in the third row are set to zero.
In the index matrix Jg, the (3,1) element is 1 and the (3,2) element is 2
indicating that the data for the first and second columns of x} come from
the first and second columns of the component mX, respectively.

In the general state space model (13.5), it is possible that all of the system
matrices 6, ®; and €2; have time varying elements. The corresponding index
matrices Jg, Jo and Jqo indicate which elements of the matrices 6;, ®;
and €; are time varying and the data matrix X contains the time varying
components. The naming convention for these components is summarised in
Table 13.2.

4 When there are time varying elements in T, the initial values of these elements in the specifi-
cation of ®; should not be set to —1,0 or 1 due to the way SsfPack handles sparse matrices.
We suggest setting these elements equal to 0.5 so that the sparse matrix operations know that
there should be a nontrivial number there.
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> X.mat = cbind(1l,as.matrix(seriesData(excessReturns.ts[,"SP500"]))
> msft.ret = excessReturns.ts[,"MSFT"]
> Phi.t = rbind(diag(2),rep(0,2))
> Omega = diag(c((.01)72,(.05)72,(.1)"2))
> J.Phi = matrix(-1,3,2)
> J.Phi[3,1] =1
> J.Phi[3,2] = 2
> Sigma = -Phi.t
> ssf.tvp.capm = list(mPhi=Phi.t,
+ mOmega=0Omega,
+ mJPhi=J.Phi,
+ mSigma=Sigma,
+ mX=X.mat)
> ssf.tvp.capm
$mPhi : $mOmega:
[,11 [,2] [,1] [,2] [,3]
[1,] 10 [1,] 0.0001 0.0000 0.00
[2,] 01 [2,] 0.0000 0.0025 0.00
[3,] 00 [3,] 0.0000 0.0000 0.01
$mJPhi: $mSigma:
[,1] [,2] [,1] [,2]
[1,] -1 -1 [1,] -1 0
[2,] -1 -1 [2,]1 0 -1
[3,] 12 [3,] 00
$mX:
numeric matrix: 131 rows, 2 columns.
SP500
1 1 0.002839

131 1 -0.0007466

Listing 13.2. The CAPM model in SsfPack.

Table 13.2. SsfPack time varying state space components

parameter index matrix list component name
Js mJDelta
Ja mJPhi
Ja mJOmega

time varying component data matrix list component name

X mX

13.2.3 Model specification

SsfPack has functions for the creation of the state space representation of
some common time series models. These functions and models are
summarised in Table 13.3. For other models, the system matrices can be
created within S-PLUS and the function CheckSsf.



State space modelling in macroeconomics and finance 293

Table 13.3. SsfPack functions for creating common state space models

function description
GetSsfReg linear regression model
GetSsfArma stationary and invertible ARMA model
GetSsfRegArma linear regression model with ARMA errors
GetSsfStsm structural time series model

GetSsfSpline nonparametric cubic spline model

A complete description of the underlying statistical models and use of
these functions is given in Zivot and Wang (2003, Chapter 14). The use of
some of these functions will be illustrated in the applications to follow.

13.2.4 Simulating observations

Once a state space model has been specified, it is often interesting to draw
simulated values from the model. Simulation from a given state space model
is also necessary for Monte Carlo and bootstrap exercises. The SsfPack
function SsfSim may be used for such a purpose. The arguments expected
from SsfSim are as illustrated in Listing 13.3. The variable ssf represents
either a list with components giving a minimal state space form or a valid
‘ssf’ object, n is the number of simulated observations, mRan is user-specified
matrix of disturbances, and a1l is the initial state vector.

Example 13.3 Simulating observations from the local level model

The code in Listing 13.3 generates 250 observations on the state variable
ay+1 and observations y; in the local level model (13.9)—(13.11). The function
SsfSim returns a matrix containing the simulated state variables a1 and
observations ;. These values are illustrated in Figure 13.1.

> set.seed(112)

> 11.sim = SsfSim(ssf.11.1list,n=250)
> class(1l.sim)

[1] "matrix"

> colIds(11l.sim)

[1] "state" "response"

Listing 13.3. Simulating observations and states in SsfPack.
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—— State
"""" Response

value

0 50 100 150 200 250
time

Fig. 13.1. Simulated values from local level model created using the SsfPack func-
tion SsfSim.

13.3 Overview of algorithms

In this section we review the algorithms that are considered in SsfPack.
The most relevant equations are reproduced but the review does not aim to
be complete and to provide the detail of implementation. The derivations
of the algorithms can be found in, for example, Harvey (1989), Shumway
and Stoffer (2000) and Durbin and Koopman (2001). Details of numerical
implementation are reported in Koopman, Shephard and Doornik (1999)
and Koopman, Shephard and Doornik (2001) unless indicated otherwise.

The SsfPack functions for computing the algorithms described below are
summarised in Table 13.4. All of the functions except KalmanSmo have an
optional argument task which controls the task to be performed by the
function. The values of the argument task with brief descriptions are given
in Table 13.5.
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13.3.1 Kalman filter

The Kalman filter is a recursive algorithm for the evaluation of moments
of the normally distributed state vector a1 conditional on the observed
data Yy = (y1,...,4:). Let a; = E[ay|Y;—1] denote the conditional mean of
a; based on information available at time ¢ — 1 and let P; = var(oy|Y,_;)
denote the conditional variance of ;. The filtering or updating equations
of the Kalman filter compute a,; = Elo|Y,] and Py, = var(a:|Y;), as
well as the measurement equation innovation or one-step ahead prediction
error v; = y;—¢; — Zia; and prediction error variance F; = var(v;). The
prediction equations of the Kalman filter compute a;+1 and Pyy;.

The function KalmanFil implements the Kalman filter recursions in a
computationally efficient way. The output of KalmanFil is primarily used
by other functions, but it can also be used directly to evaluate the appropri-
ateness of a given state space model through the analysis of the innovations
v¢. The function SsfMomentEst computes the filtered state and response
estimates from a given state space model and observed data with the
optional argument task="STFIL". Predicted state and response estimates are
computed using SsfMomentEst with the optional argument task="STPRED".

13.3.2 Kalman filter initialisation

When the initial conditions a; and P can be properly defined, the Kalman
filter can be used for prediction and filtering. For example, for a stationary
ARMA process in state space, the initial conditions of the state vector are
obtained from the unconditional mean and variance equations of the ARMA
process. For nonstationary processes, however, the initial conditions cannot
be properly defined for the obvious reasons. The same applies to fixed un-
known state elements. In such cases the applicable initial state element is
taken as diffuse which implies that its mean is arbitrary, usually zero, and
its variance is infinity.

13.3.3 Kalman smoother

The Kalman filtering algorithm is a forward recursion which computes one-
step ahead estimates a;y; and Py based on Y; for t = 1,...,n. The
Kalman smoothing algorithm is a backward recursion which computes the
mean and variance of specific conditional distributions based on the full data
set Y, = (y1,...,Yn). The state smoothing residuals are denoted r; and the
response smoothing residuals are denoted by e;.

The function KalmanSmo implements the Kalman smoother recursions
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in a computationally efficient way and it computes the smoothing resid-
uals together with the diagonal elements of their variances. The output of
KalmanSmo is primarily used by other functions for computing smoothed
estimates of the state and disturbance vectors but it can also be used to
compute score information for parameter estimation and to evaluate diag-
nostics for the detection of outliers and structural breaks.

13.3.4 Smoothed state, response and disturbance estimates

The smoothed estimates of the state vector oy and its variance matrix are de-
noted &; = E[ou|Y,] (or ay,) and var(ay|Y,,), respectively. The smoothed
estimate &, is the optimal estimate of a; using all available information Y,
whereas the filtered estimate a; is the optimal estimate only using informa-
tion available at time ¢, Y;. The computation of &; and its variance from the
Kalman smoother algorithm is described in Durbin and Koopman (2001).
The smoothed estimate of the response y; and its variance are computed
using

§i =0, = E[0:Y,] = ci+Ziéy, var(yi|Y,) = Zvar(ey|Y,)Z}. (13.16)

Smoothed estimates of states and responses may be computed using the
functions SsfCondDens and SsfMomentEst with the optional argument task=
"STSMO". The function SsfCondDens only computes the smoothed states
and responses whereas SsfMomentEst also computes the associated vari-
ances.

The smoothed disturbance estimates are the estimates of the measure-
ment equations innovations €; and transition equation innovations 7; based
on all available information Y, and are denoted &; = E[e;|Y ] (or &,) and
), = Eln,|Y,] (or my),,), respectively. The computation of & and #), from the
Kalman smoother algorithm is described in Durbin and Koopman (2001).
These smoothed disturbance estimates can be useful for parameter esti-
mation by maximum likelihood and for diagnostic checking. The functions
SsfCondDens and SsfMomentEst, with the optional argument task="DSSM0",
may be used to compute smoothed estimates of the measurement and tran-
sition equation disturbances. The function SsfCondDens only computes the
smoothed states and responses whereas SsfMomentEst also computes the
associated variances.
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13.3.5 Missing values and forecasting

The Kalman filter prediction equation produces one-step ahead predictions
of the state vector, a;+1 = E[ay4+1|Yy], along with prediction variance ma-
trices P;41. In the Kalman filter recursions, if there are missing values in
y: then vi=0, F, =0 and K; = 0. This allows out-of-sample forecasts
of a; and y; to be computed from the updating and prediction equations.
Out-of-sample predictions, together with associated mean square errors, can
be computed from the Kalman filter prediction equations by extending the
data set yi,...,y, with a set of missing values. When y. is missing, the
Kalman filter reduces to the prediction step described above. As a result,
a sequence of m missing values at the end of the sample will produce a set
of h-step ahead forecasts for h = 1,..., m. Forecasts with their variances
based on a given state space model may be computed using the function
SsfMomentEst with the optional argument task="STPRED".

13.3.6 Simulation smoothing

The joint simulation of state and response vectors a; and y¢, t = 1,...,n,
or disturbance vectors n, and &;,, ¢ = 1,...,n, conditional on the obser-
vations Y, is called simulation smoothing. Simulation smoothing is useful
for evaluating the appropriateness of a proposed state space model, for the
Bayesian analysis of state space models using Markov chain Monte Carlo
(MCMC) techniques and for the evaluation of the likelihood function using
importance sampling techniques. Initial work on simulation smoothing has
been developed by Frithwirth-Schnatter (1994c), Carter and Kohn (1994)
and de Jong and Shephard (1995). The simulation smoothing method of
Durbin and Koopman (2002) is used for the SsfPack implementation. The
function SimSmoDraw generates random draws from the distributions of the
state and response variables (argument task="STSIM") or from the distri-
butions of the state and response disturbances (argument task="DSSIM").

13.3.7 Prediction error decomposition and log-likelihood

The prediction error decomposition of the log-likelihood function for the
unknown parameters ¢ of a state space model may be conveniently computed
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using the output of the Kalman filter

mL(pYn) = > Inf(yilYi1;9)

n

=5 ([P + viF;'ve), (13.17)
t=1

N
= —%ln (27)

l\')l?—‘

where f(y:|Y:—1;) is a conditional Gaussian density implied by the state
space model (13.1)—(13.2). The vector of prediction errors v; and prediction
error variance matrices F; are computed from the Kalman filter recursions.

The functions KalmanFil and SsfLoglike may be used to evaluate the
prediction error decomposition of the log-likelihood function for a given set of
parameters . The S+FinMetrics function SsfFit, which evaluates (13.17)
using SsfLoglike, may be used to find the maximum likelihood estima-
tors of the unknown parameters ¢ using the S-PLUS optimisation function
nlminb®.

In some models, e.g., linear regression models and ARMA models, it is
possible to solve explicitly for one scale factor and concentrate it out of
the log-likelihood function (13.17). The resulting log-likelihood function is
called the concentrated log-likelihood or profile log-likelihood and is denoted
In L¢(¢|Y,,). Following Koopman, Shephard and Doornik (1999), let o de-
note such a scale factor, and let

yi= 0:+Gie;

with ¢ ~ iid N (0, c%I) denote the scaled version of the measurement equa-
tion (13.3). The state space form (13.1)—(13.3) applies but with G; = 0 G§
and H; = oHf. This formulation implies that one nonzero element of o G¢
or cHY is kept fixed, usually at unity, which reduces the dimension of the
parameter vector o by one. The solution for o2 from (13.17) is given by
1 n
5(0) = - S vi(F) !
t=1

and the resulting concentrated log-likelihood function is
¢ nN nN 9 1< .
InL(p|Y,) = ==~ In(2r) — =~ In (6%(p) +1) — 3 ;m IF¢|. (13.18)

For a given set of parameters ¢, the concentrated log-likelihood may be
evaluated using the functions KalmanFil and SsfLoglike. Maximisation of

5 There are several optimisation algorithms available in S-PLUS besides nlminb. Most notable are
the functions nlmin, ms and optim (in the MASS library of S-PLUS).
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Table 13.4. General SsfPack state space functions

function description tasks
KalmanIni initialise Kalman filter all
KalmanFil Kalman filtering and likelihood eval all
KalmanSmo Kalman smoothing none
SsfCondDens  conditional density/mean calculation STSMO,DSSMO
SsfMomentEst moment estimation and smoothing STFIL,STPRED,

STSMO,DSSMO

SimSmoDraw simulation smoother draws STSIM,DSSIM
SsfLoglike log-likelihood of state space model none
SsfFit estimate state space model parameters none

Table 13.5. Task argument to SsfPack functions

task description

KFLIK Kalman filtering and loglikelihood evaluation
STFIL  state filtering

STPRED state prediction

STSMO state smoothing

DSSMO  disturbance smoothing

STSIM  state simulation

DSSIM  disturbance simulation

the concentrated log-likelihood function may be specified in the function
SsfFit by setting the optional argument conc=T.

13.4 The capital asset pricing model

This section illustrates the use of the SsfPack state space modelling and
analysis functions for an empirical analysis of the CAPM.

13.4.1 Recursive least squares

Consider the typical CAPM regression model

yr = a+ Burag + &, & ~iid N(0,07),

where y; denotes the return on an asset in excess of the risk free rate, and
x M is the excess return on a market index. This is a linear regression model
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of the form
v =xiB+&, & ~iid N(0,03),

where x; = (1,zar¢)" is a 2 X 1 vector of data, and B = (o, fy) isa 2 x 1
fixed parameter vector. The state space representation is given by

< a;? > B ( ilz )at+ < o—?& ) (13.19)

The state vector satisfies

ap =0y == (ayﬁM),'

The state space system matrices are Ty = Io, Z; = X}, Gy = o¢ and Hy =0
and may be compared with the ones in Example 13.2. The coefficient vector
B is fixed and unknown so that the initial conditions are a; ~ N(0, kIs),
where k is infinity. The monthly excess return data on Microsoft and the
S&P 500 index over the period February 1990-December 2000 are used as
in Listing 13.2. The state space form for the CAPM with fixed regressors
may be created using the function GetSsfReg as in Listing 13.4.

An advantage of analysing the linear regression model in state space form
is that recursive least squares (RLS) estimates of the regression coefficient
vector  are readily computed from the Kalman filter. The RLS estimates
are based on estimating the model

Yt :ﬁéxt+€t> t= 17"'7” (1320)
by least squares recursively for t = 3,...,n giving n — 2 least squares (RLS)
estimates (033, ..., Or). If B is constant over time then the recursive estimates

Bt should quickly settle down near a common value. If some of the elements
in B are not constant then the corresponding RLS estimates should show
instability. Hence, a simple graphical technique for uncovering parameter
instability is to plot the RLS estimates 3;; (i = 1,2) and look for instability
in the plots.

The RLS estimates are simply the filtered state estimates from the model
(13.19), and may be computed using the function SsfMomentEst with the
optional argument task="STFIL" as in Listing 13.4.

The component state.moment contains the filtered state estimates a;
for t = 1,...,n, which are equal to the RLS estimates of the linear regres-
sion coefficients, and the component response.moment contains the filtered
response estimates y;;. The first column of the component state.moment
contains the RLS estimates of «, and the second column contains the RLS
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> ssf.reg = GetSsfReg(X.mat)

> ssf.reg

$mPhi : $mOmega: $mSigma: $mJPhi:

[,1] [,2] [,11 [,2]1 [,3] [,11 [,2] [,11 [,2]
(1,] 10 [1,J 000 [1,] -1 0 [1,] -1 -1
2,J] 01 [2,]000 [2,] 0 -1 [2,] -1 -1
[3,J] 00 [3,]001 [3,J] 00 [3,] 12

> filteredEst.reg = SsfMomentEst(msft.ret,ssf.reg,task="STFIL")
> class(filteredEst.reg)

[1] "SsfMomentEst"

> names(filteredEst.reg)

[1] "state.moment" "state.variance" "response.moment"
[4] "response.variance" "task" "positions"

> filteredEst.reg$state.moment

numeric matrix: 131 rows, 2 columns.

state.l state.2

[1,] 0.06186 0.0001756

[2,] 0.05179 3.5482887

[3,] 0.07811 1.2844189

[131,] 0.01751 1.568

> ols.fit = OLS(MSFT~SP500,data=excessReturns.ts)

> coef(ols.fit)

(Intercept) SP500

0.01751 1.568

> collds(filteredEst.reg$state.moment) = c("alpha","beta")
> plot(filteredEst.reg,main="Filtered estimates: RLS")

Listing 13.4. A RLS analysis of the CAPM.

estimates of Bp;. The last row contains the full sample least squares esti-
mates of a and Fjs. The RLS estimates can be visualised using the generic
plot method for objects of the class SsfMomentEst. The resulting plot is
illustrated in Figure 13.2. Notice that the RLS estimates of 35y seem fairly
constant whereas the RLS estimates of a do not.

13.4.2 Tests for constant parameters

Formal tests for structural stability of the regression coefficients, such as the
CUSUM test of Brown, Durbin and Evans (1975), may be computed from
the standardised one-step ahead recursive residuals

N
Vg Yt — Bi_1Xt

VE OV

where f; is an estimate of the recursive error variance

Wy =

o® |1+ X:&(X::_1thl)7lxt}
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Fig. 13.2. RLS estimates of CAPM for Microsoft using the Kalman filter.

and X, is the (¢ x k) matrix of observations on x; using data from s = 1, ..., t.
These standardised recursive residuals result as a by-product of the Kalman
filter recursions and may be extracted using the SsfPack function KalmanFil
as in Listing 13.5. Diagnostic plots of the standardised innovations may be
created using the plot method for objects of class ‘KalmanFil’. Selection 3
produces the graph shown in Figure 13.3.

The CUSUM test is based on the cumulated sum of the standardised
recursive residuals

t

CUSUM,; =
f ‘Z p
Jj=k+1

wj
A )
w

where &, is the sample standard deviation of w; and k denotes the number
of estimated coefficients. Under the null hypothesis that 5 in (13.20) is
constant, CUSUM; has mean zero and variance that is proportional to
t — k — 1. Brown, Durbin and Evans (1975) show that approximate 95%
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> kf.reg = KalmanFil(msft.ret,ssf.reg)
> class(kf.reg)
[1] "KalmanFil"
> names (kf .reg)
[1] "mOut" "innov" "std.innov" "mGain"
[6] "loglike" "loglike.conc" "dVar" "mEst"
[9] "mOffP" "task" "err" "call"
[13] "positions"
> plot(kf.reg)
Listing 13.5. Kalman filter for CAPM.
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Fig. 13.3. Scaled innovations, w; = v;/+/f, computed from the RL
the CAPM for Microsoft.

S estimates of

confidence bands for CUSU M, are given by the two lines which connect the

points (k,£0.948y/n —k — 1) and (n,40.948 x 3v/n —k —1).

It CUSUM;

wanders outside of these bands, then the null of parameter stability may be

rejected. The S-PLUS commands to compute CUSU M; are in

Listing 13.6.



304 Eric Zivot, Jeffrey Wang and Siem Jan Koopman

The CUSUM plot is given in Figure 13.4 and it indicates that the CAPM
for Microsoft has stable parameters.

> w.t = kf.reg\$std.innov[-c(1,2)] \# first two innovations are
equal to zero
> cusum.t = cumsum(w.t)/stdev(w.t)

> nobs = length(cusum.t)
> tmp = 0.948x*sqrt(nobs)
> upper = seq(tmp,3*tmp,length=nobs)
> lower = seq(-tmp,-3*tmp,length=nobs)
> tmp.ts = timeSeries(pos=kf.reg\$positions[-c(1,2)],
+ data=cbind(cusum.t,upper,lower))
> plot(tmp.ts,reference.grid=F,
+ plot.args=list(lty=c(1,2,2),col=c(1,2,2)))
Listing 13.6. Computing the CUSUM test.
Q—
o]
o
-
g°
o
T
8—
8]
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Fig. 13.4. CUSUM test for parameter constancy in CAPM regression for Microsoft.
The area between the dotted lines represents a 95% confidence interval.
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13.4.3 CAPM with time varying parameters

Consider estimating the CAPM with time varying coefficients (13.14) sub-
ject to random walk evolution, using monthly data on Microsoft and the
S&P 500 index over the period February 1990-December 2000 contained
in the S+FinMetrics ‘timeSeries’ object excessReturns.ts. Neumann
(2002) surveyed several estimation strategies for time varying parameter
models and concluded that the state space model with random walk specifi-
cations for the evolution of the time varying parameters generally performs
very well. The parameters of the model are the variances of the innova-
tions to the transition and measurement equations: o = (ag, 02, 02)'. Since
these variances must be positive the log-likelihood is parameterised using
p = (ln(ag),ln(a?),ln(ag))’, so that o = (exp(¢1),exp(p2), exp(p3))’. The
state space form for the CAPM with time varying coefficients requires a data
matrix X containing the excess returns on the S&P 500 index and therefore
the function SsfFit has ¢ and X as input and it returns the appropriate
state space form. Listing 13.7 provides an example of an implementation for
estimating the time varying CAPM.

Starting values for ¢ are specified by tvp.start. The maximum likeli-
hood estimates for ¢ are computed using tvp.mle. The print method gives
estimates of ¢ = (ln(ag), In(02),1n(c2))’ while the summary method provides
estimates for the standard deviations o¢, o¢ and o, as well as estimated stan-
dard errors, from the delta method;® see Listing 13.7. It appears that the
estimated standard deviations for the time varying parameter CAPM are
close to zero, suggesting a constant parameter model.

Given the estimated parameters, the filtered estimates of the time varying
parameters a; and By, may be computed using SsfMomentEst . The filtered
moments, without standard error bands, may be visualised using the plot
method for objects of class ‘SsfMomentEst’ as illustrated in Figure 13.5.
The filtered estimates of the parameters from the CAPM with time varying
parameters look remarkably like the RLS estimates computed earlier.

The smoothed estimates of the time varying parameters a; and Byr; as
well as the expected returns may be extracted using SsfCondDens as in
Listing 13.7. The plot method is then used to visualise the smoothed
estimates as illustrated in Figure 13.6. The smoothed state estimates ap-
pear quite different from the filtered state estimates shown in Figure 13.5,
but this difference is primarily due to the erratic behavior of the first few
filtered estimates. The function SsfCondDens does not compute estimated
variances for the smoothed state and response variables. If standard error

d

61f /n(@ —60) 5 N(O,V) and g is a continuous function then +/n(g(d) — g(0)) A
N(0,89/00 Vog/06’).
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> tvp.mod = function(parm,mX=NULL) {

parm = exp(parm) # 3 x 1 vector containing log variances
ssf.tvp = GetSsfReg(mX=mX)

diag(ssf.tvp$mOmega) = parm

CheckSsf (ssf.tvp)

}

> tvp.start = c(0,0,0)

> names (tvp.start) = c("ln(s2.alpha)","ln(s2.beta)","1In(s2.y)")
> tvp.mle = SsfFit(tvp.start,msft.ret,"tvp.mod",mX=X.mat)
Iteration O : objective = 183.2

Iteration 22 : objective = -123
RELATIVE FUNCTION CONVERGENCE

> class(tvp.mle)

[1] "SsfFit"

> names(tvp.mle)

[1] "parameters" "objective
[6] "f.evals" "g.evals" "hessian
[11] "call" "vcov"

> summary (tvp.mle)
Log-likelihood: -122.979

131 observations

Parameters:

Value Std. Error t value
1n(s2.alpha) -12.480 2.8020 -4.453

1n(s2.beta) -5.900 3.0900 -1.909

1n(s2.y) -4.817 0.1285 -37.480

> tvp2.mle = tvp.mle

tvp2.mle$parameters = exp(tvp.mle$parameters/2)

names (tvp2.mle$parameters) = c("s.alpha","s.beta","s.y")
dg = diag(tvp2.mle$parameters/2)

tvp2.mle$vcov = dg %*% tvp.mle\$vcov %*% dg

summary (tvp2.mle)

Log-likelihood: -122.979

131 observations

Parameters:

Value Std. Error t value

s.alpha 0.001951 0.002733 0.7137

.beta 0.052350 0.080890 0.6472

.y 0.089970 0.005781 15.5600

smoothedEst.tvp = SsfCondDens(msft.ret,
tvp.mod(tvp.mle$parameters,mX=X.mat),

task="STSMO")

" "message" " " "iterations"

" "scale

grad.norm
n "auX"

V V V V

\4

+ +vounun

Listing 13.7. An analysis of the time varying CAPM.

bands for the smoothed estimates are desired, then SsfMomentEst with
task="STSMO" must be used and the state variances are available in the
component state.variance
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Fig. 13.5. Filtered estimates of CAPM for Microsoft with time varying parameters.

13.5 Time series decompositions

In this section we use state space methods to compute some common trend-
cycle decompositions of US postwar quarterly real GDP. These decomposi-
tions are used to estimate the long-run trend in output as well as business
cycles. We illustrate the well-known Beveridge-Nelson decomposition as
well as several unobserved components decompositions.

13.5.1 ARMA modelling and Beveridge—Nelson decompositions

Consider the problem of decomposing the movements in the natural log-
arithm of US postwar quarterly real GDP into permanent and transitory
(cyclical) components. Beveridge and Nelson (1981) proposed a definition
for the permanent component of an I(1) time series y; with drift p as the
limiting forecast as the horizon goes to infinity, adjusted for the mean rate
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Fig. 13.6. Smoothed estimates of CAPM for Microsoft with time varying parame-
ters.

of growth:
BN; = lim Eif[ysn — phl,
h—o00

where E;[-] denotes expectation conditional on information available at time
t. The transitory or cycle component is then defined as the gap between the
present level of the series and its long-run forecast:

Ct = Yt — BNt

This permanent—transitory decomposition is often referred to as the ‘BN
decomposition’ . In practice, the BN decomposition is obtained by fitting an
ARMA (p, q) model to Ay, where A =1 — L is the difference operator, and
then computing BN; and ¢; from the fitted model.

As shown by Morley (2002), the BN decomposition may be easily com-
puted using the Kalman filter by putting the forecasting model for Ay, —
in state space form. In particular, suppose Ay, — u is a linear combination
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of the elements of the m x 1 state vector ay:
Ay—p=[2 22 - 2zm oy,

where z; (i = 1,...,m) is the weight of the ith element of a; in determining
Ay, — p. Suppose further that

a1 = Toayg + lr’;’;) 77: ~ iid N(Ov V)v

such that all of the eigenvalues of T have modulus less than unity, and T is
invertible. Then, Morley shows that

BNt = Y+ [ Z1 22 't Zm ]T(Im—T)ilaﬂt,

(13.21)
¢t = y— BNy =— [ 21 22 ot Zm ]T(Im_T)ilat\t,

where a;; denotes the filtered estimate of .

To illustrate the process of constructing the BN decomposition for US
postwar quarterly real GDP over the period 1947:1-1998:11, we follow Morley,
Nelson and Zivot (2003) (hereafter MNZ) and consider fitting the ARMA(2,2)
model

Ay —p = O1(Ayi—1 — ) + G2(Ayp—2 — p) + & + b1ee—1 + b2,
e ~iid N(0,0?),

where y; denotes the natural log of real GDP multiplied by 100. In SsfPack,
the ARMA(p, ¢) model for a demeaned stationary variable y; has a state
space representation with transition and measurement equations

a1 = Top + HE, §t~N(0703)7
y; = Zoy

and time invariant system matrices

1 10 -~ 0 1
o 0 1 0 0,

T = : oot |, H= : . (13.22)
Gm_1 0 0 1 1
dbm 0 0 - 0 Oum

Z = (10 00),

where d,c and G of the state space form (13.1)—(13.3) are all zero and
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m = max(p, g + 1). The state vector a; has the form

yr
¢2y;“;1 +oot+ ¢Py2;m+1 + 91& + -+ 9m—1§t—m+2
oy = G3Yi_1 Oy T 28+ Om—18—mts | (13.23)

¢my;5k_1 + em—lft

The exact maximum likelihood estimates of the ARMA(2,2) parameters
may be computed using the SsfPack functions GetSsfArma and SsfFit.
The function SsfFit requires as input a function which takes the unknown
parameters ¢ and produces the state space form for the ARMA(2,2) as is
illustrated in Listing 13.8. Notice that the function arma22.mod parame-
2 = exp(y), —o0 < v < o0, to ensure that
the estimated value of o2 is positive, and utilises the SsfPack function
GetSsfArma to create the state space form for the ARMA(2,2) function.
Starting values for the estimation are given by (conditional) MLE using
S-PLUS function arima.mle. The data used for the estimation is in the
‘timeSeries’ 1lny.ts and the demeaned first difference data is in the
‘timeSeries’ dlny.ts.dm. The exact maximum likelihood estimates for
@ = (¢1, 2,01, 02,7)" are computed using SsfFit.”

Given the maximum likelihood estimates ¢, the filtered estimate of the
state vector may be computed using the function SsfMomentEst with
optional argument task="STFIL". The BN decomposition (13.22) may then
be computed as in Listing 13.9. Figure 13.7 illustrates the results of the BN
decomposition for US real GDP. The BN trend follows the data very closely
and, as a result, the BN cycle behaves much like the first difference of the
data.

terises the error variance as o

13.5.2 Unobserved components decompositions: Clark model

Harvey (1985) and Clark (1987) provided an alternative to the BN decom-
position of an I(1) time series with drift into permanent and transitory
components based on unobserved components structural time series models.
For example, Clark’s model for the natural logarithm of postwar real GDP
specifies the trend as a pure random walk, and the cycle as a stationary

7 One may also estimate the ARMA(2,2) model with SsfFit by maximising the log-likelihood
function concentrated with respect to the error variance 2.
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> arma22.mod = function(parm) {

phi.1 = parm[1]
phi.2 = parm[2]
theta.1l = parm[3]
theta.2 = parm[4]

sigma2 = exp(parm[5]) # require positive variance

ssf.mod = GetSsfArma(ar=c(phi.1,phi.2),ma=c(theta.l,theta.2),
sigma=sqrt(sigma2))

CheckSsf (ssf.mod)

}

> arma22.start = ¢(1.34,-0.70,-1.05,0.51,-0.08)

> names (arma22.start) =
c("phi.1","phi.2","theta.1","theta.2","1ln.sigma2")

> arma22.mle = SsfFit(arma22.start,dlny.ts.dm,"arma22.mod")
Iteration O : objective = 284.6686

ifération 27 : objective = 284.651
RELATIVE FUNCTION CONVERGENCE

> summary (arma22.mle)
Log-likelihood: 284.651
205 observations
Parameters:
Value Std. Error t value

phi.1 1.34200 0.14480 9.2680
phi.2 -0.70580 0.14930 -4.7290
theta.1l -1.05400 0.18030 -5.8490
theta.2 0.51870 0.19330 2.6830
In.sigma2 -0.06217 0.09878 -0.6294

Listing 13.8. Estimation of an ARMA model.

ssf.arma22 = arma22.mod(arma22.mle$parameters)
filteredEst.arma22 = SsfMomentEst(dlny.ts.dm,
ssf.arma22,task="STFIL")

at.t = filteredEst.arma22$state.moment

T.mat = ssf.arma22$mPhi[1:3,1:3]

tmp = t(T.mat %x% solve((diag(3)-T.mat)) %% t(at.t))
BN.t = lny.ts[2:nobs,] + tmp[,1]

c.t = Iny.ts[2:nobs,] - BN.t

VVVVYV+VYyV

Listing 13.9. Implementation of BN decomposing using Morley (2002).

AR(2) process:

Y = Tt
Te41 = W+ T+ U, (1324)

Civ1 = O1¢ + Pacy + wy,
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Fig. 13.7. BN decomposition for US postwar quarterly real GDP.

where the roots of ¢(z) = 1 — ¢12 — ¢222 = 0 lie outside the complex unit
circle.® For identification purposes, Clark assumed that the trend innovations
and cycle innovations are uncorrelated and normally distributed:

8 Harvey’s model differs from Clark’s model in that the stationary AR(2) cycle is restricted to
have complex roots. The function GetSsfStsm in Table 13.3 may be used to easily construct
the state space form for Harvey’s model.
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The Clark model may be put in state space form (13.5) with
o 1 0
Tt+1
0 0 ¢
o1 = th+1 =1, 1"2=1y 11 0
! 0 11 0
" o2 0 0 0
* t+1 2
n 0 o, 00
T <0t>,n2‘= o =10 0 00
0 0 00

Since the trend component is nonstationary, it is given a diffuse initialisation.
The initial covariance matrix P, of the stationary cycle is determined from

vee(Py) = (It—(F @ F) " vee(Vy,),

(1 92 A
(3 5) (3 2)

The initial value parameter matrix (13.7) is then

where

-1 0 0
5 0 pi1 pri2
0 p21 pa2
0 0 0

where p;; denotes the (7, j) element of P,.

The exact maximum likelihood estimates of the Clark model parameters,
based on the prediction error decomposition of the log-likelihood function,
may be computed using the SsfPack function SsfFit. The function SsfFit
requires as input a function which takes the unknown parameters ¢ and
produces the state space form for the Clark model; an example is given in
Listing 13.10. Notice that the state variances are parameterised as 02 =
exp(7,) and 02, = exp(Vy ), —00 < Yo, Yw < 00, to ensure positive estimates.
Starting values for the parameters are based on values near the estimates of
the Clark model from MNZ.

The data used for the estimation? is in the ‘timeSeries’ lny.ts, and is
the same data used to compute the BN decomposition earlier. The maximum
likelihood estimates and asymptotic standard errors of the parameters ¢ =
(1 Yoy Yoy @1, P2)" using SsfFit are reproduced as output in Listing 13.10.

9 In the estimation, no restrictions were imposed on the AR(2) parameters ¢; and ¢z to en-
sure that the cycle is stationary. The function SsfFit uses the S-PLUS optimisation algorithm
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Fig. 13.8. Filtered estimates of the trend (upper graph) and cycle (lower graph)
from the Clark model estimated to US real GDP.

The maximum likelihood estimates for the Clark model parameters are
almost identical to those found by MNZ 0. Estimates of the error com-
ponent standard deviations are also produced.

The filtered estimates of the trend, 7;, and cycle, ¢y, given the estimated
parameters may be computed using the function SsfMomentEst with the
optional argument task="STFIL" as in Listing 13.10. The filtered estimates
are in the state.moment component and the variances of the filtered esti-
mates are in the state.variance component. The filtered trend estimate is
in the first column of the state.moment component and the filtered cycle is
in the second column. These filtered estimates are illustrated in Figure 13.8.

nlminb, which performs minimisation of a function subject to box constraints. Box constraints
on ¢1 and ¢2 may be used to constrain their estimated values to be near the appropriate
stationary region.

10 MNZ estimated the Clark model in GAUSS using the prediction error decomposition with the
variance of the initial state for the nonstationary component set to a large positive number.
The state space representation of the Clark model here utilises an exact initialisation of the
Kalman filter.
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Clark.mod = function(parm) {
mu = parm[1]
phil = parm[2]
phi2 = parm[3]
sigma2.v = exp(parm([4])
sigma2.w = exp(parm[5])
bigV = diag(c(sigma2.v,sigma2.w))
Omega = matrix(0,4,4)
Omegal[1:2,1:2] = bigV
al = matrix(0,3,1)
# solve for initial variance of stationary part

bigF = matrix(c(phil,1,phi2,0),2,2)
vecV = c(sigma2.w,0,0,0)
vecP = solve(diag(4)-kronecker (bigF,bigF))%*vecV

P.ar2 = matrix(vecP,?2,2)
Sigma = matrix(0,4,3)
Sigma[1,1] = -1
Sigma[2:3,2:3] = P.ar2
# create state space list
ssf.mod = list(mDelta=c(mu,0,0,0),
mPhi=rbind(c(1,0,0),c(0,phil,phi2),c(0,1,0),c(1,1,0)),
mOmega=0Omega,
mSigma = Sigma)
CheckSsf (ssf.mod)

}

> Clark.start=c(0.81,1.53,-0.61,-0.74,-0.96)

> names(Clark.start) = c("mu","phi.1","phi.2",

+ "ln.sigma2.v","1ln.sigma2.w")

> Clark.mle = SsfFit(Clark.start,lny.ts,"Clark.mod")

\4

summary (Clark.mle)
Log-likelihood: 287.524
206 observations

Parameters:
Value Std. Error t value
mu 0.8119 0.05005 16.220
phi.1 1.5300 0.10180 15.030
phi.2 -0.6097 0.11450 -5.326
In.sigma2.v -0.7441 0.30100 -2.472
In.sigma2.w -0.9565 0.42490 -2.251

> Clark.sd = sqrt(exp(coef(Clark.mle) [4:5]))
> names(Clark.sd) = c("sigma.v","sigma.w")
> Clark.sd
sigma.v sigma.w
0.6893 0.6199

> ssf.Clark = Clark.mod(Clark.mle$parameters)
> filteredEst.Clark =
SsfMomentEst (1ny.ts,ssf.Clark,task="STFIL")

Listing 13.10. Estimating Clark’s model.
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The filtered trend estimate is fairly smooth and is quite similar to a linear
trend. The filtered cycle estimate is large in amplitude and has a period of
about eight years. In comparison to the BN decomposition, the trend-cycle
decomposition based on the Clark model gives a much smoother trend and
longer cycle, and attributes a greater amount of the variability of log output
to the transitory cycle.
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Fig. 13.9. Smoothed cycle estimate, c;,,, with 95% error bands from Clark model
for US real GDP.

The smoothed estimates of the trend, 7y,, and cycle, ¢, along with
estimated standard errors, given the estimated parameters, may be com-
puted using the function SsfMomentEst with the optional argument task=
"STSMO". The smoothed cycle estimates with 95% standard error bands are
illustrated in Figure 13.9.

The Clark model assumes that the unobserved trend evolves as a random
walk with drift . That is, the unobserved trend component is nonstationary.
If the variance of the drift innovation, o2, is zero then the trend becomes
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deterministic. A number of statistics have been proposed to test the null
hypothesis that o2 = 0, see Harvey and Streibel (1998a) and Harvey (2001)
for reviews. For the Clark model, a Lagrange multiplier (LM) test of the null
hypothesis 02 = 0, against the alternative that o2 > 0, can be formulated
as

T T i 2
n= T_IZ [Zet] > c,
i=1 Lt=1
where ¢e; is the standardised innovation at time ¢ from the model assum-
ing that 7y is fixed, and c is the desired critical value. Harvey and Streibel
(1998a) show that the statistic n has a second-level Cramér—von Mises dis-
tribution. Table I(b) of Harvey (2001) gives ¢ = 0.149 as the 5% critical

value.

To compute the standardised innovations assuming that 7 is fixed, Harvey
and Streibel (1998a) suggested the following procedures. Start by estimating
the unrestricted model by maximum likelihood and compute the smoothed
estimates of 73. Then the standardised innovations e;, assuming that 7y is
fixed, are computed from the Kalman filter algorithm by setting o2 = 0
and initialising 79 at the smoothed estimate of 7 — u. The commands to
compute the LM test statistic are given in Listing 13.11. Since the test
statistic is greater than the 5% critical value of 0.149, the null hypothesis of
a deterministic trend is rejected.

> n = nrow(lny.ts)

> ssf.ClarkO = ssf.Clark

> ssf.ClarkO$mOmega[1,1] = O
> ssf.ClarkO$mSigma[1,1] = O
>

ssf.ClarkO$mSigma[4,1]
smoothedEst.Clark$state.moment [1,1] -

> Clark.mle$parameters["mu"]

> kf.Clark0 = KalmanFil(lny.ts,ssf.Clark0)

> test.stat = sum(cumsum(kf.ClarkO$std.innov)"2)/n"2
> test.stat

[1] 56.71

Listing 13.11. Computing the LM test for the null of 02 = 0.

13.5.3 Unobserved components decompositions: MINZ model

Morley, Nelson and Zivot (2003) have shown that the apparent difference be-
tween BN decomposition and the Clark model trend-cycle decomposition is
due to the assumption of independence between trend and cycle innovations
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in the Clark model. In particular, they showed that the independence
assumption is actually an overidentifying restriction in the Clark model,
and once this assumption is relaxed to allow correlated components the dif-
ference between the decompositions disappears.

The MNZ model is simply Clark’s model (13.24) where the trend and
cycle innovations are allowed to be correlated with correlation coefficient

Pow:
2
(o)~ 593 ((0)- Cpuns 2™ )):
wy 0 PowlvTw Ow

The new state space system matrix €2 becomes

03 PowOvoy 0 0
Q- PowTvTw 0121, 0 O
0 0 0 0
0 0 0 0

An S-PLUS function, to be passed to SsfFit, to compute the new state
space form is given in Listing 13.12. No restrictions are placed on the cor-
relation coefficient p,,, in the function MNZ.mod. A box constraint —0.999 <
Pow < 0.999 will be placed on p,,, during the estimation. Starting values for
the parameters are based on values near the estimates of the Clark model
from MNZ. Box constraints are enforced on the AR parameters ¢1 and ¢2, to
encourage stationarity, and on the correlation coefficient py,,, to keep valid-
ity. The ML estimates are almost identical to those reported by MNZ. Notice
that the estimated value of p,, is —0.91 and that the estimated standard
deviation of the trend innovation is much larger than the estimated standard
deviation of the cycle innovation.

The filtered estimates of the trend, 7;, and cycle, ¢, given the esti-
mated parameters are computed using the SsfMomentEst function and are
illustrated in Figure 13.10. Notice that the filtered estimates of trend and
cycle , when the correlation between the error components is estimated, are
identical to the estimated trend and cycle from the BN decomposition. The
smoothed estimates of trend and cycle are much more variable than the fil-
tered estimates. Figure 13.11 shows the smoothed estimate of the cycle. For
more discussion see Proietti (2002).

13.6 The stochastic volatility model

Financial returns data can be characterised by noise processes with volatil-
ity clustering and non-Gaussian features. In the financial and econometrics
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Fig. 13.10. Filtered estimates of trend (upper graph) and cycle (lower graph) from
the MNZ model with correlated components for US real GDP.

literature much attention is devoted to the empirical modelling and analysing
of volatility since volatility is important for the pricing of financial securities
and their associated derivatives. Much applied work on this topic is focused
on generalised autoregressive conditional heteroskedasticity (GARCH) mod-
els and on a long list of GARCH variants. Although most of these models
are relatively straightforward to estimate, they are not necessarily convincing
in empirical analyses and do not necessarily produce satisfactory forecasts.
In this section we focus on the stochastic volatility model that describes
volatility as a stochastic process with its own independent source of ran-
domness. Such descriptions are in nature expressed in continuous time but
they can also be formulated in discrete time. The resulting model can then be
regarded as the discrete time analogue of the continuous time model used in
papers on option pricing, see Hull and White (1987) and Ghysels, Harvey and
Renault (1996). The discrete SV model is intrinsically a nonlinear model.
The parameters can be estimated by using approximating methods or by
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MNZ.mod = function(parm) {
delta = parm[1]
phil = parm[2]
phi2 = parm[3]
sigma.v = exp(parm[4])
sigma.w = exp(parm[5])

rho.vw = parm[6]
sigma.vw = sigma.v*sigma.w*rho.vw
bigV = matrix(c(sigma.v~2,sigma.vw,sigma.vw,sigma.w"2),2,2)
Omega = matrix(0,4,4)
Omegal1:2,1:2] = bigV
al = matrix(0,3,1)
# solve for initial variance of stationary part

bigF = matrix(c(phil,1,phi2,0),2,2)
vecV = c(sigma.w"2,0,0,0)
vecP = solve(diag(4)-kronecker (bigF,bigF))%*vecV

P.ar2 = matrix(vecP,?2,2)

Sigma = matrix(0,4,3)

Sigma[1,1] = -1

Sigma[2:3,2:3] = P.ar2

ssf.mod= list(mDelta=c(delta,0,0,0),
mPhi=rbind(c(1,0,0),c(0,phil,phi2),c(0,1,0),c(1,1,0)),
mOmega=0Omega,

mSigma = Sigma)

CheckSsf (ssf.mod)

}

> MNZ.start=c(0.81,1.34,-0.70,0.21,-0.30,-0.9)
> names (MNZ.start) = c("mu","phi.1","phi.2",

+ "ln.sigma.v","ln.sigma.w","rho")

> MNZ.mle = szFit(MNZ.start,lny.ts,"MNZ.mod",
+ lower=low.vals,upper=up.vals)

\4

summary (MNZ.mle)
Log-likelihood: 285.57
206 observations
Parameters:
Value Std. Error t value
delta 0.8156 .08651 9.4280
phi.1 1.3420 .14550 9.2250
phi.2 -0.7059 .15050 -4.6890
In.sigma.v 0.2125 .13100 1.6230
In.sigma.w -0.2895 .38570 -0.7505
rho -0.9062 .12720 -7.1260
> MNZ.sd = exp(coef (MNZ.mle) [4:5])
> names(MNZ.sd) = c("sigma.v","sigma.w")
> MNZ.sd
sigma.v sigma.w
1.237 0.7487

[eNeoNoNoNoNe

Listing 13.12. Estimating the MNZ model.

using exact methods based on simulation which are subject to Monte Carlo
error. Both estimation approaches will be illustrated in the next sections.
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Fig. 13.11. Smooth cycle estimate, ¢y, from the MNZ model for US real GDP.

13.6.1 Quasi-maximum likelihood estimation

Let r; denote the continuously compounded return on an asset between times
t — 1 and t. Following Harvey, Ruiz and Shephard 1994, hereafter HRS, a
simple SV model has the form

re = Ot&¢, Et lld N(O, 1),
hiy1 = Inof =5+ ¢hy+m, m~iid N(0,07),  (13.25)
E[Etnt} = 0.

Definingy; = Inr?, and noting that E[lne?] = —1.27 and var(Ine?) = 72/2
an unobserved components state space representation for y; has the form

vy = —12T+h+&, & ~iid (0,72/2),

hiyi = v+ ohi+m, n~iid N(0,07),
E[éﬂ’]t] = 0.
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If & were iid Gaussian then the parameters ¢ = (7, 072’, ¢,)" of the SV model
could be efficiently estimated by maximising the prediction error decomposi-
tion of the log-likelihood function constructed from the Kalman filter recur-
sions. However, since £; = Ine? is not normally distributed the Kalman filter
only provides minimum mean squared error linear estimators of the state
and future observations. Nonetheless, HRS pointed out that even though
the exact log-likelihood cannot be computed from the prediction error de-
composition based on the Kalman filter, consistent estimates of ¢ can still
be obtained by treating & as though it were iid N(0,72/2) and maximis-
ing the quasi-log-likelihood function constructed from the prediction error
decomposition.
The state space representation of the SV model has system matrices

() () - (3 )

Assuming that |¢| < 1, the initial value matrix has the form

=-(W0sh)

2_<_01).

The function to obtain the state space form of the SV model given a
vector of parameters, assuming |¢| < 1, is given in Listing 13.13. The logit

If ¢ =1 then use

transformation is used to impose the restriction 0 < ¢ < 1.

The analysis reported in Listing 13.13 starts with simulating 7" = 1000
observations from the SV model using the parameters v = —0.3556, 0727 =
0.0312 and ¢ = 0.9646. The simulated squared returns, 77, and latent
squared volatility, o7, are shown in Figure 13.12. To estimate the under-
lying parameters of the simulated realisations, the starting values of ¢ =
(7,0,2], ¢,)" are chosen close to the true values. The quasi-maximum likeli-
hood (QML) estimates are obtained using SsfFit. The QML estimates of
0,27 and ¢ are 0.02839 and 0.95088, respectively.!! These values are fairly
close to the true values.

The filtered and smoothed estimates of log-volatility and volatility may
be computed using SsfMomentEst and SsfCondDens. One disadvantage of
the QML approach is that the variances for log-volatility computed from
the Kalman filter and smoother are not valid.

11 Currently, SsfFit does not compute the ‘sandwich’ covariance matrix estimator required for
the quasi-MLE.
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sv.mod = function(parm) {
g = parm[1]
sigma2.n = exp(parm[2])
phi = exp(parm([3])/(1+exp(parm([3]))
ssf.mod = list(mDelta=c(g,-1.27),
mPhi=as.matrix(c(phi,1)),
mOmega=matrix(c(sigma2.n,0,0,0.5%pi"2),2,2),
mSigma=as.matrix(c((sigma2.n/(1-phi~2)),g/(1-phi))))
CheckSsf (ssf .mod)

}

> parm.hrs = c(-0.3556,10g(0.0312),10g(0.9646/0.0354))
> nobs = 1000

> set.seed(179)

> e = rnorm(nobs)

> xi = log(e”2)+1.27

> eta = rnorm(nobs,sd=sqrt(0.0312))

> sv.sim = SsfSim(sv.mod(parm.hrs),

+ mRan=cbind(eta,xi) ,a1=(-0.3556/(1-0.9646)))

> sv.start = ¢(-0.3,10g(0.03),0.9)

> names(sv.start) = c("g","ln.sigma2","exp(phi)/(1+exp(phi))")

> sv.mle = SsfFit(sv.start,sv.sim[,2],"sv.mod")
Iteration O : objective = 5147.579

Iteration 32 : objective = 2218.26
RELATIVE FUNCTION CONVERGENCE
> sv.mle
Log-likelihood: 2218
1000 observations
Parameter Estimates:
g ln.sigma2 exp(phi)/(1+exp(phi))
-0.4815574 -3.561574 2.963182

Listing 13.13. Estimating the SV model.

13.6.2 Simulated mazximum likelihood estimation

We will consider here the estimation of the parameters of the SV model by
exact maximum likelihood methods using Monte Carlo importance sampling
techniques. For this purpose, we will use the following reparameterisation of
the SV model

1
e = 0Oexp <§9t> et, &~ N(0,1), (13.26)

Opr1 = @0 + my, UtNN(0a02)>

where o represents average volatility. The likelihood function of this SV
model can be constructed using simulation methods developed by Shephard
and Pitt (1997) and Durbin and Koopman (1997) (see also Kim, Shephard
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Fig. 13.12. Simulated data from SV model with volatility (solid line) and squared
returns (dotted line).

and Chib (1998) for some alternative methods). The nonlinear relation be-
tween log-volatility 6; and the observation equation of r; does not allow
the computation of the exact likelihood function by linear methods such as
the Kalman filter. However, for the SV model (13.26) we can express the
likelihood function as

L() = p(y|) = / Py, 6]1)d6 = / p(yl0,)p(O1p)d0,  (13.27)
where

y:(rlw"arn)/) ¢2(05¢7037),7 0:(917'-'>0n)/-

An efficient way of evaluating such expressions is by using importance sam-
pling; see Ripley (1987, Chapter 5). A simulation device is required to sam-
ple from an importance density p(f]y, 1) which we prefer to be as close
as possible to the true density p(f]y, ). An obvious choice for the impor-
tance density is the conditional Gaussian density since in this case it is
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relatively straightforward to sample from p(0|y, ) = g(@|y, ) using simu-
lation smoothers such as the ones developed by de Jong and Shephard (1995)
and Durbin and Koopman (2002). For constructing the likelihood function
using this approach, the following three steps are important:

(i)

The likelihood function (13.27) is obtained by writing

L) - [ p(yw,w)%g(ﬂly,zb)de 5 {;»(w,@%}
(13.28)

where E denotes expectation with respect to the importance density
g(0ly, ). Expression (13.28) can be simplified using a suggestion of
Durbin and Koopman (1997). This leads to

p(y!9,¢)}
9(yl0,%) )’

which is a convenient expression that we will use in the calculations.

L(¢) = Lg(¢)E{ (13.29)

The likelihood function of the approximating Gaussian model Lg(1))
can be calculated via the Kalman filter. The conditional density func-
tions p(y|@, ) and ¢(y|0, 1) are obviously easy to compute for given
values of 8 and . It follows that the likelihood function of the SV
model is equivalent to the likelihood function of an approximating
Gaussian model, multiplied by a correction term. This correction term
only needs to be evaluated via simulation.

An obvious estimator for the likelihood of the SV model is

L() = Ly(p)w, (13.30)
where
1 U p(y|6', )
—_ — 'l‘? Z p— —.7 13.31
b M;w YT aylen ) (13.31)

and 0° denotes a draw from the importance density g(Oly, ). The
accuracy of this estimator depends on M, the number of simulation
samples. In practice, we usually work with the log of the likelihood
function to manage the magnitude of density values. The log trans-
formation of L(v) introduces bias for which we can correct up to
order O(M~3/2). We obtain

2

InL(y) = InLy(4) + In o + 21\84# (13.32)

with s2 = (M —1)"' "M (w; — w)2.

1=



326 Eric Zivot, Jeffrey Wang and Siem Jan Koopman

(iii) Denote

T T
p(y10) =]]pe. 910) =] ot
t=1 t=1

where p; = p(y:|0:) and g; = g(y¢|0;). The importance density is based
on the linear Gaussian model

yr = he +ug,  up ~ N(ct, dt), (13.33)

where ¢; and d; are chosen such that the first and second derivatives
of p; and ¢g¢ are equal for ¢ = 1,...,n. These conditions lead to n
nonlinear equations which we solve by a Newton—Raphson scheme of
optimisation. This involves a sequence of Kalman filter smoothers.
Convergence is usually fast.

Once the maximum likelihood estimates are obtained, smoothed estimates
of volatility may be computed using Monte Carlo integration with impor-
tance sampling based on the weights w; in (13.31).

The S-PLUS code to estimate the SV model (13.26) by maximising the
simulated log-likelihood function (13.32) is somewhat involved so we do not
list all of the details here.!? The key computations involve evaluating (13.33)
and (13.32). For (13.33), the linear Gaussian model is an AR(1) model with
autoregressive coefficient ¢ and heteroskedastic errors. This may be con-
structed using the SsfPack function GetSsfArma and then modifying the
state space representation to allow for time varying variances. The solution
for ¢; and d; involves a loop in which SsfCondDens is called repeatedly until
convergence is achieved. To evaluate (13.32), the term In L, () is computed
using SsfLoglike and the weights w; are computed by drawing €' using
SimSmoDraw. As noted in Durbin and Koopman (2002), antithetic variates
may be used to improve the efficiency of w.

To illustrate, consider estimating the SV model (13.26) for daily log re-
turns on the UK/US spot exchange rate over the period 1 October 1981
through 28 June 1985. The MLEs for the elements of ¢ = (o, ¢, 072,)’ are
found to be & = 0.6352, <2> = 0.9744 and &% = 0.0278. Figure 13.13 shows
the absolute log returns along with the smoothed volatility estimates and
95% error bands.

12 The code is contained in the file ssStochasticVolatility.ssc, available on Eric Zivot’s web
page, and replicates the Ox code in the files ssfnong.ox and sv.mcl_est.ox written by Siem
Jan Koopman.
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Fig. 13.13. Smoothed volatility (solid line) with 95% confidence interval from max-
imum simulated likelihood estimates of SV model fit to daily UK/US log returns
(dotted line).

13.7 Term structure models

This section illustrates how some common affine term structure models may
be expressed in state space form, estimated and evaluated using the Kalman
filter and smoothing algorithms in SsfPack. The notation and examples are
taken from Duan and Simonato (1999).

13.7.1 Affine term structure models

Traditionally the study of the term structure of interest rates focuses on
either the cross sectional aspect of the yield curve, or the time series proper-
ties of the interest rate. Recently, researchers have utilised state space models
and Kalman filtering techniques to estimate affine term structure models by
combining both time series and cross sectional data. For simple models,
the state space representation is often linear and Gaussian and analysis is



328 Eric Zivot, Jeffrey Wang and Siem Jan Koopman

straightforward. For more general models, the unobserved state variables
generally influence the variance of the transition equation errors making the
errors non-Gaussian. In these cases, nonstandard state space methods are
necessary.

Duffie and Kan (1996) showed that many of the theoretical term struc-
ture models, such as the Vasicek (1977) Ornstein—Uhlenbeck model, the
Cox, Ingersoll and Ross (1985) square root diffusion model and its multifac-
tor extensions (for example, see Chen and Scott (1993)), the Longstaff and
Schwartz (1992) two-factor model, and the Chen (1996) three-factor model,
are special cases of the class of affine term structure models. The class of
affine term structure models is one in which the yields to maturity on de-
fault free pure discount bonds and the instantaneous interest rate are affine
(constant plus linear term) functions of m unobservable state variables Xy,
which are assumed to follow an affine diffusion process

dX; = U(Xy; ©)dt + (Xy; U)dW,, (13.34)

where W, is an m x 1 vector of independent Wiener processes; ¥ is a p x 1
vector of model specific parameters; U(-) and X(+) are affine functions in X
such that (13.34) has a unique solution. In general, the functions U(-) and
3i(+) can be obtained as the solution to some ordinary differential equations.
Only in special cases are closed form solutions available. In this class of
models, the price at time ¢ of a default free pure discount bond with time
to maturity 7 has the form

P(Xy; ¥, 1) = A(W, T)exp {—B(\Il, T)/Xt} ) (13.35)

where A(7, V) is a scalar function and B(7, V) is an m x 1 vector function.
The time-t continuously compounded yield-to-maturity on a pure discount
bond with time to maturity 7 is defined as
In P,(Xy; O, 7
vi(Xsw,7) = XD, (13.36)

T

which, using (13.35), has the affine form

I A(P,7) N B(¥, )X,

T T

Vi(Xy; ¥, 7) = (13.37)

13.7.2 State space representation

Although (13.37) dictates an exact relationship between the yield Y;(7) and
the state variables X¢, in econometric estimation it is usually treated as an
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approximation giving rise to the measurement equation

InA(¥,7) n B(P,7)X,
T T

Yi(r) = + (1), (13.38)

where €; is a normally distributed measurement error with zero mean and
variance 2. For any time to maturity 7, the above equation can be naturally
treated as the measurement equation of a state space model, with X; being
the unobserved state variable. To complete the state space representation,
the transition equation for X; over a discrete time interval h needs to be
specified. Defining ®(Xy; ¥, h) = var(X¢yp|X,), Duan and Simonato (1999)
showed that the transition equation for X; has the form

Xyrn = a(W, h) +b(¥, h)X; + ®(Xe; U, b)Y 1,4, (13.39)

where 1, ~ iid N(0,1,,), and ®(Xy; ¥, h)'/? represents the Cholesky fac-
torization of ®(Xy; U, h).

In general, the state space model defined by (13.38) and (13.39) is non-
Gaussian because the conditional variance of X, in (13.39) depends on X;.
Only for the special case in which 3(+) in (13.34) is not a function of X is the
conditional variance term ®(Xy; ¥, h) also not a function of X; and the state
space model is Gaussian.'® See Lund (1997) for a detailed discussion of the
econometric issues associated with estimating affine term structure models
using the Kalman filter. Although the quasi-maximum likelihood estimator
of the model parameters based on the modified Kalman filter is inconsistent,
the Monte Carlo results in Duan and Simonato (1999) and de Jong (2000)
show that the bias is very small even for the moderately small samples likely
to be encountered in practice.

13.7.3 Estimation of Vasicek’s model

The data used for this example are in the S+FinMetrics ‘timeSeries’
fama.bliss, and consist of four monthly yield series over the period April
1964—December 1997 for the US treasury debt securities with maturities of
3, 6, 12 and 60 months, respectively. These data were also used by Duan and

13 To estimate the non-Gaussian state space model, Duan and Simonato (1999) modified the
Kalman filter recursions to incorporate the presence of ®(X¢; ¥, h) in the conditional variance
of 1yt The SsfPack functions KalmanFil and SsfLoglike can be modified to accommodate
this modification.
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Fig. 13.14. Monthly yields on US treasury debt securities.

Simonato (1999). All rates are continuously compounded rates expressed on
an annual basis. These rates are displayed in Figure 13.14.

In the Vasicek (1977) model, the state variable driving the term structure
is the instantaneous (short) interest rate, r;, and is assumed to follow the
mean-reverting diffusion process

dry = k(0 — ry)dt + odWy, k> 0,0 >0, (13.40)

where Wy is a scalar Wiener process, 6 is the long-run average of the short
rate, k is a speed of adjustment parameter and o is the volatility of r;.
Duan and Simonato (1999) showed that the functions A(-), B(+), a(+), b(-) and
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®(-) have the forms

0.2 2 P
AT, 7) = y(B(W,7)—1)— 34;‘1’, ).
B(U,) = (1 -exp(~+7))
o o2
v =0
a(W,h) = 6(1—exp(—kh)), b(V,h) = exp(—krh),
2

O(Xy; U, h) = (W, h) = g—ﬂ (1 — exp(—2kh)),

where A is the risk premium parameter. The model parameters are ¥ =
(k,0,0,))". Notice that for the Vasicek model, ®(X;; U, h) = ®(¥, h) so that
the state variable r; does not influence the conditional variance of transition
equation errors, the state space model is Gaussian.

The state space representation of the Vasicek model has system matrices

a(T, h) b(W, h)
5 = _IHA(?’H)/H B = B(\Ij’:ﬁ)/ﬁ . (13.41)
—InA(V,74)/74 B(V,74)/74

Q = diag(®(¥,h),07,...,0%)

== (o)

based on the stationary distribution of the short rate in (13.40). Notice that
this a multivariate state space model.

and initial value matrix

A function to compute the state space form of the Vasicek model for a
given set of parameters W, number of yields 7q,..., 7y, and sampling fre-
quency h is given in Listing 13.14. Notice that the exponential transforma-
tion is used for those parameters that should be positive, and, since the
data in fama.bliss are monthly, the default length of the discrete sampling
interval, h, is set to 1/12.

An implementation of the Vasicek model is provided in Listing 13.15.
Specific starting values for the parameters

¢ = (Ink,In0,lno,\,Ino,,,Ino.,,Ino,, Ino,,)

and the maturity specification for the yields are given and maximum
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vasicek.ssf = function(param, tau=NULL, freq=1/52)
{
## 1. Check for valid input.
if (length(param) < 5)
stop("param must have length greater than 4.")
N = length(param) - 4
if (length(tau) != N)
stop("Length of tau is inconsistent with param.")
## 2. Extract parameters and impose constraints.

Kappa = exp(param[1]) ## Kappa > O
Theta = exp(param[2]) ## Theta > 0
Sigma = exp(param[3]) ## Sigma > O
Lamda = param[4]

Var = exp(param[1:N+4]) ## meas eqn stdevs
## 3. Compute Gamma, A, and B.
Gamma = Theta + Sigma * Lamda / Kappa - Sigma"2 / (2 * Kappa~2)
B = (1 - exp(-Kappa * tau)) / Kappa
1nA = Gamma * (B - tau) - Sigma"2 * B"2 / (4 * Kappa)
## 4. Compute a, b, and Phi.
a = Theta * (1 - exp(-Kappa * freq))
b = exp(-Kappa * freq)
Phi = (Sigma~2 / (2 * Kappa)) * (1 - exp(-2 * Kappa * freq))
## 5. Compute the state space form.
mDelta = matrix(c(a, -1lnA/tau), ncol=1)
mPhi = matrix(c(b, B/tau), ncol=1)
mOmega = diag(c(Phi, Var~2))
## 6. Duan and Simonato used this initial setting.
A0 = Theta
PO = Sigma * Sigma / (2%Kappa)
mSigma = matrix(c(PO, AO), ncol=1)
## 7. Return state space form.
ssf.mod =
list (mDelta=mDelta, mPhi=mPhi, mOmega=mOmega, mSigma=mSigma)
CheckSsf (ssf.mod)
}

Listing 13.14. Computing the state space form for Vasicek model.

likelihood estimates for the parameters are obtained using SsfFit. The
maximum likelihood estimates and asymptotic standard errors for the model
parameters

/
0= (’Qa 0,0, 0711507195073, UT4)

computed using the delta method are reported as output in Listing 13.15.
These results are almost identical to those reported by Duan and Simonato
(1999). All parameters are significant at the 5% level except the measure-
ment equation standard deviation for the six-month maturity yield. The
largest measurement equation error standard deviation is for the sixty-
month yield, indicating that the model has the poorest fit for this yield.
The short rate is mean reverting since # > 0, and the long-run average
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short rate is 8 = 5.74% per year. The estimated risk premium parameter,
A = 0.3477, is positive indicating a positive risk premium for bond prices.
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Fig. 13.15. Smoothed estimate of short rate r; from (13.40).

The smoothed estimates of the short rate and the yields are computed
using SsfCondDens with task="STSM0". Figure 13.15 gives the smoothed
estimate of the instantaneous short rate r; from (13.40). The differences
between the actual and smoothed yield estimates are displayed in Figure
13.16. The model fits well on the short end of the yield curve but poorly on
the long end.

As another check on the fit of the model, the presence of serial correla-
tion in the standardised innovations is tested using the Box—Ljung modified
Q-statistic (computed using the S+FinMetrics function autocorTest). The
null of no serial correlation is easily rejected for the standardised innovations
of all yields.
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Fig. 13.16. Smoothed estimated of yields from Vasicek term structure model.

13.8 Conclusion

This paper provides an overview of the SsfPack state space functions avail-
able in S+FinMetrics. The functions can be used to implement the state
space methods and algorithms presented in, for example, Durbin and Koop-
man (2001). We also illustrate the use of the SsfPack functions through
several examples from macroeconomics and finance. With powerful easy-to-
use software, a wide variety of state space models are straightforward to
estimate and analyse.
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> start.vasicek = c(log(0.1), 1log(0.06), log(0.02), 0.3,
log(0.003),

+ 1og(0.001), log(0.003), log(0.01))

> names(start.vasicek) =
c("ln.kappa","ln.theta","ln.sigma","lamda",

+ "ln.sig.3M","ln.sig.6M","1ln.sig.12M","1n.sig.60M")

> start.tau = ¢c(0.25, 0.5, 1, 5)

> ans.vasicek = SsfFit(start.vasicek, fama.bliss, vasicek.ssf,
+ tau=start.tau, freq=1/12, trace=T,

+ control=nlminb.control(abs.tol=1e-6, rel.tol=1e-6,

+ x.tol=1le-6, eval.max=1000, iter.max=500))

Iteration O : objective = -6347.453

Iteration 37 : objective = -6378.45

> ssf.fit =
vasicek.ssf (ans.vasicek$parameters,tau=start.tau,freq=1/12)

Log-likelihood: -6378.45
1620 observations
Parameters:
Value Std. Error t value

kappa 0.11880000 0.0106300 11.1700
theta 0.05729000 0.0269000 2.1300
sigma 0.02139000 0.0007900 27.0800
lamda 0.34800000 0.1500000 2.3200
sig.3M 0.00283500 0.0001011 28.0500
sig.6M 0.00001773 0.0001148 0.1544
sig.12M 0.00301700 0.0001083 27.8600
0 0

sig.60M 0.00989800 0.0003703 26.7300

> autocorTest(KalmanFil (fama.bliss,ssf.fit)$std.innov)

Test for Autocorrelation: Ljung-Box
Null Hypothesis: no autocorrelation
Test Statistics:

3M 6M 12M 60M
Test Stat 80.9471 282.4316 756.3304 3911.7736
p.value 0.0000 0.0000 0.0000 0.0000

Dist. under Null: chi-square with 26 degrees of freedom
Total Observ.: 405

Listing 13.15. An analysis of the Vasicek model.



14

Finding genes in the human genome with hidden
Markov models
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Abstract

Large scale genome sequencing generates very long sequences of DNA bases,
which we can view as sequences over a four letter alphabet. An important
analysis goal is to identify the genes or subsequences that code for proteins.
We can view this as a statistical inference problem, where we have a model
for gene structure and the sequence properties of gene-encoding regions,
and many examples of known genes. Here I review the approach taken in
most recent gene finding methods, based on hidden Markov models, which
are a type of discrete state space model. I also discuss ways that further
information can be incorporated, including a comparative sequence from a
related organism, such as mouse for human sequence analysis.
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14.1 Introduction and background

I would like to preface this short review by saying what a pleasure it is
to be able to contribute to this collection of papers associated with the
work of my father, Jim Durbin. Although on the surface I have followed a
very different career path than my father, working on computational and
mathematical issues connected to molecular biology and genetics, there are
some surprising parallels between the methods we have been using in the last
few years. Just as the formalism of state space models has proved powerful
and flexible for encompassing and generalising a variety of older approaches
to time series analysis, a discrete space, discrete observation version of the
state space model, the hidden Markov model (HMM), has come to play a
significant role in unifying earlier approaches to biological sequence analysis
and stimulating new developments, see Durbin, Eddy, Krogh and Mitchison
(1998). In this paper I will illustrate this by describing the use of HMMs and
related methods for the statistical prediction of gene structures in genomic
DNA sequence, which is a key problem in making use of all the new data
from the human genome project.

We are now in the era of sequencing genomes. Within a period of ten years
or so starting in 1995, we will have obtained reference genome sequences of
most of the organisms studied intensively in biological research, including
of course man (see Table 14.1). This outpouring of scientific data is provid-
ing many millions of base pairs of DNA sequence, which for each species
contain the genetic information typically inherited by an individual from
its parents. There are of course genetic variations within a species, meaning
that individuals have distinct sequences, but for man these are of the order
of 0.1% variation, and here we are concerned with what is in common for
the species, as represented by the reference sequence.

Amongst the millions of bases in the sequence are the genes, which are
local regions of the genome sequence that have specific, separable functions.
For the current purposes we will only consider protein coding genes, and
furthermore only consider the sections of them that code for protein. Figure
14.1 shows an example, and introduces the terms exon and intron, which
describe respectively the segments of the genomic sequence that contribute
to the protein product, and the intervening sequences. (For simplicity, and in
common with much of the gene finding literature, I am restricting the term
‘exon’ to mean only the part that is protein coding, rather than the fuller
segments of the mature RNA transcript as standardly used by molecular
biologists.)

If we know the structure of a protein coding gene as indicated in Figure
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Table 14.1. Sizes and times of completion for various genomes that have
been, or are being, sequenced

size (Mb)  genes completion date
H. influenzae 2 1700 1/1kb  bacterium 1995
yeast 13 6000 1/2kb  eukaryotic cell 1996
nematode 100 18000 1/6kb  metazoon 1998
human 3000 30000 1/100kb mammal 2000/3
mouse, fish (3), rat, another worm, fly drafts available in 2002/3
20 others, e.g. apes, agricultural species drafts available in 2003/5

14.1, that is, the position of the exon boundaries including the start at the
beginning of the first exon and stop at the end of the last exon, then we
can deterministically predict the protein sequence encoded by the gene, by
translating the concatenated exon sequence using the standard triplet code
(each set of three bases, called a codon, specifies a particular amino acid).
Therefore, if we can find all the gene structures, we can predict the sequences
of all the proteins, a very major step in providing a ‘parts list’ of cellular
components used to build an organism. Typically it is these proteins that
are, for example, the targets of drugs.

There are experimental ways to determine gene structures, by obtaining
the sequence of the spliced product, so we know the structures of many genes.
However, these experimental approaches don’t find all genes, and so purely
computational approaches to identifying genes are important in finding new
genes.

14.2 Hidden Markov models (HMMSs)

The approach that is taken by essentially all current computational methods
for finding genes is to build a probabilistic model for gene structures, from
which a probability of a genomic sequence can be calculated given the gene
structure. Then either the likelihood of the sequence is maximised over all
structures, or a Bayesian approach can be taken to find posterior probabili-
ties for specific components of gene structures such as individual exons. The
natural form of model is a discrete state space, discrete observation space
state space model, which is called an HMM. We can think of an HMM as
generating the sequence from left to right. The simplest form of gene-finding
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M 31861 ggaaaaattaagttttagaagtgtttaaggtactttttctataattatttattataaaag
31921 atatagtcttcocttgtcatgacatgtggttaattoctatgasagtttgatagaattatga
dz2000 31981 tattcacataaaacaaggttgtgatgtctggtetttcacagtcogttzacttttgateca
o 32041 attcttggtagacatcctoocgactatgttttagatgteocattttocaagttttgocagtttct
B 32101 cgaaatattagaagccatgtctgcaccgaactgcgcacgaaaatatgatattgctogtet
7 32161 ttccagcttgaattttcaaatttcocccaatatgtttatcttagcttgataagcttaacttt
32221 tatattttcttattttgctgtgaaaattgttcatcaaaaatcgattttoccaactttccac
32281 taaaatcttattatttcacaatttggtttctgcgaatcttcatcaacttttatacttatt
4 32341 ttccgcactcoccgaaggctcaacctggocatatttoctatattgacgaaccatgtgttoctet
E 32401 aatatcggaagctgactgtctaccttacctcaaggttttagtaactggaataagtegaat
7 32d61 gatctatggcoccaaactgghtctacttttggaacgaggttgtgcaactttocatcaaagatta
132500 32521 tgataagaagacaagcatgtttgttgggatagcaatatcaattgccattttgtttttgag
32581 cttgatcactggaaaaattataatttgggatgacccacttcaaggatatcttoctttogte
4 32641 tgtttcctatccaagtcaaagtgttzaaagzatcaagactatttgocaagtatttatacatt
B 32701 tatatcttcattcaatttggttttctcagttttzttaagaagatataacaaaaaactgga
1 322761 atatBBztasgctttctasgttetttgasaagtttactgttcgtocaatttctezaatttt
32821 agttaagaaagtcagatggcaaatcatgatgoccttcataaaatgagtaaataaacctgat
AHE 32881 tagtttactattttgttcaaacttcaattttggaacgtattgcgottaaaggtactgaaa
4 32941 actagtatgcacgaaaaacttcttactgtctactagatatctttaattgoctgaaacgog
-433000 33001 gcaatatttagtgcaattcaacttccagacgtttgactoctttgtaatttacttttgcgta
1 332061 atatctgatctctgaaatttctgaatagtatttttotgattagottgtttttettocteoat
33121 tgtttccactacatttgcttccaaacttggaaaacaaatttttzaataaatctagaatat
4 33181 tctaatctggtttttgatgttttaaagttccattaatgttttttgagegtaagaaatgtt
4 33241 tcaattttccazBacaccctttettettescoczazatttogzaaaagagaagtzattza
B 33301 ctccacaagtacaatatgctttttgacatttgttcaattcatattcatgttcatttatte
b 33361 attcggaatattcacactgaaaactattcgaagcatgottacttacagacagtactattt
33421 cattgttgtctggttctatgtaagcacttgaaatttattttaaaaagctgaaaattttat
123500 [} 33481 ttccagacaattccattcattgctgogotgtttoccaattctactagtttacagzgattogt

33541 tcttcacatgttagccgagtaacgattattaaaacatttacasaaaccaagcaaacacaa
33601 gaagaacacattaagcaattzaaasacetttesaat@Bacataatgattoctattttat
b 33661 gaaatctgaatttttgtaaatatgtgtatatttttttggaataaataattgtocattagga
33721 aaaaaatcgagtgatcttcttttoccgaattttcattttaatttocgagatagtaagaaaag
33781 ttgcaagtcatttgaattcaacgattttocttaatatttoctgaatttattocttcaaatgt

TITOA4 ok

Fig. 14.1. An example of a protein coding gene. Following transcription into RNA,
the shaded regions, called exons, are concatenated by the splicing process, then
translated into protein, each triplet determining one amino acid. There are partially
conserved signals at the start and end, and at the boundaries between the exons
and the intervening sequences, called introns. These boundaries are called splice
sites. In addition, the coding regions have different statistical properties from the
surrounding DNA | typically modelled by a fifth order Markov process. This gene
is from the worm C. elegans. Typical human genes have more exons, on average
nearer ten, and longer introns (see Figures 14.2 and 14.3), and frequently are spread
across tens of thousands of bases.

HMM might have three states, intergenic, exon and intron, corresponding
to the three types of region in a gene structure. These states would be con-
nected by a simple Markov chain, with a single base being generated at each
time point with the distribution conditional on the current state, and then
a transition to the state for the next time point (which is often the same as
the current state). Thinking of this as a generative model for sequence, we
say that a base is ‘emitted’ from a state at each time point.
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This simple model is very weak, sensitive only to nucleotide frequency
differences in the three different types of region, and implying a geometric
length distribution for each type of region. To capture important properties
of known gene structures we should model higher order sequence properties
(e.g., frequencies of triplets or longer short strings), nongeometric length dis-
tributions, and some long range information between states (e.g., the triplet
phase must be maintained between neighbouring exons, bridging across the
intervening intron). These more complex properties can be achieved by a
combination of increasing the number of states, allowing multiple bases to
be emitted in a single time step, and making emissions and/or state tran-
sitions conditional on the past history of the emitted sequence as well as
the current state. Practical methods use a combination of these techniques,
varying from method to method and I will discuss some of them further
below. However, I will first give the standard equations for the simplest
form of HMM, since these are easiest to state and consider, and for the
most part the versions required for the more complex models are natural
extensions. A classic exposition of HMM theory is given in Rabiner (1989b),
whilst a version in the context of biological sequence analysis is available in
Durbin, Eddy, Krogh and Mitchison (1998). A version that may be more
accessible to statisticians and econometricians can be found in MacDonald
and Zucchini (1997).

Let us assume we have an observed sequence
r=T1,22,L3,...,2[,
where
x; € {A,C,G,T}.
There is a corresponding state path
T =M1, M2, T3y ey iy s TL+1, T €0,..., K,

where I will use a convention that state 0 is a special nonemitting state
used only at the start and end of the sequence (this simplifies many of the
equations). The state path 7 evolves according to the stationary Markov
chain:

P(?TH_l =k | T — ]) = Qjk-
Base b is observed (emitted) from state k with probability ex(b), so
P(z; =b) = eg,(b).

The joint probability of a path 7 and sequence x is therefore the product
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of the path probability independent of sequence and the probability of the
sequence given the path. In gene prediction terms this is the probability
of the gene structure per se times the probability of the sequence given
that structure. We can calculate the full probability P(z) of the sequence
integrating over all possible paths using the following recursion:
Algorithm Forward algorithm

Initialisation (i = 0) : fo(0)=1, fx(0)=0 for k > 0,
Recursion (i =1,...,L):  fi(i) = ei(x;) ka(z — Dag, (14.1)
k
Termination: P(z) = Z fr(L)ako,
k
where

Frequently we are interested in the maximum likelihood path 7*, which can
be obtained using the Viterbi algorithm:
Algorithm Viterbi

Initialisation (i = 0) : v0(0) = 1,v,(0) = 0 for & > 0,
o(i) = e(@;) maxy (vi (i — 1)ag),

ptri(l) = arg maxy (vi (i — 1)ag),

P(z,7*) = maxy(vg(L)ako),

77 = arg maxy (vi(L)ako),

Traceback (i = L,...,1): «f_, = ptr(n}),

Recursion (i =1,...,L):
(14.2)
Termination:

where arg maxy (F(k)) is the value of k that maximises F'(k). The state space
valued variable ptr;(l) therefore holds the state that would need to have been
used at the preceding point i—1 to achieve the most likely subpath ending in
state [ at point 7. These ‘pointer’ variables are used in the traceback step to
retrieve the optimal path. (If more than one choice has the same maximum
probability at any point an arbitrary choice is normally made; it is possible
to keep track of all maximal paths with some extra bookkeeping.)

The Viterbi algorithm is an example of what is known as a ‘dynamic pro-
gramming’ recursion in computer science. It corresponds to the smoothing
process for continuous state space models. It is also possible to calculate pos-
terior probabilities for state assignments and transitions using the forward
variables f (i) in conjunction with corresponding backward variables

bp(i) = P(my = k, Tip1, Tit2, Tit3, ..., 2L),

which are obtained by an analogous process to the forward algorithm but
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starting at the end of the sequence. For example,
P(mi=k|x) = fr(i)bg(i)/P(x).

The parameters a;, and ey() are normally estimated from labelled data
for which the state assignments are known, but there is an expectation-
maximisation (EM) algorithm known as Baum—Welch that can be applied
to estimate them from unlabelled data, treating the state assignments m; as
missing data. Longer expositions of the Viterbi and Baum—Welch algorithms
are presented in the books mentioned above.

These algorithms are all linear in the length of the sequence z, and quadratic
in the number of states (in fact linear in the number of non-zero transitions).
Although simple implementations require storage space linear in the prod-
uct of the sequence length and the number of states, there are so called
‘linear space’ implementations that use space linear in the number of states
independent of sequence length, at the cost of a factor of 2 increase in time.
These considerations are important when a typical sequence analysed might
be millions of bases long.

14.3 Enhancements to the basic model

As mentioned above, a straightforward implementation of an HMM for gene
finding is very weak. One reason is that consecutive bases are not indepen-
dent, even conditioned on state. All practical gene-finding models therefore
support a higher order probabilistic model for the sequence, where the dis-
tribution of emission probabilities for a base depends on recent history. At
first sight this appears to break the Markov property, or equivalently require
a combinatorial explosion of the state space by maintaining a state vector of
the last k state values. This would be true if the probability were dependent
on the state history. However, most implementations make the emission dis-
tribution dependent on the recent history of the sequence z, and only the
current value of the state. This keeps the size of the state space small, al-
though it increases the number of parameters, and hence the requirement
for training data. The amount of history used varies. Typically five bases are
used in the exons, with a cyclical three state model to represent the three
positions in a codon because these have different properties, whereas often
only one base of history might be used in introns and intergenic sequences.

Another enhancement can be achieved by the notion that there is a lot of
information in the imperfect consensus sequence at the splice sites between
exons and introns. One way to capture this is to have special states just
before and for a little time after the splice sites. These states can then be
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higher order in the sense of the previous paragraph, and hence can capture
an extended pattern, perhaps 10 or 20 bases long. This approach is taken
in some models, but an alternative is to adjust the transition probabili-
ties between exon and intron states, by precalculating sequence-dependent
values using some other pattern recognition process such as a neural net-
work, decision tree or discriminant based approach. This allows the prob-
lem of modelling splice sites to be separated from the gene finding model.
To correctly maintain the validity of the algorithms, care should be taken
to preserve conditional independence when using these externally derived
transition probabilities. In practice there is frequently some sloppiness here,
although it is not believed that this causes significant problems. Similar
approaches can be taken at the start and stop of the gene, which are the
boundaries between intergenic regions and exons.

Human

Worm

Droso

Percentage of Exons

T T T T T T T T T
0 100 200 300 400 500 600 700 800 900 1000
Exon Length (bp)

Fig. 14.2. The length distributions of erons in human, worm (Caenorhabditis
elegans) and fruit fly (Drosophila melanogaster). Exons have the same mode in
all species, but longer tails in worm and fly. Data reproduced with modification
from International Human Genome Sequencing Consortium (2001).

A third area of complexity concerns the length distributions of some of
the labelled regions. By default, the length distribution for staying in a
simple HMM state with a self-recurring loop is geometrically distributed.
Figures 14.2 and 14.3 show the length distributions of exons and introns from
three species including human; they clearly have modes well away from zero
and are not geometrically distributed. One possibility would be to model a
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Introns
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Percentage of introns

Intron Length (bp)

Fig. 14.3. The length distributions of introns in human, worm (Caenorhabditis
elegans) and fruit fly (Drosophila melanogaster). Intron lengths all have a sharp
minimum well away from zero, an initial peak that contains about half the density
for worms and flies but less than 10% for humans, then a long tail. For humans the
tail extends to tens of thousands of bases, with some introns known to be longer
than 100000 bases. Data reproduced with modification from International Human
Genome Sequencing Consortium (2001).

length distribution explicitly by having a sequence of chained states with
the same label (such as ‘exon’) and the same emission characteristics, but
different ‘exit’ transition probabilities to the next state. This would allow
an arbitrary distribution. However, it is costly in the size of the state space.
In practice two other approaches are frequently used. The first is to have
two or three chained states with the same label, then to search for the
most likely assignment of labels to the sequence, integrating over all paths
with the same labelling. This amounts to a hybrid between the forward
and Viterbi algorithms, and is the approach taken by HMMgene, see Krogh
(2001). It corresponds to using a beta type distribution, which is quite a
good fit, particularly for exon distributions. The more widely used approach
to modelling length distributions is to allow a single state to generate an
entire region of sequence, such as a complete exon. This is then generated
with kth order Markov properties and a fully defined length distribution.
The down side is that the algorithms become potentially quadratic in the
sequence length, since the subsequence ending at some base that is generated
by a state can start at any earlier position. In practice this unacceptable
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increase in time complexity is resolved first by restricting the possible set
of start positions to a set of precomputed potential splice sites, and second
by bounding the search backwards, which is easy with exons since they
cannot cross a stop codon (three of the 64 possible codons encode the stop,
or end of the protein). It is also possible to bound the search for nonexon
states for the Viterbi algorithm (and in practice for almost all the density
for the forward algorithm) if certain conditions are imposed on the emission
distributions, see Howe, Chothia and Durbin (2002). Models in which a
state emits a region rather than a single base or a defined number of bases
are sometimes called generalised HMMs or semi-HMMs. The best known
implementation of this approach is Genscan, see Burge and Karlin (1997),
which has been the de facto standard for mammalian gene finding for the
past few years.

A few other tricks are used in practical implementations. For example
Genscan conditions some of the parameters on the overall GC density of the
sequence (the proportion of human sequence that is G or C as opposed to
A or T varies between 35% and 60% in different regions of the genome for
reasons we do not fully understand).

14.4 Practical performance of HMM gene-finding methods

When tested on known gene sequences that do not overlap their training sets,
human-gene-finding methods typically find about 70 —80% of the exons cor-
rectly: both the sensitivity, the fraction of true exons found correctly, and the
specificity, the fraction of predicted exons that are correct, are around this
level. However the frequency with which whole genes are predicted correctly
is only around 20%. These figures vary depending on how the test set is
obtained, with whole gene performance sometimes reported as up to or above
50%, e.g., Rogic, Mackworth and Ouellette (2001); however, in general these
higher figures are obtained when using genes with short introns, which for
ascertainment reasons were over-represented in sequence collections before
the systematic genome sequencing projects.

Performance is better on simpler genomes, such as those of the inverte-
brate genetic model organisms Caenorhabditis elegans (a roundworm, the
first animal to have its genome sequenced) and Drosophila melanogaster (a
fruit fly). For these the exon accuracy can be around 90%, with whole gene
accuracy over 50%.

This level of performance is useful in practice for some purposes, but far
from ideal. In particular, it frequently happens that the ends of genes are
mispredicted, so that exons from neighbouring genes are joined together or
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a single gene is split into two or more pieces. Unfortunately this is quite a
confusing sort of error. It is partly for this reason that our current
estimates of gene number in the human genome are so uncertain, which
is also unfortunate because this type of simple headline figure attracts a lot
of attention.

14.5 Comparative methods

How can we improve on the performance of stand alone gene finders? One ap-
proach is to make use of further information provided by related sequences.
There are a number of potential sources of information and methods for us-
ing it. Methods that use another sequence to provide extra information are
known as comparative methods because they involve comparison of two se-
quences. Here I give descriptions of two comparative gene-finding approaches
to give an indication of possible approaches.

One type of related sequence is the corresponding DNA sequence from a
related organism. When two species separate in evolution they have (nearly)
identical DNA sequences. As time passes, the corresponding sequences
diverge, but in general two things remain true: first the sequences can be
aligned to each other, showing which particular bases correspond to each
other in being derived from a common ancestor, and second regions that
are functionally important such as coding regions and splice sites tend to
be more conserved than nonfunctional regions, in a way that reflects their
function. For example, in protein coding regions the first two bases of each
codon triplet tend to be more conserved than the third base, because the
genetic code is redundant, with the amino acid that is encoded by a triplet
frequently being completely determined by the first two bases. If we there-
fore look for a region of sequence that has an alignment pattern in which,
averaging over consecutive triplets, there is a tendency for two bases to be
conserved, then one less conserved, then two more conserved then one less
conserved etc., it is likely to be part of a coding exon. We can formalise this
observation by extending the HMM approach.

One way to do this is to expand the set of possible observables at each
position to be the values taken not by one base from one sequence, but by
a pair of aligned bases from two aligned sequences. Extra cases have to be
considered when a gap has been introduced into the alignment where part of
a sequence has been deleted or inserted with respect to the common ancestor.
This is known as a pair HMM, see Durbin, Eddy, Krogh and Mitchison
(1998), and is relatively straightforward in the case where the alignment



Finding genes in the human genome 347

has been determined previously, as in the ROSETTA program of Batzoglu,
Pachter, Mesirov, Berge and Lander (2000).

However, in many cases the correct alignment is not completely clear
because there are multiple choices about which bases share common ancestors
and where gaps should be placed, and if an incorrect alignment is used the
prediction can be seriously misled. A solution to this problem is to search
for the alignment at the same time as a gene structure, that is, to look for
an alignment that is likely in terms of descent from a common ancestral
sequence, and shows a conserved gene structure. This can be achieved with
a pair HMM that allows arbitrary placement of gap states, which increases
the number of states and, more importantly, increases the time and space
complexity of the search algorithms by a factor proportional to the length
of the second sequence. Two implementations of this type of strategy have
been published, Doublescan by Meyer and Durbin (2002) and SLAM by
Pachter, Alexandersson and Cawley (2002), each providing different heuris-
tics to limit the search complexity, as well as being different in other details.
To give some idea of the state configurations used, Figure 14.4 shows the
state diagram from Doublescan. In reality twice as many states would be
needed, to allow for genes on the reverse strand as well as the forward
strand.

A second type of related sequence information that can be used is protein
sequence from a protein that is evolutionarily related to the one derived from
the gene being predicted. Protein sequences tend to be more conserved than
DNA sequences, in ways that have been very well characterised, because they
are the functional molecules in the cell. There are a number of sequence
comparison programs that compare protein sequences to DNA sequences
looking for conserved matches; the best known of these is BLASTX, one of
the BLAST suite of programs, see Altschul, Gish, Miller, Myers and Lipman
(1990). BLASTX generates matches that indicate regions of the DNA
sequence that match protein, with a score related to the log-likelihood ratio
of the match being true compared to a null model of random alignment.

BLAST scores can be used simply as evidence for a segment of sequence
being part of a coding exon, in the same sort of way as fifth order Markov
log-likelihood ratios for coding potential. Methods such as Genomescan of
Yeh, Lim and Burge (2001) work this way. However, BLASTX does not know
anything about gene structure, for example, about splice sites. Just as with
SLAM and Doublescan, it is possible to search jointly for a gene structure
and for an alignment of the product of the gene to a protein sequence. This
is the approach taken by GeneWise of Birney and Durbin (2000), which is
effectively another form of pair HMM. GeneWise tends to be conservative,
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Fig. 14.4. A schematic state diagram for the Doublescan pair HMM for comparative
gene prediction. This covers genes on the forward strand only. States are represented
by boxes, with a label showing how many bases are matched by the state in each
sequence, and legal transitions indicated by arrows. Upper left are a group of three
states that handle intergenic regions, with two extra ‘emit’ states responsible for
gaps in the alignment. The lower left group of states handle matching coding exons.
Note that exon gaps must come in groups of three for coding regions. The upper
right set of states handles matching introns in each of three phases. The splice site
states to the left and right sides of this set are treated in a special way to use extra
information about the splice site consensus. Lower right are two corresponding sets
of states handling introns present in only the x sequence or only the y sequence
respectively. The Start and End states at top must be linked to all other states to
allow for the possibility of starting and ending sequences at any point in a gene
structure (transition arrows omitted for clarity). See Meyer and Durbin (2002) for
further details.

having a very high specificity (that is, its predictions are very likely to
be correct) but a lower sensitivity (it doesn’t make predictions where the
evidence is comparatively weak). This behaviour is desirable for some
applications, but not others. Also, GeneWise is computationally expensive,
and in practice an initial search is made with BLASTX, or a similar very
fast program, against a database of all known proteins (perhaps 500000
sequences of average length 350), and then the top scoring one or few match-
ing proteins are used with GeneWise to predict a gene structure.
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All of the methods described in this section have used a single comparative
sequence. Frequently there will be several related sequences available, and
one of the current challenges in the field is to use these jointly to improve
performance. There are two major issues. First, the sequences will not be
related in an independent fashion, so it is not legitimate to sum information
from all the sources. Rather, all the sequences, including the one of interest,
will be related by an evolutionary tree, having an original common ances-
tor. Statistical methods exist for working with sequences related by a tree
in this way, known as phylogenetic methods, see Durbin, Eddy, Krogh and
Mitchison (1998) for further discussion and references, and their combination
with gene-finding methods seems a promising area for future investigation.
Second, many of the methods, including in particular pair HMMs, scale
badly with increasing numbers of sequences, effectively as the length of one
of the sequences to the power of the number of sequences. This means that
heuristic simplifications will need to be developed, or possibly as an alterna-
tive Markov chain Monte Carlo methods that also limit the effective search
space, albeit stochastically.

14.6 Discussion

This survey is necessarily very brief. Other reviews, written primarily for
biologists but explaining the issues and methods, include Burge and Karlin
(1998) and Zhang (2002). Further details are available in many of the papers
on specific methods.

In particular, a number of important topics have been skipped entirely.
One of the most important of these is that for many real genes there is
not a single unambiguous sequence of exons. Rather, there are two or more
alternative sequences of exons that make up what are known as alternative
transcripts. These normally share many of the exons, but vary at one or more
places. It used to be believed that producing many transcripts was relatively
rare, but it seems now that perhaps the majority of genes have alternative
transcripts, with some having many variants. Predicting alternative tran-
scripts is hard, since looking for the most likely single gene structure is no
longer appropriate. In practice current approaches can only suggest possible
alternative exons and splicing patterns, perhaps based on posterior prob-
abilities above some threshold, and leave the final decisions on alternative
structures to be made using empirical evidence.

Although there has been progressive improvement in performance dur-
ing the last decade, it is somewhat disappointing that we cannot more
confidently predict gene structures. Unlike for many statistical inference
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problems, where there is implicit uncertainty and one does not expect error-
free prediction, in this case there is an existence proof that the sequence
does contain enough information in itself to determine the gene structure.
This is provided by biology itself: a living cell will correctly transcribe, splice
and translate a DNA sequence that is inserted into it by genetic engineer-
ing. Furthermore, it does this without using much of the information that we
have described using above, for example the comparative sequence data from
other organisms. In a sense, if we fully understood the biological processes
gene prediction could be deterministic rather than statistical. However, that
goal still seems a long way off, and the prospects for the time being are that
we will continue to combine our increasing understanding of the biological
processes with additional information from wherever we can get it, using
statistical techniques, so as to improve progressively the accuracy of gene
prediction methods.

Finally, as well as developing methodology as described here, data
resources are of equal importance to the biologist. The application of methods
to generate candidate genes for genomes of interest such as human genomes
requires high-quality data. Frequently in practice heuristic approaches com-
bining gene-finding predictions with other information are the most useful
to an end user. An example of such a resource is Ensembl, see Hubbard et al.
(2002),

http : //www.ensembl.org/,

which provides gene predictions and other genomic information for a number
of the most important genomes.
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EM algorithm, 13 Kolmogorov—Smirnov test, 197
Empirical Bayes, 152 Kurtosis, 184
Empirical distribution function, 93, 97
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Exon, 337 Likelihood
Extended Kalman filter, 45 RegComponent model, 258
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Forecasting volatility, 207 Maximum likelihood, 13, 27, 296
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Measurement error, 76
Gamma distribution, 13 Meddahi regression, 227
Gaussian likelihood, 259 Missing value, 9, 11, 124, 297
Gaussian linear state space model, 124 Mixtures of distribution, 154
Genscan, 345 MLE, 174
Gibbs sampler, 13, 16, 242 bootstrap distribution, 198
Goodness-of-fit test, 93 Molecular biology, 172
GPH estimator, 77 Moving average, 228
Multinomial resampling, 55
Haar wavelet filter, 81 Multivariate linear regression, 7
Heavy tail, 212 Multivariate model, 287
Hidden Markov model, 337, 338
generalised, 345 Navigation, 68
semi, 345 Newton—Raphson optimisation, 326
Hierarchical prior, 161 Non-Gaussian, 40
High frequency finance, 208, 232 Non-Gaussian state space, 17, 18
High-pass filter, 81 Noninformative prior, 155
Nonlinear, 40
Identifiability Nonlinear filtering, 38
Regcomponent model, 263 Nonlinear state space, 17, 18
Importance sampling, 19, 50, 297, 323 Nonparametric probit, 153
Initialisation of Kalman filter, 255, 287 Nonparametric regression, 152, 153, 156, 169
Innovation, 287, 296 Nonparametric tobit, 153
Innovation filter, 188
Instrumental variable, 206 Observability, 28
Integrated variance, 207, 213 Option pricing, 237
Intra-day effect, 212 Ornstein—Uhlenbeck process, 210

Intron, 337 Out-of-sequence measurements, 70
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p*-formula, 206

Parameter estimation, 9

Parameter learning, 237

Partial linear model, 155

Particle filter, viii, 49, 237
auxiliary particle filter, 237
stochastic volatility, 241
sufficient statistic, 239
see also the practical filter, 237

Parzen spectral window, 109

Penalised likelihood, 154

Periodogram, 27, 96, 114, 117

Periodogram test, 104

Phillips, Peter C B, xii

Plant equation, 31

Poisson distribution, 17

Portfolio selection, 237

Practical filter, 237

Prediction error
decomposition, 297
one-step ahead, 295
variance, 295
variance matrix, 298
vector, 298

Prior distribution, 141

Prior elicitation, 157

Prior hyperparameter, 153

Probit, nonparametric, 153

Proposal distribution, 60

Pyramid algorithm, 81

Quadratic cost, 28

Quadratic variation, 206, 210
Quadruture mirror filter, 82
Quarticity, 211

Quasi-likelihood, 173, 179, 230, 321

Random walk, 6, 288
with drift, 316
Randome-effects model, 127, 132
Rao—Blackwellised particle filter, 65
Realised variance, 206, 210, 212-216, 218-222,
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asymptotic theory, 215
logarithmic transformation, 224
Realised volatility, 205
Recursive least squares, 299-301
RegARIMA, 249
REGCMPNT, 249, 256, 262, 272, 281
RegComponent model, 249, 250
concentrated likelihood, 261
example, 277
forecasting, 264
identifiable, 263
likelihood, 258
likelihood maximisation, 260
seasonal adjustment, 270
signal extraction, 267

Regression lemma, 10
Regression model
time-varying, 8
with ARMA errors, 8
Regularised particle filter, 64
Reparametrisation, 124
Repeat sample survey, 270
Resampling, 54
Residual resampling, 55
Retail sales in U.S., 271
Reuters, 208
Reverse time, 199
Riccati equation, 32, 33
Risk-sensitive criteria, 37

S+FinMetrics, 285
S-Plus, viii, 285, 318, 326
arima.mle, 310
Optimization, 298
Sampling error, 270
Scaling coefficient, 81
Seasonal adjustment, 270, 276
model based, 271
X-12-ARIMA program, 276
Seasonal component, 252
Seasonal heteroskedasticity, 280
Seasonal unit root test, 115
Seasonality, 110
Semimartingale, 207, 208
Semiparametric regression, 152
Sequential importance sampling, 52, 59
Shift parameter, 80
Signal, 76
Signal extraction, 34, 107, 256, 274, 279
RegComponent model, 267
Signal to noise ratio, 88, 127
Simulated maximum likelihood, 323
Simulation smoother, 8, 10, 240, 297
Simultaneous localisation and mapping, 68
Skewness, 186
SLAM algorithm, 347
Smoothed disturbance estimate, 296
Smoothing, 206, 208, 226
Smoothing algorithm, 107, 256
SNR
see signal to noise ratio, 88
Spectral analysis, 103
Spectral density, 27, 97, 106
Spline, viii, 8, 154
Spot variance, 207
Spot volatility, 207
SsfPack, viii, 24, 285, 289, 292, 294
STAMP, 24, 108
State equation, 31, 172
State smoothing, 8, 9, 295, 296
variance matrix, 296
State smoothing residual, 295
State space form, vii, xiv, xv, 157, 254,
286
affine term structure model, 328
ARIMA model in, 254
bootstrap, viii
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bootstrapping, 174

CAPM model, 300

in general, 5, 7, 27, 286, 291

in SsfPack, 288

linear, 172

reverse-time, 199

stochastic regression, 175

time varying regression, 290

Vasicek model, 331
Stationarity property, 83
Stochastic cycle, 104, 107
Stochastic regression, 175
Stochastic seasonal, 116
Stochastic volatility, viii, 18, 69, 178, 206, 207,

211, 318

filtering, 237
Structural break, 296
Structural time series model, 206
Subordinator, 210
Sufficient statistic, 237
Superposition, 228, 229, 230, 231
System matrix, 287, 291
Systematic resampling, 55

Term structure model, 327
Vasicek model, 329

Time invariant parameter, 288

Time series decomposition, 307
Beveridge-Nelson, 307
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Clark model, 310

Morley—Nelson-Zivot model, 317

Unobserved component, 310
Time varying parameter model, 124
Time varying system element, 291
Time-varying autoregressive model, 69
Time-varying trading day effect, 276
Tobit nonparametric regression, 153, 169
Tracking, 40
Trading day effect, 112, 272, 276
Transition equation, 287, 296
Trigonometric seasonal, 252

Unobserved components decomposition, 310,
317
Unscented Kalman filter, 48

Vasicek model, 329
Vector autoregressive, 7
Viterbi algorithm, 341, 342

Wald test, 109, 113, 115
Wavelet, viii, 77, 79

White noise, 229

Wiener process, 328

Wold decomposition, 103, 107

X-12-ARIMA program, 276



